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TO!I U'U HOA CAY NH| PHAN MOT CHIBU VO
THONG TIN CHUA O CAC PINH TRONG

pd PUC GIAO, LI ANH CUONG

Abstract. The notion of a search tree plays an Important role in computer science, especially In the
theory of data structures. For that reason we can find many papers concerned with the theory of search
trees in literature. After having road these papers we noticed that, above all, questions of the optimal
construction and inductive generation of search trees are studied, where equivalent traneformation of
search trees are often used.

In this paper we intend to further develop the conception of search trees In [4]. A prove of a
theorem which shows that each binary search tree can be uniquely transformed into optimal binary
soarch tree by using axiom schemes and the rules are introduced in this paper.

1. MO DAU

Trong (4] Thiele did dwa ra khdi niém v8 cfy nhj phén véi théng tin chia & cdc dinh trong,
d8ng thei dwa ra hé tién d8 gdm ba phwong trinh cfy vd ching minh tfnh phi méu thulin, tinh diy
dd cda hé tién d8 d6.

Trong bai ndy, chiing t6i st dung tfnh phi mau thufin va tinh diy dy cda hé tién 48 do Thiele
dwa ra d& xdy dung thuft todn tim cly t8i wu theo cfu tric v theo th¥i gian trén 16p cly nhj phén
duge dwa ra trong (4] mad Thiele chua d8 cip dén. Thuft todn ma ching t6i xAy dung gitp cho vide
phén loai, tim ki&m théng tin dwéi dang cAy nhj phin mét cdch t8i wu nhit trén co sd t§p céc khéa
(keys) 1 t&p b&t ky # @ cdc phin ti mA trén d6 thda mén quan hé so sénh.

2. SU' TUONG DUONG CUA CAY NHI PHAN

2.1. Dinh nghia cidy nhj phén

Gid sl I 12 t4p khdng r8ng céc phin tit, goi Ia t4p théng tin v K 1 t4p khéa cdc phin ti ma
trén né thda mén quan h@ so sénh, tic 1d z,y € K thl hojic z < y, ho¥c z = y holfc z > y.
K{ higu r 12 cy r8ng. Dt I* =T uU {r}.

Djnh nghia 1.
a. 7 1 mt cly.
b. Néu T}, T; 13 hai cBy thl ddy kf higu [k,s)(Ty, T3) véi k € K va ¢ € I ciing 1A mét cly.
T4p t&t cd cdc cAy dwge dinh nghia nhw trén kf higu 14 TREE vA goi 12 tip tft cd céc cly nhj
phén mét chidu véi théng tin chita & cdc dinh trong, goi t4t 1 thp t&t cd céc cly nhj phén.
Dinh nghia 2. Ly T'€ TREE vi | € K vé6i T = |k,i)(Ty, T3). Pinh nghia hAm RESULT: TREE
x K — It nhu sau:
a. RESULT(r,{) = r.
RESULT(Ty,!) néul<k
b. RESULT([k,s)(T}, T3),)) = { & néul=k
RESULT(Tj, 1) néu | > k
Dinh nghia 8. Ta néi cly T, twong dwong cly 13 trén t§p khéa K, vi kf hifu T} ~(K) T3 khi va

chi khi: RESULT(T},!) = RESULT(T3,!) véi Vi€ K.
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Coi nhu lfc ndo ta cling xét trén tdp X nén dé don gidn ta thay Ty m(K) T3 bédi Ty » T3,
Duéi diy ta kf hidu 7y = T; v Ty # Th chi cBy T} dBng nh&t bing cly T3 va khéng dng nhit
bing chy T3.

2.2, Hé tién 48 va quy tdc din xuét

Gid st Ty, T; € TREE. Ta ki higu Ty = T 1& mét phuong trinh ciy. Thp tlt cd cdc phuong
trinh cy twong dng véi tip TREE ta kf hifu qua EQU = {T) = T3 | T}, Tz € TREE}.

2.2.1. Quy tdc din xuft

Phuong trinh cly Ty = T3 1d dfn xuflt dwge tir thp X (kf higu X F Ty = T3) khi v chi khi
Ty = T3 1 phlin t trong X hofic T} = T3 dfn dwgc tir cdc phlin ti trong X qua viéc 4p dyng mét
88 hiru han Iin cdc quy téc sau diy:

Quy tdc 1(Ry): NSu TETREEth X T =T.

