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SOME RESULTS RELATED TO THE MINIMAL ARMSTRONG RELATION
FOR RELATION SCHEME

VU DUC THI

Abstract. The third normal form (SNF) which was Introduced by E.F. Codd ls an important normal
form for relation schemes in the relational database. The Armstrong relation ls an essentlal concept in
investigating the relational datamodel.

In this paper we present some new estimations for the size of minimal Armstrong relations for
3NF relation schemes.

1. INTRODUCTION
Now we start with some necessary definitions, and in the next sections we formulate our results.

Definition 1.1, Let R = {hy,...,hn} be a relation over U, and A,B C U. Then we say that B
functionally depends on A in R (denoted A %» B) iff

(Vhi, hy € R)(Va € A)(hi(a) = hy(a)) = (Vb € B)(hi(b) = hy(b)).

Let Fp = {(A,B): A,BCU, Af/RB}. Fp iscalled the full family of functional dependencies
of R. Where we write (A, B) or A — B for A f/R B when R, f are clear from the context.
Definition 1.2. A functional dependency (FD) over U is a statement of the form A — B, where
A,BCU. The FD A — B holds in a relation R if A -JI? B. We also say that R satisfies the FD
A— B,

Definition 1.8. Let U be a finite set, and denotes P(U) its power set. Let Y C P(U) x P(U). We
say that Y is an f-family over U iff for all 4, B,C,D CU
(1) (A, 4) eY,
(2) (A,B) €Y, (B,C)eY = (A4,0) €Y,
(8) (A,B)eY,ACC,DCB=(C,D) €Y,
(4) (A,B)€Y, (C,D)eY = (AUC,BUD)eY.
Clearly, Fp is an f-family over U.

It is known [1] that if ¥ is an arbitrary f-family, then there is a relation R over U such that
Fr=Y,.

Definition 1.4. A relation scheme S is a pair (U, F'), where U is a set of attributes, and F' is a set
of FDs over U. Let F'* be a set of all FDs that can be derived from F by the rules in Definition 1.3.

Clearly, in [1] if § = (U, F) is a relation scheme, then there is a relation R over U such that
Fp = F*, Such a relation is called an Armstrong relation of S.

Definition 1.5. Let R be a relation over U, § = (U, F') be a relation scheme, Y be an f-family over
U,and ACU. Then Aisakeyof R (akeyof S,akeyof Y)if Af/RU(A—-UE Ft, (A U) eY).
A is a minimal key of R(S,Y) if A is a key of R(S,Y) and any proper subset of A is not a key of
R(S,Y). Denote Kg,(Kg, Ky) the set of all minimal keys of R(S,Y).
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Clearly, Kr, Kg, Ky are Sperner systems over U.

Deflnition 1.6, Let K be a Sperner system over U, We define the set of antikeys of X, denote by
K=, as follows:

K'={AcU:(BeK)= (B¢ A) and (AcC) = (3B € K)(B S O)}.

It is easy to see that K ~! is also a Sperner system over U,

It is known [4] that if X is an arbitrary Sperner system plays the role of the set of minimal keys
(antikeys), then this Sperner system is not empty (does’t contain U). We also regard the comparison
of two attributes to be the elementary step of algorithms. Thus, if we assume that subsets of U are
represented as sorted list of attributes, then a Boolean operation on two subsets of requires at most
|U| elementary steps.

Deflnitions 1.7, Let I C P(U), U € l,and A, Bel=>ANnBel Lt MC P(U). Denote
Mt = {nM': M' C M}. We say that M is a generator of I iff M+ = I. Note that U € M+ but
not in M, since it is the intersection of the empty collection of sets.

Denote N={Ae€l: A#n{A'el: Ac A"}).

In (6] it is proved that N is the unique minimal generator of I. Thus, for any generator N’ of
I we obtain N C N,

Deflnition 1.8. Let R be a relation over U, and Ep the equality set of R, i.e. Ep = {Eij: 1<
i <7 < [R|}, where Eyy = {a € U : hi(a) = hj(a)}. Let Tp = {A € P(U) : 3Eiy; = A, no
3Epq ¢ A C Epg}. Then T is called the maximal equality system of R.

Definition 1.9, Let R be a relation, and K a Sperner system over U. We say that R represents K
if Kp = K.
The following theorem is known in (8]

Theorem 1.10. Let K be a relation, and K a Sperner system over U. We say that R presents K
iff K=! = Tp, where Tg is the mazimal equality system of R.

Let s = (U, F) be a relation scheme over U. From s we construct Z(s) = {X* : X € U}, and
compute the minimal generator N, of Z(s).

Weput I, ={A: A€ N,,nodB€ N, : Ac B}.
In #, we presented the following result.

Proposition 1.11. Let s = (U, F) be a relation scheme over U. Then
K-t m'T,

Definition 1.12. Let s = (R, F) be a relation scheme over R. We say that an attribute a is prime
if it belong to a minimal key of s, and nonprime otherwise.

We say that s = (R, F') is in the third normal form (3NF) if A — {a} & F* for AT # R, a & A,
a is nonprime.

If a relation scheme is changed to a relation we have the definition of SNF for relation.

