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MOT VAI THUAT TOAN cAlI AT CAC PHEP TOAN
cUA DAl SO QUAN HE
TRONG MO HINH DU’ LIEU DANG KHOI

NGUYEN XUAN HUY, TRINH PINH THANG

Abstract. Thls paper presents some fundamental results about the block form - relational algebra to-
gether with algorithms reallzing some block form - relational operators. Also, the estimation complexity
of these algorithma are clalmed and proved here.

1. MO DAU

Trong nhitng n¥m ghn d&y céc md hinh dit ligu dang kh8i dwge phét tri€n manh mé nhim trg*
gitip cho vidc khai théc cdc co s& dit lifu mdt cach trigt dé theo nhidu dfu higu trfch chon. Sy phét
tri€n cda cdc h§ tro gitp quydt dinh vi cdc h§ théng phét hign tri thire tir co' s di ligu ddi héi mét
chch nhin méi d8i véi co sd dit ligu. Céc quan hé phdng néi chung khéng cdn thich hep d8i véi cic
viin 4% néu trén. Mot trong nhitng gidi phdp dwoge quan tm nghién ciru nhidu 1 tich hgp cdc quan
hé phing thanh céc khéi dir lifu. Quan nifm méi ddi héi nhitng thao tdc méi. Bai vidt ndy trinh
by co s& cda dai 88 quan hé dang khéi v d8 xufit mdt s8 thuft todn chi ¥t cde phép todn quan
h§. Dd phitc tap tinh todn cla céc thuft todn ndy cling dwge dénh gid.

1.1, M hinh dit li¢u dang khéi

Dinh nghia 1.1, Goi R = (id; A, Az,..., A,) 12 m§t b hiru han céc phlin tik, trong dé id 13 tip chi
88 hitu han khéc r8ng, A; (¢ = 1,..,n) 1a cde thudc tinh, M&i thudc tinh A; (i = 1,...,n) cé mién gid
trj twong Wng 14 dom(A;). Mgt kh8i r trén tip R, ki higu r(R) gdm mét 88 hitu han phliin td ma méi
phBn t& 1d mét ho céc dnh xg tir t4p chi 88 id dén cdc midn trj cda cdc thude tinh A; (¢ ='1,..., n).
Néi mgt cdch khdc:
ter(R) & t={t':id = dom(A)};u1s

Ta kf higu kh&i dé 1a r(R) ho¥c r(id; Ay, Aa, ..., An), 481 khi ndu khéng s¢ nhiim 1&n ta kf higu
dom gidn 1 r,

Khi 46 khéi r(R) dwgc goi 1a ¢6 lwge dB khdi R. Nhw viy trén cing mét luge dd khéi R ta cé
théd x&y dyng dwge nhidu khéi khéc nhau.

Djinh nghia 1.2. Cho R = (id; Ay, Az, ..., An), r(R) 1 mdt khéi trén R. Vé&i mbi z € id ta kf hifu
r(Rz) 1a mét khéi véi R, = ({z}; A1, Az, ..., Ay) sao cho:

i=ln

te Er(R) @ t, =t =t — véiter(R), vit={t':id = dom(4;)},o
x | i=ln
X

O ddy t (2) = t'(z) véii=1,.,n.
Khi dé r(R,) dugc goi 1 mgt 14t cit trén khéi r(R) tai didm .

1.2. Dal 88 quan h@ trén khéi

Cho r l1a mdt khéi trén R = (id; A, Aa, ..., An), & dfy ta ludn gid thidt ring r 13 mét khéi gdm
mgt tdp hitu han cdc phlin ti. Cling twong ty nhu dgi 88 quan hé trong mé hinh di liu quan h§, &
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d8y céc phép todn cla dai 88 quan h§ lai dwge &p dyng cho chc khéi; bén canh d6 cdn cé thém mét
phép todn méi dwee xAy dyng 1A phép nédi dii.