Quy thc 2(Rg): NSu XF Ty =T thh X - T3 = T4,

Quy t!cB(Ra): NSuX}-Tl =Tg VﬁX"Tg-—‘nTg t-th}"Tl =T3.

Quy tdc 4 (Ry): Néu X+ Ty = Ty thl X [k, )(Ty, T) = [k, s)(T5, T).

Quy tdc 5 (Ra): Néu XFTy =T, th X - [k, I:I(T, 7)) = Ik, %'](T, Tz).

2.2.2. H¢ tién d%

Tién 48 1 (axy):
[k, ¢)([! 71(Ty, Ta), Ts) = [k,4](T1, T5) véi k < 114 mét tién d8.

ki) = (ki)
(Li) Ts T Ts
T T2

Tién dé 2 (axa):
kys)([4, 3)(Ty, Ta), T5) = (4, 5)(Tx, [k, 5)(Ts, Ts)) véi k > | 1a mét tién d.

AN N

(L] Tg T
T

Ty
Tién 48 3 (axs):

(ks 8)(T1, [ 5) (T2, Ts)) = [y s)(T1, Ts) véi k > 1 1a mot tién d8,
(ki) = (ki)

/\/\T

TI [LIJ] T|

(ki)

T, 2 Ty

T2 T3
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Dit AX = az; Uazg Uazs vi goi 1a h{ tién 48 TREE hay h§ tién 48 AX. -

Dijnh 1y 1. Gid s¢ Ty, T; € TREE,

a. NEwAXFT =T, thiT, ~T;.

b. NéuTy mTh thi AXF Ty =T5.
Chiéng minh.

a. Chimg minh bing quy nap theo chi¥u dai din xuflt t& AX, 4p dyng céc quy tic dfin xuft
vd hé tién d8.

b. 8& chitng minh sau Dinh ly 3.

2.8, Cly chufin tdc

Dinh nghia 4. N € TREE, N dugc goi la cly chufn tic nfu N 1A mét trong hai deng sau:
1. N=r,

2. N # 7 tht N = [ky,ia)(r, k2 92)(. o [knyin)(ri7) ...)) Vi ks € Ky 6 €1 (6= 1,2, m) VR
ky < kg <...<ky.

Dinh 1y 2. Gid st N, vd N3 ld 2 cdy chudn tdc, néu Ny ~ Ny thi Ny = Na.

Chi#ng minh. Ta phéin ra céc trudrng hgp sau:
a. Ny = 7 vd Na = 7. Dinh Iy hi€n nhién ding.

b. Nisrva Ny = [k;,ill('r, [kg,t'gl(... ,lkn,i"](’f‘,f) ' ..)) véin >0, ki <kg<...< kn. Do
Ny # Nz nén N, ¢ N, (ding phuong phdp phdn ching). ]
¢ Ny = [k, 61)(n (k2 a)(c o s [omrdn)(ry7) oo )) v6in >0, by < kg < ... < kn.
Na = [k}, 85 ](r, [k, 85)( o o [k S (7 7) 200 )) v m > 0, Ky < Ky <. < Ky,
Khong mét t8ng quét ta gid sk n < m. Ching minh theo quy nap ta ¢6 ki = ki, véii =1,...,n.
T dé chitng minh n = m vi suy ra N; tring véi N,

Dinh Iy 8. Véi moi T € TREE, ton ti duy nhdt cdy chud'n tde N sao cho:
a. T N.
b. AXFT =N,

Ching minh,
a. Chu a dwge suy ra tir cu b nhe ép dung Dinh ly 1.

b. Ta chitng minh chu b bing quy nap theo dinh nghfa cda cfy T'. Ta phén ra cdc trudmg hgp
sau!

1.L.T=r. Chon N=r.

