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CAN DUGI DO PHUC TAP OTOMAT HU'U HAN DPOAN NHAN
SIEU NGON NGO CHINH QUY

DANG HUY RUAN, PHUNG VAN N

Abstract. Some results of regular hyper-language [1] and the complexity of finite automaton recog-
nlzlng regular hyper-language 12] are consldered.,

In thls paper we consider the lower limlits of the complexity of finite automaton recognlzing
regular hyper-language.

1. PAT VAN DB

Nghién ctru v8 1ép ngén ngit chinh quy véi ti v8 han, ching t8i d& thu dwge mdt 88 két qud
v8 tinh ch&t cda ching [1]. D¥c bit khi xem xét v8 d8 phic tap otomat hitu han dodn nhén sidu
ngén ngl chinh quy, ching t8i nh§n dwge dénh gid sau (2]

&1
Tz 1

P(L) < 2% +1.

Vén d% a§t ra 13 lidu c6 thé x8y dyng dwge siéu ngdn nglt chinh quy ma d§ phirc tap otomat
hitu han dodn nh§n né det téi gid trj trén hay khéng.
DE gidi quyét vén 8 trén ching ti dya trén bi€u thirc siéu chinh quy.

2. DPANH GIA CAN DU'GT D) PHU'C TAP OTOMAT HU'U HAN
DOAN NHAN SIBU NGON NGU' CHINH QUY

2.1. Biéu thive siéu chinh quy

Gid st 4, B 1A bi€u thitc chinh quy vA twong ¥ng véi ching 1A ngdn ngi¥ chinh quy. Ta djnh
nghfa bi€u thic sidu chinh quy vA twong tng véi ching 1A siéu ngén ngit chinh quy b&ng quy nap
nhu sau: ‘ '

a) Sidu l§p cla A - ki higu 18 A° = {z,25... € 2% | z; € A} - | bifu thirc siéu chinh quy.

b) Céc bidu thirc 4.8%°, A% v B®, A= A B®, (A=), A% /B (phép ckt doan dBu) 1A nhing

bi€u thirc sidu chinh quy.

¢) Chi nhitng bi€u thitc thda mén a), b) méi Ia bidu thitc siéu chinh quy.

Ngén ngit dwgc sinh bdi bi€u thc siéu chinh quy D ciing 14 siéu ngén ngft chinh quy va dwgc
kf higu béi L(D).

2.3, D§ dal cda bidu thitc siéu chinh quy (3]

Gid st 4, B 1A céc bidu thic chinh quy va S(A), #(B) 1A 48 dai cia chiing, khi dé 4§ dai cla céc
bi€u thirc sibu chinh quy twong ng dwgc xdc dinh nhw sau: f(A%) = B(A), B(A.8%) = B(A)+B(8),
B(A= v B*=) = B(A) + B(B), B(A™ A B=) = B(A) + B(B), B(C(A*)) = B(A).

2.3. Dinh 1y 1. D& vés mdi 56 ty nhién t cé thé zdy dyng dwae bid'u théc siéu chink quy An
trén bdng gém 8 chit cds nhw sau:

a) Véi méi o6 ty nhién n, bidu thic siéu chink quy Ayn chia t kf hiu phép Idy phin bd vd
¢d dg dds khéng ldn hon n.

b) Véi mds ad thyc c > 2, vds o8 ty nhién n dd 16n thi logaloga...loga P (As,n) 2
t+1 14n

n
¢logan’
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Chiéng minh,

1. D¥t k=1t + 1, Lp badng chir c4i £ = {0,1, 2, fo, B1,..,,Ax}. Chon 88 ty nhién tdy ¥ mo vd
x8y dyng t&p Do bao gdm 2mg tir trén bang chi¥ céi {0, 1}, Tifp tyc x8y dyng céc t§p Dy, D3, ..., Dy
bing quy nap nhw sau: gid st D; d& dwgc x8y dyng véi 2m; phBn ti, khi a6 céc phin ti cda thp
D;..y 88 bao gdm t&¢t cd cdc t4p con chita m; phiin t cda t4p D;. Thp Di4y 88 c6 CZy%, phin tik va

diy 1a 88 chin (vi O, = 203 ;) nén ta d§t myyy = -;-c;:,',,. Ta 8§ ding céc chit cdi I, h* (c6

amy-1
ho¥c khéng cé chi s8) 4@ kf higu.cdc phln ti cla tdp D;.
2. Ta x8y dyng céc bifu thic sau:
Ri=(0vVivaVp Vﬂ;V'-'Vﬁi)’
&i=BVhisV VB 02915k
*=(0vivavé)
Bo= |J P& &P
1°€Dyg i i

