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MOT MO RONG BAI ToAN "CHlEC TiJI "

TRAN XUAN SINH

ABSTRACT. In this paper we shall consider the following interger noncovex optimization problem:
Minimize eTz. S.t. x E X. Y E Y. zED. Zj = xjYj and integer for all j = I, .... n when: 1) is a polyhedral convex set in R",
X = Ix ERn: 0 < a:5 x s A] and Y = Iy ERn: ():5 b s y:5 B. dTy:5 c]. This problem is reduced to an integer linear
programming problem with a convex constraint. The obtained integer problem is solved hy a suiahle relaxation of its
constraints.

1. N()I DUNG BAI ToAN.

Bai loan "chicc nii" qucn thuoc trong Iy thuyet quy hoach nguycn eo dang

(p)Max{Ic,y, t»> $C,O$yj$Rj,y;nguycn,j= 1,2 ... n]
,=t ./=t

Bai loan (P) eo nhieu irng dung va dil duoc nhieu lac gia quan tarn nghien ciru (xern, chfll1g han,
131).Tuy nhicn, hai loan nay eo Ih6 xern nhu 1TI91tnrong hop rieng cua bai roan tong quat sau day:

(Q) min IcTz: z = (z) E D, x = (xj) E X, y = (Yj) E Y; Zj = xJYj,Zj nguyen, j = 1,2, ...nU·

trong do D I~lt~p 16i da dicn trong R"

X = Ix ERn: 0 s aj s Xj $ Aj, j = I, 2, .... n I (I)

n

Y=lyER":O$bj$yj$Rj,j=I,2, .... ; LdjYj $c (2)
vt

Gi~l thict cho ri"lI1gD, X, Y"* 0

Ra rang khi D == R" va aj = Aj = I, hj = 0, voi 1119ij = 1.2, ... .n thl bai loan (Q) se thu h9P thanh h'ai
IO{lIt (p).

R~li loan (0) khong eo dicu kicn nguycn dil UUc,1C xct trong Ill. Vice h6 sung dieu kicn nguycn lam
cho b~li roan eo nhicu irng dung, tuy nhen vice gi~li no se plurc tap hon.

Phat tricn y urong dil neu trong Ill, h~'; n~IYse neu ra dlU~lt toan giai bai loan (0) bang each dua no
vc dang 111<)1bai loan quy hoach tuyen tinh nguyen, eo them mot rang bU9C 16i tuycn unh lung khuc, rang
hU9C16i n~IYse diroc tuyen toa hoa dan trong qua Irlnh gie:i.ibai roan.

2. BAI ToAN QUY WiACH NGUYEN TVONG DVONG vor (Q).

Ky hicu Z = I Z ER": ajbj s Zj s .\Bj, j = 1,2, .... , n I (3)
Sau day la se chirng minh rtll1g cac rang buoc x Y, y Y va Zj = x;yj,j = 1,2, ... .n, voi, X, Y duoc xac

dinh thco (I) va (2) 1L!<1I1gdirong vai cac rang buoc Z E Z vu g(z) $ 0 vai g(z) la ham 16i tach bien. Muon
the, ta d£:tI: .

1+= Ii: dj ~ 01 va I = \j: dj «)I.
Dc dang nlH}1l thay rang Y "* 0 khi va chi khi

Ldjbj + LdjBj $c (4)
j et' jet

V6'i 11)()iZ E R" la cho urong trng voi I11l)tso thirc g(z) E RI nlur sau:
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glZ) =

r' r i

"d"m;IX~~"b'J! + Icj' minl~'B ••L.. t\ J , 'I '
• I J E I ( ! )

(5)

f 1
Z, I

T;I clui .; l.:ill!.! \'0 i !llOI I thl mnx l-J-, b ~ la ham 16i ruven tinh tirnz kluic (diem nut lil Z, = b,A,1. - A ' I _ ~ .
I J

\ ,'1 111111

z iB \.
, ,(

j
lil h:lI11 IOIll tuycn tn .. IlOlg khuc (diem nut I{I Zj = aiB,) theo bien z..

a ,

"
\'hlr vav . !.!(z} = '" l! (Z.) lil t01l1! cun c.i; '''1111 loi 1116tbi,;"l- ~ L..<-I J ~ .