D8i véi chc phép hop, giao va trix thl hai kh8i tham gia phdi 1d khd hep (nghia 1A ¢é ching mét
luge d8).

a. Phép hgp:

Cho hai khé&i r v s kha hogp, khi d6 hep cda r va o, kf higu r U s 12 mét khéi gbm céc phln ti
thudc mét trong hai khéi r vi s dé cho.

rUs={t|t €rholcte s}

b. Phép giao:
Cho hai khéi r vk & khd hep, khi dé giao cia r vh s 1 mét kh&i, kf higu r N s md céc phlin tt
cia né thudc dBng thdi cd hai khéi r vd s d& cho
rNa={t|tervites)

¢. Phép tri:
Cho hai kh&i r vd s kha hop, khi 46 hifu cia r va s 1a mét kh&i, kf higu r — s ma cdc phln tit
cda né thudc r nhung khéng thudc s,
r—s={t|tervat¢s}
Ta ¢6 m&8i quan hé gilta phép giao v phép triv:
rns=r~—(r-a),

d. Phép chiéu:

Cho R = (id; Ay, Az, ..., Ap), r 14 m8t khéi trén R,

Khi 46 ta goi P = (id; Ai,, Aiy, oy A, ) 1A Iege d8 con cda lwge d8 R néu id’ € id, Ay, €
{4, Az, "'IAﬂ}l J=1,.,h

M3t phép chifu cda khéi r trén lwge dB con P, kf higu IT,(r), 14 mdt khéi cé lwge 4B khéi P
v m8i phlin ti thudc khéi ndy cé dang:

(t",a“,...,t‘b)l . trong d6 t' € {t',¢3,.. "}, 5= 1, h, VA (¢4, 83, . ") €7,

id’ '

Bidu difn hinh thic cla phép chifu cé dang: Iy
Tp(r) = {(¢2,¢%, ., 6%) ) | th € {8,83,...,8"}, 5= 1,0 (¢4, 13, .., t") e r}.

id’
e. Phép chon:

Cho R = (id; Ay, Ag, .., An), vA kh8i r(R).

Cho m$t phép chon nghia 14 ta x8y dyng mdt t§p con céc phlin ti cila khéi di cho thda min
bidu thétc F cho trwée. Biu thic F' dwge din td bing mét t8 hop logic cda cdc todn hang, méi
todn hang 1A mét phép so sénh don gidn gilta hai bién 1A hai gi4 trj diém cila hai 4nh xp thanh phin
ndo dé, hofc gifta mdt bidn 1a gid trj didm cda mét énh xg thanh phin vd mét h¥ng.

Céc phép so sénh trong F 1A <, =, >, 2, <, #, cdn clc phép todn logic trong F 1&: V, A, =,

Bi€u difn hinh thérc cda phép chon cé dang:
op(r) = {t e r|F(t)},
trong 46 F(t) 1a gid trj cda bidu thic logic F tai phin tk t €,

g. Phép két néi:

Cho R = (id; Ay, A3, .., A,) vA & = (id, By, By, ..., By,), ciing véi hai khéi r(R) va s(S) twong
ng. :
Goi T = (id; Cy, Oy, ..., Cp), trong dé:
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{C1,C3,...,Cp} = {A1, Az, ..., An} U {B1, B3, ..., Bn}. Nhu viy trong {Cy,C3,...,Cp} t8n tai
2 ho {Ci, liatm VA {Ch}uatm 880 cho: Gy = Ay, Gy, = A3,..,, O, = Ap, Cy, = By, Cy, =
By, ..y Cy,, = By, Khi 46 ta k¢ higu:

‘(R) = (th ) t"l-"st‘")) th € {tls tg» "')tp)l k=1,.,n,

t(S) = (¢, ¢, .., t9m), th € (t1,¢3,..,tP}, h=1,..,m,

véi ¢ = (81,83, .., tP).

Phép két n8i cda 2 kh&i r va s, kf hifu r pas 1 kh&i ¢(T") djnh nghia nhu sau:

t(T) = {t|3t, € r vi t, € s 820 cho t(R) = ¢t,,t(S) =¢,}. ;

Phép kdt néi ndy ciing goi 1 phép kdt n8i ty nhién cla hai khéi r(R) vd s(S), déi khi st dyng
kf higu r » s,

Diyc bigt, khi céc khéi r(R) vd 8(S) c6 tip chi 88 id trong lwge dB khéi cda chiing chl gdm 1
phln td thl cdc kh8i ndy trd thanh cdc quan h§ vd phép két ndi ty nhién cla hai khéi lai tréd thanh
phép két ndi ty nhidn cla hai quan h§ trong mé hinh co s& dir ligu quan hg [6).

Néu hai t§p {A;, A3,..., An} vd {B1, Ba,..., B} khéng giao nhau thl r » s tréd thanh tfch D¥
cée cda hai kh8i di cho.

Ta cé thd mé& réng khéi nigm két ni nhw sau:

Gid st Ai, € {A1, Az, ., A}, By, € {B1, Bay ., B}, vh dom(Ai,) = dom(By,), 1 € k < h,
(& diy Ay, vd B;, khéng nhéit thiét phin bigt).