Definition 1.18. [5] Let P be a set of all f-families over R. An ordering over P is defined as follows:

For F\F' € P let F < F' iff for all A C R, Hp:(A) C Hp(A). Where Hp(A) = {a € R :
(4,{a}) € F}.



a8 VU DUC THI

2. RESULTS

The size of minimal Armstrong relations was investigated in some papers (see (2,7,11,15]).
Now we present some new bounds for the size of minimal Armstrong relations for relation schemes
in 3NF,

Definition 2.1 (Minimal Armstrong relation). Let F' be an f-family over U. Let
M(F) = min{m: |R| = m, Fp = F}.
Denote Hr(A) = {a € U: (4,{a}) € F}, and Z(F) = {A: Hr(A) = A},
Note that from this definition for a relation scheme s = (U, F) we have Z(s) = Z(F'*).
Proposition 2.2 (4. Let F be an f-family over U. Then
(IN(FIDY? < M(F) S IN(F)| +1,
where N(F) is the minimal generator of Z(F).

Now we give some following concepte.
Let K be a Sperner system over U. Denote

T(K-')={A: 3Be K~!, AC B},

K,={aeU: nodA€ K, a € A}.

K,, is called the set of nonprime attributes of X.

Then we have the following result (18]
Theorem 2.8. Let s = (U, F) be a relation scheme and K is a Sperner system over U. K =
{B—-a:a€ K,, Be K=}, where K, is the set of nonprime attributes of K.

Then s 18 sn SNF and K, = K if and only if

{(VYUK-' UK C 2(s). G {UIUT(K™Y). (¥)

Lemma 2.4, Let K be a Sperner system over U, ='Jslem)tei
K,={a€U" nodA€ K: a € A}

and )
K'={B~a:a€K, Be K™}

Then (1) C,D € K;;': C # D and K,;* 1s Sperner system over U,
(8) each element of K;* ian’t the intersection of elements of K=*.

Proof. 1t is obvious that if X, = @ then we have (1) and (2). Assume that K, # 0. It is known [11]
that K, is the intersection of all elements of X~1.

Suppose that there are C,D € K;;' : C # D. Consequently, there are a,b € K,,, A,B€ K =1
C=A-a,D =B, Hence, A—a C B ~b holds. By () we have A C (B~ b)Ua = B—b. From this
A C B holds. This conflicts with the fact that K= is a Sperner system. Thus, we have (1).

Because K, is the intersection of all elements of K~ we have (2). The proof is complete.

Given a relation scheme s = (U, F'), we say that a functional dependency A — B € F is
redundant either A C B or there is C — D € F such that C C A.

Remark 2.5. Let K be a Sperner system over R. Denote K~! the set of all antikeys of K. From
K, K-, K ' we construct the following relation scheme s; = (U, F}).
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For each A C R, if there is B € K~! U K,;! such that A C B then weset C =nN{Be K~'UK;!:
A C B}, Set A — C. Denote T the set of all such functional dependencies. Set Fy = {E — U :
EeK}U(T~Q) where @={X -+ Y e€T: X —Y is a redundant functional dependency}. From
Theorem 1.10, Theorem 2.3, Lemma 2.4 and definition of Sperner system we obtain X,, = K and s,
is in 3NF. Clearly, by Lemma 2.4 K~! U K,;! is the minimal generator of Z(s,).

From K we construct s; = (R, Fy) as follows: F = {E — R: E € K}. It can be seen that
K = K,,, 83 is in the 3NF and Z(s3) = {R}UT(K~1).

From Definition 1.14, Theorem 2.3, Lemma 2.4 and Remark 2.5 we have the following

Corollary 2.8, Let K be a Sperner system over R. Denote by V the set of all SNF relation schemes
over R, the minimal keys of which are ezactly the elements of K.

Then sy and 83 which constructed sn Remark 2.6 are the unique minimal and mazimal elements of
the partially ordered set V for the ordering defined Definition 1.14.

Based on these results we obtain the following main theorem.

Theorem 2.7. Let s = (U, I') be a SNF relation scheme, K a Sperner system over R. Denote
K;'={(B-a:a€ K, Be K™},

where Ky, 18 the set of nonprime attributes of K.
Set K;=K=1UK;1,

I={C:CeT(K-)-K:, C#n{D: Cc D, De K}}}.
Then of K, = K then

IN(F*)| < [Kn*| + [ In*].

Proof. According to definition of minimal generator for an f-family over R and by Theorem 2.3,
Remark 2.5 and Corollary 2.6 we obtain |X,,*|. By Lemma 2.4 K,,* is the minimal generator of Z(s;)
in Remark 2.5, According to Theorem 2.3 and construction of I,,* we have |N(F'*)| < |Kp*|+ |In*|.
The proof is complete.

From Theorem 2.7 and Proposition 2.2 we have following.
Theorem 2.8. Let K be a Sperner system, s = (R, F') a SNF relation scheme over R, Let
M(F*)=min{m: |r| = m, F, = F* s = (R, F) a relation scheme}.

Denote
K;_" ={B-a:a€ K, Be K"‘},

where K,, 1s the cet of nonprime atiributes of K.
Set Kn‘ - K-'l' UK;“',
L'={C:CeT(K™')-K,", C#n{D: Cc D, De K,"}}.
Then of K, = K then
2| Kn* /% < M(F*) < |Kn*| + |In*| + 1.
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