I ,

r J z }
, J d J m ax 1A~ , b j voi j El'

g'<Z')='l {z }
cl mill -.',B voi j s I

J a J
I

Do do glZ} lil ham IDi rach bien. Hon nirn grz) 1:1 ham ruyen tfnh tlfng kluic, vi moi !?j(Zj) tuyeu unh
Ilrl,!'! khuc, '

I\{) de 1. R illlg buoc X E Y. Y E Y. z, = X,Y,.j = 1.2..... 11, voi X. Y l:ln lirot duce x.ic dinh then ( I ) vii
(2) 1;1 wo'ng duong voi c.ic rilllg buoc Z E Z vii g(Z) ~" () 19lz) x.ic dinh rheo (:;) l,

Chl'nlg minh:

Tnroc het gi.i ~I'f cho Z E RI>, zJ = XJ)'" j = 1.2,.... 11, X )', Y Y. Khi do Z E Z lit dieu hieu nhien. \11::11

Z z {z } {z}, •. , , J J, , J " J " .Rh.ic VO'i I El, do -- ~ - va bj ~ Yj nen max -, b. ~ )'" VI the d.rnax --, b ~ cljy,. VO'i J t:A x X J. A J
J J J J

Z Z Jz 1 ~z I
I _' ...' J ..', J LLdc ./ --=v v;18 2\'lllenll1l11'l-,B

J
' ~dv"vlthed IIlII1 -,B J ~dv,- I 'J ,,- J J ,-,~, x . a ' la

'J . J .,

Tif do SlIY 1';1:

{z 1 {z}"g(Z}= IcI,max ...J-,bf+Id min --"-,B -e:s:Id y-e:S:O
J A' , a. J ,J J

J. I J" I , , I

(do y s Y), Dieu nil) cho rhay Z thou miin rilllg b1l9C loi g(Z) ~ 0,

\guo'c lai, gi,i SLrI;\llg Z E Z vii gtz) ~ O. Khi do btlllg c.ich cI':lI

Jz } {z }J .• . .." • J ~. I •\;: l11ax,-",b, vO'IJEI vay,= mm -,B, VO'l!El.
-I I A J J a, J .

l I J

"
1;, ,,: ,-Ci Il~") b, -:; y, <; B" j ,= 1.2..... 11 vii Ld ,Y i ::; e (do glZ) ~; 0>. nghiu 1:1c(i y c- Y.

I I
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z
Tie'p do, b;\llg c.ich chit -.I . ra se 1.:0 a, $ x, :S A;. nghi« 1:\ x E X. (ueu Y, = () thi z, = O. khi dei ct:lt x,Y,

/;1 '() b.it ">' 111II()cdo.m [a,. A,. J).

Th;il ,;:1\.1;1 ") hieu: I. = I.i E 1': ~ b}: I, = Li E r
z ,

-:.;13,1.
a

Khi tic>:

z
. I ' J- neuj '" I, thl y; = .1';1,; = - = Ai'YJ

z z
+ neu j ( 1\1' Ih'l ), = b, > AJ

I'il x, = b
J

' do Z EO Z.
J

z Z
I, I

-i ncuj e 1,1111),:;:: --'- .\'<lX,=- =aj
a, . Y.,

z,
+ neu i : I \12thi >", = 13;< ':1 .x, =

a
J

z,
> a,. x, ':, do z c Z.B

J

V(I), Z, == X,) " j = 1.2 ..... 11. I'(ri x E X.)' E Y.
136 de (1lI'O\; dll'(llg minh.
136 ch: I I.:110 IhSy hili to.in (Q) nroug duoug vo'i bni ro.in glly hoach nguyen sau day:

(!{)l11ill! CTZ:ZE OnZ.g(Z)$(),Z,ngllyen.j= 1.2 .... n ].

De gi;ii bili IU;111(R L 1;1 hiiy xer den ,;\n d~ ~all day:

Cho trucrc diellll"~ RIO ,'o'i grz": > 0 h;l~ rim mor <icu ph;\ng r.ich Z" ,il I;ip 16i x.ic dinh boi g(ZI ~ O.