Khi d6 k&t néi cda r vd s theo Ay,, Ay, , ..., Aiy VA By, Biy, oy Biy 14 kh8i ¢(T"), khéi ndy duwgce
djnh nghia nhu sau:

t(T) = {t|3t, € r vd t, € s 8ao cho t(R) = ¢, t(S) =¢,, th =%, 1 < k < h}
& ARyt om (2,68, 08), b om (82,820 8™),
Thay cho kf hiu r bas & diy ta k({ hifu rd hon:
t(T)=r[tih =th, 1< k< hla.

h. Phép néi dai:
Cho hai khéi r(id; A1, Az, ..., An) vh s(id'; A1, Az, ..., Ap), & 46 néu id Nid’ # @ ma ta cé véi

teErvih k € s
t! = k!
id nid’ idnid
¢? =k?
idnid’ idnid’
tll = kﬂ-
id nid’ idnid

thl khi d6 ta x8y dyng dwge mét phliin td méi cé dang:
u=(u!, u? ..., u") véiul:iduid’ — dom(A4A")
saocho: wh| =th, ub =kP, Vh=1,..,n, vAk higu: ub =thwg kP, Vh=1,..,n.
id id’

Nhiing phiin td u = (u?, u?, ..., u") ndy tao ra mét kh8i méi, dwgc kf hiu: r %19 s, goi 14 khéi
néi dai cda hai khéi r va s,

Phép todn dwgc x8y dyng & trén goi 1A phép néi dai cla hai khéi r vd & dé cho.

Bidu difn hinh thic cda phép néi dai cé dang:

rEg 8= {U = (u‘)i-m | (u“ )I'E!l,_l’l Er vd (u‘

l )iuTr € 8}
id id’
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k. Phép chia:

Cho kh8i r(id; Ay, Ag,..., An) vh khéi s(id; A;,, Ay, ..y Ar, ), trong 48 A, € {4y, 43,..., 4},
V5 = 1,..,k, khi d6 phép chia cda kh8i r cho khé&i s, kf hiu r + s, 12 mgt khdi gdbm céc phlin t
t = (t!,¢3,...,t""") sao cho Yu = {u!,u?,...,uP), u € & thl phlin ti tu € r, & d8y phin tit tu c6 dng:
buem (0109, 1 20, 0l 09,00, uM).

Bi€u difn hinh thic cia phép chia cé dang: r+s={t|VYu e, tu€r}

Trong truwdmg hop cée khéi r v s cé t4p chi s8 id chl gdm 1 phlin ti th) khi d6 cdc khéi ndy trd
thanh céc quan h§ v phép todn chia cda hai khéi tré thanh phép todn chia cda hai quan h§ trong
m8 hinh di lifu quan h§ [6].

2. CAC. TOAN TU' THAO TAC CO' SO

D& xfy dyng céc thuft todn cho céc phép todn cia dai 88 quan hé va dénh gid 4§ phirc tap cla
né, trwéc hét ta xem xét céc todn ti thao téc co s trén chc khéi (cdc todn tik thao tde ndy twong
ty nhu cdc todn ti thao tdc trén cdc quan h§ d& dwge trinh bdy trong (1), [4]):