Bis1=C(RifiBi i Ri) 0<i<k

D& nhin thy R;, &, T*, By, B; 1 céc bi€u théc chinh quy. Ta cé thé chéng minh dwgc
d8 phittc tap otomat hitu han dodn nhin ngén ngt chinh quy sinh béi By khéng nhd hon 2my (te
P(Bx) 2 2my) nhu sau:

o D8i véi mbi phiin ti I' € D; ta djnh nghia cée ti X;(If) va N () bing quy nap nhu sau:

a) Ao(I%) va Xo(I9) = 19, ‘

b) Gid st I+? & xdc djnh. V&i moi I € I+ vA tir che tr fidi(IF) ta xBy dyng b Ayq (IF2)
bing céch ghép chc ti ﬁ;.\‘(l‘% theo mét trinh ty ndo dé (trinh ty tir dién chdng hgn). Twong ty,
véimoi I @ 1Y v tir che tir A;(I) A ta x8y dyng tix Ag4q (1) bling céch ghép che tir XN (I')A; theo
mét trinh ty ndo 46, D& nhn thiy A (1) € Ry, Xitr (F2) € Ry ;

B8 d8 1, Néu M1 (I'12)8 = XBY thi cd the tim dwqe I vd B 4 X; (1)’ 1d dogn d8u cda Y trong
d6 €&y, el Pelitt, . ,

Thét viy, gid st A4y (+1)8 = X4 Y theo dinh nghia A4y (F*?1) dwge tgo thanh bing céch
ghép che tir dang B;Ai(I*) lai véi nhau theo mt trinh ty ndo dé (& diy I € I*+1); nhu vy trong t
Ai(P) khéng chira ky higu §;. (Piéu ndy. gidi thich Iy do dwa kf hifu B; vdo v phdi ding thic trén
€ téch tir A6 ra thinh 2 nita). Do vy nh&t dinh sé xdy ra hofc 4Y = §;M(I*)8 ho¥c ;Y phdi
dugc bt dBu bing tir £ X (I)4; .

Ta nhin dwge t¥ khd nling thi nhit 1a #’ = B cdn tir khd n¥ng thé hai 1d f' = §;. Viy
X (')A 1A doan dBu cla Y.

Mbt cdch twong ty, néu A1 (1) = XAY thi cé the tim dwge I va B’ 48 X;(I)A' 1a dogn
cubi cda X trong 46 A € €41, B € &, I @ I'HL,

B8 d8 2. Néu I € i) vd B € &iqq thi véi B ndo 86 (B € &) t& Bidi(I*)B' 1d mét td con cda
Aigr (FHY)B. : '
Thét vy, do Aj41(Ft!) dwge tao thanh bing céch ghép n8i t&t cd cde tir fi A (1) mA I € I¥+?,
vi vy néu I € I+ thi tir Ay q(1*+2) phdi chita tir A (I°). Néu £iAi(I*) 1a dogn cubi cda Ajqy (1)
th budc A = £', dfin t&i A (1) két thic bing i fid(I*). Trudmg hep nguge lgi, trong bir
Mig1(FHY), sau b A (IF) phdila g (B € &), nhue vy tir B A¢(I) B ndm trong Apy (FH)A.
Twong ty ta cé B'X;(I°)5; 12 mét tir con cla AXiyy (HH1). .
e D8i véi m8i phlin t& I € D; ta x8y dyng céc tip K;(I) bing quy nap nhw sau:

Ko(I°) = Z*&1°,

K (PHY) = C(( U Kd(l‘))ﬂkd) 0Lk, Y (1)
Iiepitd 3
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BE A8 8. Vou bdit ky tor X; ¥, b tdy f (0§ S k) vda, (o 214):
XBN(W) € Ky(F) m b m ¥, ' (2)

Ching minh quy nap theo s:
Gid st ¢ = 0, khi 46 Ko(I°) = Z*&1° va XB,Xo(h°) = XB,h°. Tacé X € B*, , € & v vy
"néu I° = kO thl XB,X0(h°) € Ko(I°) = £*&1°.

Nguwge lai, tr thy ¥ thude B* £ol° két thic blng tir 4, 1° (0 < r < k) thi tir X5, h° thudc B* &l°
chi trong trudmg hop I = A0,

Gid st véi gid trj ¢ ndo 46 b8 d8 d& dwgce ching minh véi moi X, ¥, A va B, (k 2 g 2 1).
Chon mét céch thy ¥ X va cde 't A1 vA B, (s 2 ¢ + 1), Gid stk ring

XBXiws (h*+2) @ Ky (FF1). 8)
Khi d6 tir (1) ta cé: ~
Xﬂdm(’*‘“)e( U Kt(“))ﬂikt- (4)
leli+t

Dén t6i t8n tai ¥, Z, va I 48 XB,Xes1(WH) = YAZ, B € I+, Y € K,(F) vh Z € R;.

