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MOT MG RONG BAI TOAN "CHIEC TUI "

TRAN XUAN SINH

ABSTRACT. In this paper we shall consider the following interger noncovex optimization problem:
Minimize c'z.s.. x e X.y e Y.z e D, z;= x;y; and integer for all j = 1, ....n where D is a polyhedral convex set in R",
X={xeR“0<a<x<Aland Y ={y € R 0<b<y<B.d"y <c}. This problem is reduced to an integer linear
programming problem with a convex constraint. The obtained integer problem is solved by a suiable relaxation of its
constramits.

1. NOI DUNG BAI TOAN.

Bai todn "chicc t4i" quen thudc trong ly thuy¢t quy hoach nguyén ¢6 dang

n n
(P) Max chy_, :Zd/y, <e,0<y <B,ynguyén, j=1,2.n}

)= =1

Bai todn (P) ¢6 nhiéu tng dung va di duge nhiéu tdc gid quan tam nghién ctu (xem, chiang han,
[3]). Tuy nhién, bai todn ndy ¢6 thé xem nhu mot trudng hop riéng ctia bai todn t6ng qudt sau day:

(Q)min {¢'z:z=(z) e D,x=(x) € X,y =(y) € Y; z =Xy, znguyén, j= 1,2, .nU
trong dé D 1a tap 161 da di¢n trong R"
X={xeR"0<a<x,€A,j=1,2,...n} @))

n
Y={yeR:0sb<y<B,j=12,: pdy, se
)=1

Gia thi¢t choring D, X, Y # &

Rérang khiD=R"va g =A; =1, b, =0, v6i moi j = 1.2,...,n thi bai todn (Q) s¢ thu hep thanh bai
toin (P).

Bai todn (Q) khong ¢6 dicu kién nguyén da duge xét trong [1]. Viée bd sung diéu Kién nguycn lam
cho bai todn ¢ nhi¢u tng dung, tuy nhién vi¢e gidi nd s& phic tap hon.

Phat tricn y tudng da néu trong [1], hi ndy s€ néu ra thudt todn giai bai toan (Q) bang cdch dua nd
vé dang mot bai todn quy hoach tuy&n tinh nguyén, ¢é thém mot rang budce 16i tuyén tinh timg khic, rang
budc 161 ndy s¢ duge tuyén téa hod dan trong qud trinh giai bai todn,

2. BAI TOAN QUY HSACH NGUYEN TUOGNG PUONG VOI (Q).
KyhiuZ={zeRuab <z <AB,j=1,2,...n} (3)
Sau day ta s& ching minh ring cdc rang bude x Y,y Y va 7 = xy;, j = 1,2,...,n, véi, X, Y dugc xic

dinh theo (1) va (2) tuong duong véi cic rang budce z € 7 va g(z) < 0 véi g(z) 1a ham 161 tich bién. Muon
the, ta dat: '

I'=(j:d, 20} va I = {j: d;< 0}
D¢ dang nhan thily réng Y # & khi va chi khi
Zdjbj+zd,’B,' se 4)
jel’ jel

Véi mbi z € R" ta cho tuong ting véi mot s6 thuc g(z) € R' nhu sau:
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L)
( \ ¢ }
$r i) e B J z, |
g(z) = Zd‘ maxy ——,b . r+ Zd, miny—,B (—e T {9)
- A : lu '
=i c ) 1€l ] )
| Bpic
Ta chi v ring voi mor | thi maxy——, b 1> [a ham 161 tuyén tinh timg khic (diém ndt laz, = bA)
£, ) )
| Z, z
vieminy B ¢ 1a ham {6m tuyén tirs amg khie (diém nat laz, = 4;B,) theo bién z,.
a A - '
\

] J)
1"

Nhu vay. g(z) = 2 g (Zj )1 tong cua cie ham loi mot bién

(or oy

i z ._i, k st .
]dJ m lxlA; ,bJJ Vol jel
g2:(z;)=y \
. z
d, min '—I-.B_, ¢ voi jel

j
Do do g(z) la ham loi tich bién. Hon nita g(z) 1a ham tuyen tinh timg khiic, vi moi g(z;) tuyén tinh
tine Khie.
Bodé 1. Rangbuocx € Y.y e Y.z = Ny b= 1200, vei X, Y ldn luot duoc xide dinh theo (1) va
(23 1o trong duong v cie rang bude z € Z va g(z) = 0 (g(z) side dinh theo (5)).