2. T = [k,1](Th, Tz). Theo gid thi€t quy ngp th tdn tai N; 1d dang chufn cda T} (¢ = 1,2).
Xét 4 khd niing x4y ra:

2.1. Ny =1, Na =r. Chon N = [k,1(r, 7).

2.2. Ny =1, N3 = [k, 51)(r, [ka,92) (.., [kny8n)(r,7) .0.)) v6in >0,k < ka <... < kn,

23. Ng=7, N, = [h,ﬁ](r,lkg,ig](... ,lkminl(f,‘r) " .)) véin>0,k; <ks<...< Kn:

2.4, N; = [k;,i;](r, [kg,fgl(. v ,[kn,l'n]('r, 1‘)...)) véin> 0,k1 < kg <...< km

N; = lfh‘ll('r;[fﬁ:‘ﬂl(“ il fmyem](ry7) L)) véim >0, fi < fa<...< fn

Céc trudng hop trén 4p dung hé tién d8 AX vd quy tdc diin xuft Ry 88 x8y dyng dwee cly
chufin N cho ting trwdng hop.

Ching minh tinh duy nh&t cda N: Gid sl t3n tai hai cly chufin tdc khdc nhau N; v N3 seo
cho AXF T'= Ny, AX+ T = N3, 4p dung Rz, Ry suy ra Ny ~ N3. Theo Dinh Iy 2 suy ra Ny tring
N,, méu thufin. Viy N 1a duy nhét.

lii
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Ching minh Dinh Iy 1.b. Ap dyng Pinh 1y 2 vd Dinh Iy 3 ta suy ra Dinh Iy 1.b. Thét vBy: Theo
Dinh 1y 8 t8n tai duy nhét cly chufin thc Ny & Ty, AX F Ty = Ny vA chy chufin the N » Ty,
AXFT3=N; V1T, » T, dp dung Dinh Iy 2 suy ra Ny tring N, goi chung 1A N.

Viy AX+ Ty = T,. Djnh Iy 1.b dwgc ching minh,

2.4. Bdng mi cla cdy

Dinh nghia 6. T € TREE, bdng m& cda T 13 t§p hiru han t&t cd cdc khéa khéc nhau k € K sao
cho RESULT(T) k) # r. Ta kf hidu bdng m& cda 7' 1A m(T). m(T) cdn dwgce goi la thp bdng mi c8t
yéu cda chy T\ Néu T' = r thh m(T) = 0. '

Sau diy 12 mét 88 b8 48 don gidn ma ta 88 khéng chétng minh.

B8 d8 1. T'€ TREE véi N 14 cdy chudn tdc va N ms T
Néu N = [ky,01)(n, [ka)da](... , [knyin](r,7)...)) vdin >0, ks <ka<... < kn
thi: m(T') = {ky, ka,... ,kn} (tdp tdt cd cdc khda & cdc dinh trong cda N).

BG d8 2. V6i Ty, T; € TREE vd Ty n Ty thi m(T}) = m(T3).

8. CAY NHI PHAN T8I U'U

8.1, Ciy hoAn chinh

T € TREE, ta ¢6 cdc khéi nifm sau:

7(T) 14 88 t&t cd céc dinh vA I4 cla cly T. Mic cda dinh 1A 0. N&u dinh cha cé mtc 1a n th
dinh con ké tifp cé mic 1A n + 1.

Vé&i 7 1a m§t 14 (cBy rOng) ndo d6 cda T'. Kf higu Deep (r) 1 88 céc cung cda dudng di tir gc
cda T téi r. Kf higu A(T) Ia chidu cao cia cBy T va ta dijnh nghia A(T) = mtc 16n nhdt cda cly 7.

B8 d8 8. T, N € TREE véi N Id cdy chudn tde vd T' m N thi y(N) < ~(T).

Dinh nghia 5. Gid s B € TREE. Ta néi B 1a ciy hoin chinh néu B 1A mét trong hai dang sau:
a. B=r,

b. Néu B # r thl B théa min hai didu kign:

bl. Khéa cia mét dinh bét ki trong B nhd hon t&t cd céc khéa & cly con bén phdi né va 16n
hon t&t cd cdc khda & cly con bén tréi né.

b2. Véi 11, 14 hai 14 bit ki cda B thl |Deep(ry) — Deep(rs)| < 1.