1. for eacht in r do M;
Ngir nghia: véi méi bd t thude khéi r thye hign todn t M.,
2, tinr ;
DPay 1A m@t hdm logic nhin gié trj ddng (true) néu bd ¢t cé mit trong khéi r, nguee lpi hdm
nhfn gid trj sai (false).
3. add ¢t to r;
Ngi nghfa: dwa thém b§ ¢ vho khéi r, khdng ki€m tra tring 1§p.
4. card(r): hdm x4c djnh lyc lwgng (s8 bg) cda khéi r.
5. constructl t = (t!,¢2, .., t");
Ngit nghfa: tao mdt b t tir cde 4nh xa t!,¢2,...,t" cho truwde,
8. construct2 ¢ = (z*, 22, ...,z", ¥, 4%, ., v");
Ngir nghfa: tgo mft b ¢ = (s*,2%,..,2"), & 46 dnh xq #° : (Id Uid') — dom(A;), ¢ = 1,..,,n
duwge xBy dyng tir cde dnh xg 2* 1 id — dom(4;), v* 1 id’ — dom(4;), ¢ = 1,..,n véiidnid’ = 6,
b&ng céch nhu sau:
- Néu card(id) = h, card(id’) = k thl énh xq &' dwoe bi€u difin 12 b8 h gid trj, cdn 4nh xa'y’
duge bidu difn 1a b k gid tri;
at = (af, 24, . 2h), o = (4], k) o k) Khi 46 2 = (o, 55, .. 33, 01, 06, o ).
7. label ¢ in r;
Ngft nghia: ddnh nhéin cho bd ¢ trong khéi r. B§ dwge ddnh nhéin s& khéng tham gia vdo qud
trinh xét duydt khéi r, ta néi ring b d6 bj loai vé mit logic khdi khéi r. Viéc ndy dwge thyc
hign théng qua vige 14p chl dfn trén cdc phlin ti cda khéi r ching han. M&i phln t& cia chi
dfn bao gdm hai thanh phlin: khéa tuyén chon vA dja chi (con trd) téi phin t cda khéi. Vi;c
dénh nhén cho m&i phln ti twong dwong véi vide loai bd tam théi mét phlin ti cda chi din
trd t&i phiin ti dwge ddnh nhin dé cda khéi,
8. test(t, b): ham logic nhfn gif trj ding néu b ¢ thda min bidu thirc logic b, ngwoe lai hdim nhén
gid trj sai,
9. create(R);
Ngit nghia: tao mdt khéi réng ti¥ lwge dB khéi R cho truée.

8. CAc KfiT QUi

Phin ndy trinh bdy mét s8 thufit todn chi 3t vd dénh gid d§ phirc tgp thoi gian cda ching
d8i véi cdc phép todn cda dai 88 quan h@ néi trén.
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Céc thuft todn 1-8 dwge x8y dyng trén co s& chc thuft todn twong ¥ng trong mé hinh dit lifu
quan h§ véi todn t dénh nhén 44 néu trong [4].

1. Phép hop

algorithm hop
input: hai kh&i khé hgp p(R) va g(R).
output: khéi r(R) = {z:z€pVz€q}.
format: hop (p, q)
begin
r i= create (R);
for each z in p do
add z to r;
for each y in g do
if y in p then label y in p
else add y to r.
return (r)
end;

2. Phép glao
algorithm giao
input: hai khéi kha hep p(R] va q(R).
output: khéi r(R) = {z:z€pAz€q}.
format: giao (p, q)
begin
r 1= create (R);
for each z in p do
if % in g then
begin
add  to r;
label z in g;
end;
return(r)
end;

3. Phép trir
Algorithm tru :
input: hai kh8i kha hep p(R) va q(R).
output: kh8i r(R) = {z:z€pAz¢q}.
format: tru (p, q)
begin
r i= create (R);
for each z in p do
if 2 in g then label z in ¢
else add z to r;
return(r)
end;
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4. Phép chiéu
algorithm chieu
input; kh8i r(R) véi R = (id; A1, Az, .., An) V& P = (id'; Asy ) Ay ooy A4y )y
A‘J € {All Az, "'lAﬂ)! Vi=1,.,h
output: khéi s(P) = {2.P : z € r}.
format: chieu(r, P)
begin _
8 :=create(P);
for each z in r do
if not (z.P in s) then add z.P to s;
return(s)
end;
& diy phin tk 2. P cé dang: 2. P = (21 2% .,z )
lid' id’ id'
trong 46 =/ € {z%,23,...,2")}, 5 = 1,.., h, vd (2}, 22, .., 2") € 1,
8. Phép chon
algorithm chon
input: kh&i r(R) vA tiéu chufn F.
output: khéi s(R) = {z € r(R) | test (2, F')}.
format: chon (r, F) '
begin
s :=create(R);
for each z in r do
if test(z, F') and add = to g;
return(s)

end;

6. Phép két nédi ty nhién
algorithm ketnoi
input: hai khéi r(R) va s(5), R = (id; Ay, 43, ..., An), § = (id; By, Ba, ..., B) véi A; = By, ..., A, =
By,.
output: khéi ¢(T) = {#|2.R € r(R) A 2.5 € s(95)).
format: ketnoi (r,s)
begin
T:= (idiAlswnAhnAll+la---|Aﬂth+1:---:Bm)i
P := (id; Ay, A3, ..., Ap); t :=create(T);
for each z in r do
for each y in & do
if z.P = y.P then
begin
constructl z = (z,y.(S\ P));
add z to ¢
end;
return(t)
end;
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véi z.P= (=z‘| ,z’l p— x"l
id id id
trong dé (z*,23,...,zh, 2"+, .. 2") € r, (¥, 0%, M Y, L™ E
§\ P = (id; By, Bay oy Bm) \ (id; Ay, Az, oy An)
= (id; By, Ba, .., Bm) \ (id; By, Ba, e Bn)
= (id; Bp, Bh+1, 1y Bm).