T'I k) hieu

Z"
I ' " II (Z") = 11 E .--

I . A
I

z..
. ,

~b,lvi\ I,(z") = IJE I: -I, a ,

'" .~- Z -t. " ~ ~ Z +1.....! A I L. 'I I

I, ! t" 1.1 J . I.: ( ,,'I ~ " J ; \ I \ I j I /' I

db +, J dB -e, J

T;I eo bo de ,au day

1\(; ch?2, I(Z) = 0 1:1 <ieu ph:lllg nich z" 1':1 t{lp IDi x.ic diuh boi gtz) $ O.
Ch,i'ng minh:
Th;:I! ":1\', rheo dinh nghin cua c.ic I:'p 'I(Z") va \2(ZO) cho thay

(z'.'l Zi
l
,'

J ' b \' ,+n\;lxlA~' .if'" A~ .I'O'i.lE II(l")

I" Iz
1 " • • u

+J1\;]\rA,-,b, =b,.\'O'IJEI\lI(Z)
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{

zt,> }

+ rnin ~J,B, =
a J

J

o
Z

J ,,' 1 0)~ , VO'l J E :!(z
a

J

+ min {z~'B} = Bj, voi j E I\l:!(zO)
'1 Jc j

TLr do suy ra ltz") = g(ZO) > O.

:viiit khac, tu dinh nghia cua I(z) va g(z) cho thay I(z) s g(z) voi moi z ER". Tu do suy ra voi moi z
ma g(z) s 0 thl eo I(z) s 0, nghia la tap 16i xac dinh boi g(z) s 0 nam v~ mot phia cua sieu phang I(z) = O.
V~y I(z) = 0 la sieu phang tach ZOva t~p 16i g(z) s O. Oi~u do phai chirng minh.

Chu y rang theo be) d~ 2 neu ZO khong nguyen thl ltz) sOla nhat cat "hop each" cat bo z', nhirng
khong cat mat bat ky diem nguyen nao thoa man dieu kien cua bai toan (R).

3. PHUONG PHAP GIAI.

Ker qui 0 ~2 cho rhay rhay cho bai roan (Q) ta eo the gidi bai toan (R). De giai (R) ta se dung thuar
to.in noi long [I). ket hop voi thuat toan dung sieu phang cat.

Y nrong cua rhuat roan giai la:

Tnroc rien, ta g iai bai roan (R) ram bo qua rang buoc 16i g(z) s 0 va dieu kien nguyen, Neu lai giai
thu duce thoa man dieu kien 16i va nguyen thl do la lai g iai can tlm, Neu no ChUH thoa man rang buoc 16i,
ra se dung be) M 2 them vao mot rang buoc phu; con neu no thoa man rang buoc 16i, nhung chua nguyen
thl ta se them vao mor rang buoc (nhat cat "hop each") cat bo diem chua nguyen. Tier t~IC giai bai roan
quy hoach tuyen tinh thu dtrcc ... Sau mer s6 hitu IWn biroc \~p ta se thu duce loi giai can tim cua bai roan
(Q).

Ta eo th~ mo t,i chi tiet thuat toan giai nlur sau:

OM k = 9. S' = 0
Biroc k (k = 0, I ,... )

a) Giai bai roan quy hoach tuyen tinh

(lk) min Ic 'z: z E DI'\Z. Z E ~I
ta thu duce loi giai z'. \feu g(z k) s 0 chuyen sang C). \feu trtii lai, chuyen sang b).

b) Oiit

z' Zk

I,(z·)::: li E r _J ~ b.] va I:!(z')::: Ii E r _J sBjl.
A a

J J

d d
I.(z)::: L _J Zj + L ~Zj + Ldjbj + LdjBj-e

, , A, , ,cl, "\ k ' 1 \1 k.IE1,il).1 JEI!(z) J JEI 1,lz) JE !(Z)

Dar ~+,= ~ 1'\ {z ER": Ik(z) sOl. k + I f- k. Quay rro lai a).
c) :'\eu zik nguyen voi moi j = 1,2, ... , II thl dirng: z' la lai giai dn tlm cua (Q). Neu tnii lai, dung

rhuat roan giai quy hoach ruyen tinh nguyen, xay d~rng nhtit cM "h0'P each" Pk(Z) s 0 (chang han nluit cat
Gomory [.t], hoac nluit crIt tea d(> [51, chuyen sang d).