T¥ Z khéng thé kdt thic blng ﬂ.I;.,.;Lh‘“) bédi vi R; khéng chita ti cé chia §,, nghia I
BaAi+1(h¥t?) két thic bing t¥ B2, tc 1 B, Xiys (W) = UK Z.

Theo B8 d8 1, c6 thé tim dwge h va A (8 € &, h* & h¥*1) sao cho U = V 8K (hf) véi V ndo
46, Khi d6 YA Z = ZB, %41 (W*1) = XUBZ, dfn t81 Y = YU = XV /T (h).
Theo gid thi€t quy nap, t&t XV 8'X;(h%) € K;(I) dfin t&i h¥ = I nghia 1a A € I¥+1,
Mgt khéc do h® & A*t1 nén: hit1 s [t

Gid st nguge lai: hi+l & it (8)
T§p hgp h¥*+1, I'+! thugc Diyy va theo dijnh nghia, chiing cé my phlin ti.
Theo (5) ta cé thé tim dwgc h* md h' & hi*? v A € [F+1, (6)
Khi 46 theo B8 d8 2, véi A’ ndo 46 (' € &), tir A'X;(h¥)B: 1A tix con cda B, X¢4s (A*+?), nghta
1a
Bodis1 () = VA'Xi(h)AiZ i (7)
Nhu vy Z 88 13 dopn cudi cda tir X, (A1), vA nhue vy Z € R;. (8)
Theo gid thidt quy ngp ta cé6 XV AN (k) € Ki(I) = h' = I, V1 viy tix (6) ta cé:
xvexw)e |J Kl(b). : (9)
IiEgli+1

Twr (8), (9) dfn dén XVAN(K) € ( U Ki(F))AR: cé nghia o tix (7) dfin t6i (4) dwge
ettt

thda mén, va nhw vy (8) cling dwgc théa m&n, Nhw vy, ta d& chéng minh d8i véi tir X tdy ¢,
B, R thy g v s (e 264 1): :

Xﬁ,IH.),(hH'") ¢ KH.;(I"H') = ‘H'l # hi+1 i
Dén téi XBy M1 (W) € Kipa (FHY) = 41 = i1,
B8 48 dwgc ching minh.

H¢ qud. T3n tai 2my tdp phén bift dang Ky (I¥).

Néi cdch khdc tdn tgi 2my tdp phdn bigt I* vd twong dng véi né 1d 2my, tép Ky (1%) khéng giao
nhau tdng 6% mdt.
B A 4. Voibdtk)Y vl tdy g (0<§ < k), néuY € N(I) 6" thi B;/Y X = K; ().

Chtng minh quy nap theo i:
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+V6ii=0,khids Bo= U KOEIEHK.
Gid sl ¥ € (1) £p2" = I o5+, khi 46 Y = 98, X vé1 X € 5* vA ¢ ndo dé.
Xét t8p hp T(h0) = hO&E* Eph®/Y X, ta cb
Ze T(ho) =YXZe h°€oﬂ‘€oh°
= Pﬁ.XrZ € h°£02‘€oh°
= (0= K0 & XXZ €T Eh0).
Nhu viy, véi 10 # h° thl T'(h°) # 0.
Trong trwdmg hep I° = A° thl tdp Eoh® khéng chiva tit md trong né cé chir cdi X, din dén: -
ZeT(h)=YXZ L Eh° '
=38 (B € € & Z 1A phlin diu cla AA°)
=ZeD'6h’=ZeD 6Hl0.

Nhu viy, T(h?) = E*&1° vi ta céd
Bo/YX = |J (W&E &Rr°/YX)= |J T(h°) =Z*&I = Ko(l°).

ho€Do ho€Dy

+ Gid st b8 A8 dding véi tir Z bt ky va I* tdy ¥ (0 < ¢ < k). Ta phdi ching minh véi tir ¥
bt ky va fi+1 ty ¥, nfuYe )«;H(!‘“)&HB thl BH.;/YI K{.H(IH'I)

Gid 8t Y € Mgt (K1) €141 B, khi d6 ¥ = My (FF2)BX véi B € Eir. X6t thp Y = Y/Rifi.
Néu Z € Y, khi 46 véi U bit ky thuge Ry ta c6 URKZ = ¥ = Agyy (FH1)AX. Nhin thy 8 khéng
thé n&m trong U, dfn té&i Up; 1A doan dBu cda Mgy (FH2), Mg 1 (I41)8 = UBV véi V ndo d6. Theo
B8 d8 1, c6 thé tim dwge I va ' (B' € £i41) sao cho I € I+ va A(F')4’ 1 doan dBu cda V. Ta cé
UBZ = Mys(F+)BX = UBVX; Z = VX; M(F)A' 1A dogn dBu cla Z va Z € m(r)e‘z* v theo
gid thiét quy nap thl 8,/Z2X = K;(I').