Chiing minh:

Trude het gia sirchoz € R", zy= xyy, j= 1.2, x y, y Y. Khi d6 z € Z la diéu hién nhién. Mat
Z, zZ. Z. :
! . i ) j Yt j o
Rhicvoit e 1'.do X- < T—vab; <y nénmaxy T, bi <y; i thé d, max [T, bj <dy, Véiic
] i i i
2.z, z | 2 |
ldo > —=y vaB zynénmin{—, Bi ( <dy.vithe¢d ming—.,B ( <dy,
H X ! : Iu : J til |
I 1 1 1 J

Tur do suy ra:

! Z Z n
‘gz = Zdimux “;L.b)}+ Zd,mi”{}f’*BJ _eSZld;Yi"eSO
j jel Rl i

(doy & Y). Diéu nay cho thay z thoa man rang buoc 16i g(z) < 0.

jel

Nguoe lui, gia suring z € Z vivg(z) < 0. Khi dé biang cich dit

Z. 7
y, = mu,\)—:v-,bjj véije ' vay = min ;—’—,Bj véijel,
(G i
i
tisd e ngay b 2y, < B j= 1.2 v Zd Y osetdogzy < Onnghialacoy e Y.
&
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Z
Tiép do. biang cich dat Jtas€coa <X S A,
4
Y,
L so bat ky thuoc doan [a. AL ).
Thatviv taky hiew: L ={je I zb}:lL={je
Khi do:
Zj
sméujel thivi= vax=—" = A,
Y
z z,
+neujo IN'thiy =b > vax,= — doz
b
j j
Zi z
+neuje lythiy = — vax,=—" =q
v yl
Z! ZI
+neuj INLthy, =B < = vax = — >a,
a, B,

Vayz =xy.j= 12 voixne Xy e Y.

Bo dé duoc chimg minh.

Bo dé | cho thay bai toin (Q) tuong (Iu'(mg voi bai todn quy hoach nguyén sau day:

CHIEC TUT™

nghialax € X. (néu Y, =0thiz =

Zl

I = <B}J.
Zl!

€ Z.
<dozcZ.

D2 giai bai todn (R), ta haly xét dén van dé sau day:

0. khi do dat x,

Cho trude diém 7”¢ R" vai g(z") > 0 hay tim mot sieu phang tich z° va tap loi xic dinh baoi gz) < 0.

Ta ky hiéu
Z:
l|(.Z“) = {] e 1"
i
va xét ham tuyen tinh:

d d

lz) Z ;\L'[‘f‘" Z flzl+ Z dib1+ Z dlB.i—

pe it 08 111:(7“r"l| R NN Y Ea

Ta 6 bo dé sau diy

K‘— zb}valyz)=ljel: —)

3]

(6)

a

jel Mgz

Bo dé 2. ltz) = 0 1a siéu phang tich z° va tap 16i xic dinh boi g(z) < 0.

Chiing minh:

That vav. theo dinh nghia cua cic tap 1,(z°) va 12(z°) cho thay

) el :
= .ol je (2"

+ Max

(
+ Max JIAL . bl
1
I
L
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[
_r O o
’ G ZJ &
+ming—, B, r = =7, véije Iz
a, ! a
(o]
. J
+min 3—,B. =B, vdij e N,z
a j i J 2
a.

j

Tir d6 suy ra 1(z°) = g(z°) > 0.

Mat khdc, tir dinh nghia cua l(z) va g(z) cho thay I(z) < g(z) v6i moi z € R". Tir d6 suy ra vdi moi z
ma g(z) < 0 thi ¢6 I(z) < 0, nghia la tap 16i xdc dinh béi g(z) < 0 ndm vé mét phia cua siéu phang I(z) =
Vay I(z) = 0 la siéu phéng tach z° va tap 16i g(z) < 0. Piéu d6 phai chimg minh.

Chii y ring theo b6 dé 2 néu z° khong nguyén thi I(z) < 0 1a nhdt cat "hop cdch” cét bo z°, nhung
khong cat mat bat ky diém nguyén nao thoa man diéu kién cua bai todn (R).

3. PHUONG PHAP GIAL

Két qua 6 £2 cho thdy thay cho bai todn (Q) ta ¢6 thé giai bai todn (R). Dé giai (R) ta s& dung thuat
toan ndi long [1]. két hop véi thuat todn dung siéu phang cat.

Y tudng ctia thuat todn giai la:

Trude tién, ta giai bai todn (R) tam bo qua rang budc 161 g(z) < 0 va diéu kién nguyén. Néu 1oi giai
thu duge thoa min diéu kién 16i va nguyén thi dé 1a 1i giai cin tim. Néu né chua thoa min rang buéc 161,
ta s& diing bé dé 2 thém vdo mot rang bude phy; con néu né thoa min rang buédc 16i, nhung chua nguyén
thi ta s& thém vao mot rang budc (nhdt cat "hop cdch™) cat bo diém chua nguyén. Tiép tuc giai bai todn
quy hoach tuyén tinh thu dugc... Sau mot s¢ hitu han budc dp ta sé thu dugc 16i giai can tim cua bai todn
Q).