cl) O~t 5.+, ::: S. 1'\ [z ER": p,(z) sOl. k + I f- k. Quay tro lai a).
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Thuat toan tren se ket thuc sau mot s6 hiru han buoc lap. That vay, gtz) la ham loi tuyen tinh tirng
khuc, ban gom hiiu han khuc Ik(z). Do v~y viec thirc hien u b) chi eo hO'uhan lan. Mi!-tkhac qua trinh c)
voi nhat cat hop each rren da dien loi D (l Z la hiru han.

Chu y: Thuat roan tren eo the mu rong cho tnrong hop eo them rang bU9Chai phia
n

s s 2:d j Y j s e.
j=i

Khi do can xet them rang bU9Cloi thu hai h(z) ~ 0 voi

h(z) = 2:dj min{~'Bj}+ 2:dj max{~, bj}jeI' aj jeI- Aj
Ta eo the trinh bay thuat toan vim neu theo sa do khoi

+--1 5..+1 = 5.. (l {z E RI!: Ik(z)::;;O}min [c'z: zED (l Z, z E 5..}

ong

Xay dung : Ik(z) theo (7)

Dirng:
Zk La loi giai

Co
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·t vi DU MINH HOA
Gi;li bai ro.in

II min ~-ZI - 2z2)

1ZED,XEZ.YE

I Z = x \' nguye n " = 1 2', i I.... It::'' ~ .•

trollg (16 D == (z ER": -z, + z:! < 61

X == (x ER": I ~ XI ~ 2: I ~ x:! ~ 31

Y == lYE R,,: 0 ~ y[ ~ 6; 2 ~ y, ~ 5; 37y[ + 26y:! ~ 3041

Bu6<.: 0 Ta <.:6I' == ( I: 21. I = 0
Z == Iz E: R": 0 :0:z[ :0: 12; 2:0: z, ~ 151.

Gi,ii bai to.in qlly ho.ich tuy en rinh

[mill(-ZI -2z2)
\l- ZI +Z2 ~6,O~zl ~ 12,2~z~ ~15.

T;I duoc Ii."i gi,ii z" == ( 12; 15)

g(Z") = Id mill{~'B}+ Id. max{~,b}-e ==
. J a J . J A. J

let J J" j J

==37 maxi (12/2).01 + 26max( (15/3).21 - 304 = 48 > 0

Theo (6) th] I.rz") == (I: 21: I,(z") ==0.
i.,(z) = (3-1-/2)z[ + (26/3)z: - 304 ==(1IIz[ + 52z, - 1824)/6

1311'0'<.:I. Gi,ii bui to.in quy hoach tuyen rinh

fmill(-ZI -2z2)

l-ZI +Z2 ~6,O~zl ~ 12,2~Z2 ~15

1 1 1Z 1 + 52 Z ~ < 1 824

15
la duoc IO'i ui.ii z ' = (9 - : 15).. - 37
g(ZI)==37max{(zl/AI);01 + 26m<lx(z:!/A:); 21-30-1-=0

z' [ chuu nguyeu. Ta dira vao nluit d! loa do ([5])

I I I z, + 97z:! ~ 2454,

Biroc 2. Gi.ii bai ro.in quy hoach tuyen tfnh

mill (-ZI - 2z~)

-ZI +Z~ ~6,O~zl ~ 12,2~z~ ~15

l l lz. +52z~ ~1824

l l lz , +97z: ~2454

la diroc lai gi;ii nguyen z' == (9; 15) voi

g(z:!) = 37max I(9/2); 0 I + 26il1ax I(15/3); 31 - 304 ==-15/2 < 0

Dar y[ ==zl'iAI ==9/2; y:== z//A: == 15/3 = 5.
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Khi do XI = zl~/YI = 2; X~= z//Y~ = 3.
Ta duce loi g iai can tim la x = (2:3); Y= (9/2; 5(:' z = (9; 15) voi fm;" = -39.
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