) vk y.P=(y‘l .y’l .---:u"I )
id lid id

7. Phép néi dal
algorithm noidai
input: hai kh&i r(R) va (S), R = (id; Ay, A3, ..., 4n), § = (id'; A1, 43,...,4n), ldNid' # 8, T =
(iduid'y Ay, Az, 4n). '
output: khéi ¢(T) = {s|#s.R € r(R) A 2.5 € s(5)}.
format: noidai (r,s)
begin
P = (i.d nid'; Ay, Az, .., An);
t :=create(T");
for each z in r do
for each y in s do
if z.P = y.P then
begin
construct2 # = (z, y.(S \ P));
add = to ¢
end;
return (t)
end;
trong d6: § \ P= (idi Ay, Agy Aﬂ) \ (id n id'i AII.AQ! "':A’l) - (id’ \ (id n id’)i Ay, Az, . Ah)'

8. Phép chia

algorithm chia )
input: hai khéi r(R) vd s(S), R = (id; A1, A3, .., 4y), § = (id; A1, 42,.., 4k), k< g.
output: khéi ¢(T) = {z.T'|z€r, Vy € s ta cb (z.T,y) € r}; T = (id; Ap-+1, Ars3, oy Ag).
format: chia (r,s)
begin
n = card(s); ¢:= create(T);
if n = 0 then ¢ := {2.T|z € r} else
begin
dém :=0;
{4ém dting A& chi s8 phln t hign cé cla mang left}
for each z in r do
begin
constructl z1:= (z.T);
constructl z2 := (2.5);
k :=find(z1);
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if k = 0 then {dfén thém dai dién vao cusi cila left}
begin
dém := dfm-+1; left(dém) := z1;
k :=d&m; add 22 to right(k);

count(k) 1= 1;
end;
if k > 0 then {thém phin ti vio cudi cda right}
begin

add 22 to right(k);
count (k) := cound(k) + 1;
end;

end;
k:=0;
while k < dém do

begin

k= k + 1; {xét cdc 16p twong dwong cé 88 phiin ti >= n}
if count(k) >= n then
begin

dém 1:=0;
for each y in right(k) do

if @dm1 < n then

if y in 8 then dém1 :=dém1l + 1;
if €m1 = n then add left(k) to ¢
end; ' '
end;
end;
return(t)

end;

Ménh d8 8.1, Cdc thudt todn 1-8 cho ta két qud ddng d8% véy cde phép todn twong dng trén cde
khés da cho. :

Sau ddy ta dénh gid 43 phic tap th¥i gian cda m§t vai thufit todn.

Gid thiét r&ng néu mét kh&i ¢6 m phlin ti thl vige xdc dinh xem mét phln ti z cho trwée cb
mit hay khéng trong kh&i d6 ddi hdi f(m) phép so sénh phlin t& & véi chc phiin tit khéc cia khéi.

Véi m = card(p), n = card(q), h = card(p N g), & thugt todn hgp ta thdy néu y in g thl vifc
kiém tra (y € p) cBn f(k) phép so sénh véi k < m. Néu truée 46 trong p dii c6 mét 88 b dwge dénh
nhén thl k < m. Trudng hop x&u nhft 1A A phiin t¥ cda pNg lpi & cudi cda khéi g, khi 46 vige kiém
tra (y € p) d8i véi n — h phlin ti diu tién cda khéi g dbi héién — h) f(m) phép so sénh. Cén véih
phin t& cudi cda g, vi ching ciing c6 mit trong p nén sau méi bwéc ta ddnh nhin dwge mdt phin
ti trong p, do viy 88 cdc phép so sdnh cho h phln ti ndy 1a

h
S fm=i+1).
i=1

Nhu vy trong trudng hep xfu nhft thufit todn hgp dodi héi
h
E f(m=1+41)+ (n—h)f(m) phép so snh.
i=1
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Ménh d8 8.2, Thudt todn hag'p cd 8¢ phidc top tho gian ld:
h
> flm=i+ 71) + (n = h)f(m).