Ta ¢6 thé mo ta chi tiét thuat todn gidi nhu sau:

Pitk=9.8=0

Budc k (k=0,1,...)

a) Giai bai todan quy hoach tuyén tinh

(Lymin{c'zzze DNZ.ze S}

ta thu duoc 16i gidi z*. Néu g(z *) < 0 chuyén sang ¢). Néu trdi lai, chuyén sang b).

b) Dit
7" z
L(2)={jel" —— 2b)val(?)={jel: =~ <B}.
A - a :
J ]
ldz)= z A—L - z Zdjbj+ Zijj—e
|el]‘7kj jely (z* ) ) je‘l'\l,lz") jel \I:(zk)

bit S, =S, N {z e R" |,(z2) £0}. k + | « k. Quay tro lai a).

¢) Néu z* nguyén véi moi j = 1,2, ..., n thi dimg: z* 1a 16i gidi cdn tim cua (Q). Néu trii lai, ding
thuat todn giai quy hoach tuyén tinh nguyén, xay dung nhidt cit "hop cdch” p,(z) < 0 (ching han nhét cit
Gomory [4], hoiic nhdt cit toa do [5], chuyén sang d).

d)bat§,,, =S5, N {z e R p(2) <0}. k+ | « k. Quay tr& lai o).

48



MOT MG RONG BAI TOAN “CHIEC TUI”

Thuat todn trén s& két thiic sau mét s6 hitu han budc lap. That vay, g(z) la ham 16i tuyén tinh timg
khtic, bao gém hitu han khic 1,(z). Do vay viéc thuc hién ¢ b) chi ¢6 hitu han 1an. Mat khdc qud trinh c)
v6i nhét cit hop céch trén da dién 16i D N Z la hitu han.

Chu y: Thuat todn trén cé thé md réng cho trudng hop ¢6 thém rang budc hai phia

s< Zdjyj <e.
i=1

Khi d6 cin xét thém rang budc 161 thit hai h(z) > 0 voi

Z. Z.
. bl i
h(z) = Zdj min 3 ,Bj +Zdjmax A ,bj
jel’ j jel” J
Ta c6 thé trinh bay thuat todn vira néu theo so dé khoi
Bit dau
K=0; So =&
min {¢'z2zeDN2Z,ze S} PR S =ScN{z e R™: 1,(z) <0}
> |

t

Xay dung : I,(z) theo (7)

—"
Khong
) Dimng:
2 nguyén? s z" La 1oi giai
Co

Xay dung nhdt cat : p(z) <0

l

S =Sy N {z € R p(z) <0}

A
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(S
4. VI DU MINH HOA
Giai bai toin
Jmlm—z &)
1zeD XeZye
|z; =Xy, nguyén, j=12
trongdo D= {z e R" -z, +z,< 6}
X={xe R" E<ix, <2; | £x,<38}
Y={yeR, 0<y €6;2<y.<5;37y, +26y, <304}
Buéc 0. TacoI'={1:2}.1 =0 7
={zeR"0<z £12;2<27z, < 15]).
Giai bai toan quy hoach tuyén tinh
J{min(—zl =~ 2% )
|-z, +2,<6,0<2,<12,2<2, <I5.

Ta duoce 101 giai 2° = (12:15)

z,
e(z) = Zd min j** B, +Zd max K— b r-e=

145 4, jet i
=37 max{(12/2). 0} + 26max{(15/3),2}-304=48>0
Theo (6) thi [,(z>) = {1: 2}; l.(z2") = &.
I(z) = (34/2)z, + (26/3)z, - 304 = (1 1 1z, + 52z, - 1824)/6
Buge 1. Giai bai todan quy hoach tuyén tinh
min(-z, -2z,)
Vo2, 56,0z, 12,252, <15
]&l 11z, +52z, <1824

. 15
ta duoc loi giiz' =(9 - 15).
' 37
g(z') = 37Tmax{(z,/A)); 0} + 26 max{(z5/A,): 2} - 304 =0
z', chua nguyén. Ta dua vio nhat cat toa do ([5])
111z, + 972, < 2454,
Bude 2. Giii bai todn quy hoach tuyén tinh
(min(-z, -2z.)
-7, +2, 56,052, 212,252, =13
Iz, +52z, <1824
11z, +97z, <2454
ta duoc 161 gidi nguyén z° = (9;15) véi
¢(z°) = 37max{(9/2); 0} + 26max{(15/3); 3} - 304 =-15/2<0
Pity, =2z,A,=9/2; y.=z,'/A, = 15/3=5.
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RO T 23y 5% Xa T2 1y y= 3

Ta duoc 161 giai can tim la x = (2:3); y = (9/2; 5( z = (9;15) voi f,;, = -39.
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