Dinh 1y 4. Véi mdi cdy T' € TREE tén tas cdy hodn chink B sao cho:
a Twm B,
b AX+T =B,

Ching minh,

a. I'~ B duqc suy ra tir b nhe Djnh ly 1.

b. Theo Dinh Iy 3 t8n tai duy nhdt ciy chu&n tdc N sao cho AX  T'= N. T cly chuén N
ta nhén dwgc cly hodn chinh B bing cich 4p dung mét s8 hitu han lin az;, tée 12 thye hign phép
bé d8i N va cdc cly con cda né sau mbi 8n &p dung tién d% axy. Dya vio tinh chét cly hodn chinh
ta cd: véi B 1A chy hodn chinh thl m(B) chinh 13 tip t&t cd céc dinh trong cia B.

B8 d8 4. T\, B € TREE véi B ld cdy hodn chinh va T » B thi v(B) < 4(T).

Chéng minh. T cdch ching minh cda Dinh 1y 4 thl B nhén dwgce tir cly chuén N ~ T blng céch
dp dyng tién d8 axs, md tién d¥ ax; khéng lam thay d8i 88 céc dinh cda cly, hay 4(B) = 4(N). Do
B8 4% 3 thl 4(B) < 4(T).
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8.2, Cdy nhj phén t8i wu theo cfu tric

Pinh nghia 6. Gid st T, € TREE. T, goi Ia t8i wu theo cfu tric néu Ty thda mén céc didu kign
sau:

1. 4(To) = min{y(T) | T € TREE va T' »~ Tp}.
2. h(To) = min{h(T) |T € TREE va T' ~ Tp}.

8. Khéa cia dinh cha b&t k trong Tp nhé hon khéa cda t&t cd cdc dinh & ciy con bén phdi vi
16n hon khéa cda tit cd cdc dinh & cly con bén tréi.

Nhu vy cly t8i wu theo cfu tric 8§ cé 88 dinh vd 4§ cao bé nhilt so véi tht cd cdc cly twong
dwong véi né, ddng thoi cly t8i wu theo cfu tric chl chira théng tin ¢8t yéu,

DPinh 1y 6. Néu B € TREE ld cdy hodn chinh thi B ld cdy tdi wu theo cdu tric.

Chitng minh. T B8 d8 4 ta suy ra y(B) = min{y(T)|T € TREE vd T' »~ B}. (1)
Mit khdc v1 88 dinh cida B < s8 dinh cda T (theo dijnh nghia) vd do tfnh cht cda cly hodn chinh
th tai m8i mirc cla B 88 dinh 8§ > 88 dinh tai mic twong ng cda T, chidu cao cda B 8é < chidu

cao cda T\ (2)
h(B) = min{h(T) | T € TREE va T~ B}. V1 B 1 ciy hodn chinh nén B c6 tfnh chét b.1 cia Djnh
nghia 5. (3).

Két hop (1), (2), (3) ta két lugn B i cly t8i wu theo cdu tric.

8.8. Ciy nhj phén t6i wu theo th&i glan

Néu cho khéa k € K vio cly T € TREE thl ham RESULT(T\ k) x4c dinh duy nh&t mét dudmg
di tir géc dén két qud twong tng (ntt chia k hofc chy réng). S8 cdc cung cla dwdng di dé dwge
goi 14 thdi gian tim ki€m dng véi khéa k, kf higu 1a ¢(T, k).

Tuy nhién do chl c¢é céc khéa thude m(T) méi cé dudng di dén ndt chia né, nén ta chi xét
khéi nigm thdi gian tim ki€m trén céc khéa thuc m(T). Th¥i gian tim kiém trung binh cda mét
ciy T € TREE, kf hig¢u W(T') dwgc dinh nghia la:

Pinh nghia 7.
1. NeuT'=7thh W(T) =0,
2. NuT#rthhW(T)= 3 ¢(T k)/|m(T)|
kEM(T)

Em

Dinh nghia 8. Gid st Ty € TREE. T dwgc goi 1& ciy t8i wu theo thei gian néu né thda mén:
W(To) = min{W(T) |T € TREE vd T~ Tp }.
B8 d8 6. Gid si By, B, ld hai cdy hodn chinh. Néu By s By thi W(B;) = W(B,).