f=ml
Twong ty nhu trén ta ¢ m§nh dé sau:
Ménh 48 8.8, Cdc thudt todn giao vd hidu cd d¢ phitc tap thod gian ld:

h
Zf(n —1i+ 1)+ (m = h)f(n).
i=1
Béy gi¥ ta x4t thuft todn chia. Véi lwge d8 con T' = (id; Ax+1, Ak+3, .+ Ag), ta thyc hifn mt
phén hoach khé8i r(R) theo quan h§ a sau: _

Vz,y€r: zay ¢ 2.7 =y.T,
trong 46 z.T vA y.T dugc hi€u nhw d& néi & phlin trén 13

k-2

2.T = (a"*!) ,z ,...,a:"| ),

|id |id id
y.T = (U'H-ll nyh+=| p"-sng )-
id id id
D¥ thy ring o 14 mét quan h§ twong dwong. Goi u 1A 88 16p twong dwong trong phén hogch r/a.
K{ higu m; 12 88 phln t trong 16p thir ¢ (§ = 1,2,..,,u) thl theo tfnh cht cia phén hoach ta cé:

u
S
i=1

Déi véi m8i 16p twong dwong cia quan h§ o ta thinh 1§p hai mdng left vA right, mdng left
diing 4€ chita céc phin tit dgng 2.7, (z € r), cdn ming right ding dé chira cdc phliin ti twong tng
dang 2.5, (¢ € ). Nhu vy d8i véi phlin t z € r thl z bj chia thinh hai phin: phin 2.T 88 dwgc
Twu trong méng left, cdn phln 2.8 dwge lwu trong ming right. Do d§, sau khi duy§t mt lugt cée
phln t¥ cda kh&i r thl médng left s& chiva cdc phlin tit dang 2.7 13 dai dign cho céc 16p twong dwong,
88 phin tt cla méang left chinh 14 88 céc 1ép twong dwong theo quan h§ a, cdn d8i véi cdc phln tik
twong ¢ng cda méang right thl m&i phiin t& cda mang chéra phBn cdn lgi 2.8 cia céc phlin ti trong
mét 1ép twong dwong tng véi mét phin tit cda mang left, (trong thyc hanh néu khong thé luu trir
céc méng left, right trong bd nhé trong thl ta luu céc phin ti cla ching & céc thiét bj nhé ngodi
va cdc mang ndy sé chi chita cdc con trd tré té&i cde phlin ti d6).

Trong thu§t todn, count 1A mét méang v count(k) dém 8 phin ti cda 1ép twong dwong thi
k, hAm find(21) véi z1 = z.T cho chi 88 k cila mdng left sao cho left(k) = &1 (néu tim duwgc) va
find(z1) = O trong trudrng hep ngwge lai.

Ménh d8 8.4. Thudt todn chia cd dg phic tgp thé gian ld:
u
D 16)+ (m=u)f(u)+ 3 0kf(n)
=1 m;,zn
vd khs 8 = II,(r) thi d¢ phec tep thov gian ld:
> 16) + (m = u)f(u),
1=l

¢ 36 m = card(r), n = card(s), u = card(r/a),
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my ld 88 phin td cda ép twong dwong the k,
Ok 1d 86 phin td cda l6p twong dwong the k dwoe zét dd dé' két lugn rdng dém 1 = n,

Chdng minh. Khi x8y dung danh sdch left ta phdi ding dén ham find, nén phdi chi phf th¥i gian &

u
D10
=1 ‘
Sau khi dé cé céc phlin ti dai difn left(k), (k = 1,...,u) cda céc 1ép twong dwong trong r/a
thl cdc phlin td con lai cda r 88 dwge tim béi hdm find véi thed gian (m — u) f(u).

. Nh& phép kiém tra count(k) >= n nén ta chi hgn ché xem xét céc 1&6p twong dwong nio cé 88
phln ti 16m hon hofc bing n. DEi véi mébi 16p twong dwong thir k thda didu kidn ndy, d€ xdc djnh
dém 1 = n ta phdi duyft 0y phin ti cda ching. Nhu vy, th¥i gian d& thyc hign phép ki€m tra 0,
phln t cda 16p twong dwong thi k 1 0 f(n). Do vAy th¥i gian thye hign cda thuft todn ndy IA:

3 16)+ (m-wf(w) + Y Ous(n).

fm] mg2n

Khi s = IT,(r) thl do khéng phdi mé&t thoi gian d€ ki€m tra (y in ) trong cée 1ép twong dwong
dé chon (& diy chi chn xét xem cé 16p twong dwong ndo ¢b 88 lwgng cde phiin ti bing n hay khéng)
nén d§ phic tap thei gian chi con la:

5™ 76) + (m - u)f(u).

i=1
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