Ching minh. Theo Dinh Iy 5, ta thiy h(B;) = h(B;) va 4(B:) = 4(Ba). T ddy két hop véi tinh
chit cly hodn chinh suy ra m8i mtc twong tng cia By vd B; ¢6 88 dinh 1A nhv nhau. B8 d8 dwec
chirng minh,

Dinh 1y 6. Cdy hodn chinh B ld cdy 65 wu theo thd gian.
Ap dung céc dinh 1y 8, 4, 5 v céc b8 A% 48 ching minh Djnh ly 6.
Ciy hodn chinh 1A cliy t8i wu theo cfu tric va t8i wu theo thi gian, goi chung 1A cly t8i wu,
Theo Dinh Iy 4, véi cby T'€ TREE b&t ki bao gi¥ cfing tim dwoe cly t8i wu twong dwong véi né.
4. MOT S6 THU TUC THU'C HIEN TIM CAY NH] PHAN TOI U'U

Muyc dich cda ching ta 1d tir cy nhj phan b&t kl ban diu ta dwa v8 ciy nhj phén t&i wu twong
dwong véi né. Ching ta sé thyc hién hai bwéc sau diy:
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- Dua cly bit k! v8 cBy chubn tdc twong dwong.
- Tir cBy chufn thc chuyén v8 ciy hodn chinh.

1.1, C&u trdc cly

TreeNode="Tree

Tree=record
key: integer;
info: string; {cé thé mét kidu dit kién khéc }
left: TreeNode;

right: TreeNode;

end;

1.2, Céc ham xi Iy hé tién d@

Procedure ax1(7: TREE)
begin
if (tBn tai n®.key < (n”.left)? key)and(n € T') then
nh left = (n/ .left) A left;
end;
Procedure ax,(T: TREE)
begin
if (t3n tai n®.key > (n”.left)" .key)and(n € T') then
begin
nl = nh left;
nh left = (n? left) right;
n1A.right =n;
end;
end;
Procedure ax3(T: TREE)
begin
if (tdn tai n” key > (n”.right)* .key)and(n € T') then
nA . right = (n/.right)? left;
end;

1.8, Chuyén v8 cdy chuén tdc

input: T € TREE.

output: N € TREE 1A ciy chufn tdc, N~ T

Thuft todn:

k =0

While k <> 0 do

begin
4p dung azl d8i véi T, néu cé thay d8ik =k + 1;
ép dung az2 a8i véi T, néu cé thay d8i k = k + 1;
4p dung az3 d8i véi T, néu cé thay d8i k= k + 1;

end; _

N=T,

1.4. Chuyén v@é ciy hoan chinh

input: n € TREE 1A cly chu'Sn tdc.
output: B € TREE 1A ciy hoan chinh B s N,
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Thugt todn:
Proceduce Bedoi(T: TREE)
begin :
if A(T) > 2 then
begin
bedoi T
1. bedoi(T'right);
2. bedoi(Tleft);
end;
end;

5. KET LUAN

Ciy nhj phén ma ta dang xét trong bii todn ndy 1A cly nhj phin mét chiéu., Ta cé thé mé
rdng thanh cly nhj phin n chidu theo djnh nghia d§ quy sau diy:
a. Kf higu 7 14 mét cly (cBy n chidu réng).
. b. N&u T}, T; 1A hai cly n chiu khi d6 k¢ higu [p, k,¢] (T1,T3) hay [p, k, 4] cling 1a c8y n chidu

7 72
& diy p (1 < p < n) 1a chl 88 cda khéa chin lya chon, k € K vh i € I. Tgp t&t cd chc cly dinh nghia
nhu trén ta kf hifu qua TREE(n).
B&K(n) =K x K x...x K (tich D8 Céc n lin cda tdp K) = {(k1,ka,...  kp, .oy kn) | ks €
K, s+ =1,n}.
LT N qud RESULT: TREE(n) x K(n) — I+ dwge xdc dinh nhy sau:
a. RESULT(r,{) = r Vi = (ky, k3, ... ,kp,... , kn) € K(n).
RESULT(T}, 1) néu k < k,
b. RESULT((p, k,4)(T}, T3),4) = { & ndu k, =k
RESULT(T}, {) néu k, > k
Véi che khéi nigm mé rdng nhu trén thl khi cho n = [, ta thu lai todn b két qud trong [4)
cling nhu két qud cda bdi bdo ndy.
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