SRS VZ(ZeY ol (el & B/2X = Ki(l'))). Y

Ly I' tdy ¢ (I € I"*1), khi 46 theo B8 d8 2, tBn tai A’ (A’ € €i41) théa man A (I)A' ndm
trong Ai41(#+1)B. VA vy, ton tai P vd Q thda mén M4y (1) = PAN(F)A'Q.

Khi 46 ¥ = A1 (8+1)8X = PAM(F)'QX. Ta nhén duwge Z = A (F)B'QX vi P € Ry

Theo gid thiét quy nap 8;/ZX = K;(I*), dn dén:

Vi (Fel* 532 (Z2eY & B/2X = Ki(I')). Sy
Ti (10), (11) d&n dén
SEERESY U &/zx= |J k(). (12)

Zey MHeli+t

Tacd Biy1/YX =C(RiBiBiBiRe)/YX = C((RiBiBiBi Ri) /Y X) =
C((RB/YX)BiBi R U ((B/ZX)BiRiu U BiRi/WX)).

s€Y/RiP: WEZ/Bi
Do R; khéng chita tir ma chéra trong né chit cdi X, vl vy R;5;/Y X = BR/WX =0, vd

Bn/Yr=0(( U B8/2X)8R).
BEY[Ripy
T (12)
B /Y2 =0 (( U Kl)AiR:) = Kias(#).

{igii+d
B8 d8 dwgc chitng minh.
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H@ qud. T BS' 88 8 vd BS' dé 4 ta ¢ P(By) 2 2my,.

K&t qud ndy nhin dwgc nh¥ 4p dyng Dinh Iy MyhilkNerode trén B, véi phép c&t dogn diu
cla cée tir v céc t§p K (I*) khéng giao nhau,

8. Ta thiét 1§p bi€u thic chinh quy A; = R¢fiBifiRe. Bifu thic ndy dwge x4y dyng trén
bang gdm ¢ + b chit céi.

Véik=1t+1,tacé By =C(A) vd P(Bx) = P(A:) 2 2my.

4. Ta x&y dyng bang gdm 3 chit c4i I; = {0,1,a}. Lép 4nh xa tir L sang I; nhw sau:

©(0) = 0; ;1 = 1; p(z) = ala; p(f) = a0**%a (0 < ¢ < k) vh véi tir thy ¥ z123...2,
trén bang chi¥ ci I thl p(z122...2,) = p(21) @(23) ... ¢(2n). Ta x8y dyng cée thp twong ng véi
Riy €0, Bo, Bi+1, Ay trén y nhu sau:

k
&l = |J a0*tig 0<i<k

=0
Dt =(0V1vVE):

{
Ri=(Oviv | a0™?a)* 0<i<k
r=0

By= U P&ByEdn;
19Dy
By, = C(R{a0'*3aB/a0*?aR]) 0<i<k.
Al = Ria0*+3aBla0't3aR) .
Trong (8] 4& ching minh dwge ¢é thé 18y ¢ > 2, 48 dAi cda A, nhé hon n va véi n dd 1én:

logalogs...loga(2my) 2 21

¢ logan
t+1 1an

Din téi

n
clogan

logaloga...loga (P (4})) 2
t+1 Ihn

5. Bidu thic sidu chinh quy Ayn duge xfy dyng tir bi€u thirc chinh quy Al:
Aen = Ria0*"2aRia0+?aR) (OV1Va)®,

Bidu thérc siéu chinh quy ndy xéc dinh ngén ngi sidu chinh quy twong &ng, vd nhr vy 48
phic tap dodn nhén né thda mén .o

logalogz..Joga (P (Ae.n)) > c'i'&';_;ﬁ ;

t+1 1an

3.4, Dinh 1y 2. Véi mdi o6 ty nhidn tdy ¢ n > 3, c6 thé’ zdy dyng dwee sidu ngdn ngd chinh quy
trén bdng gdm 8 chit cdi, md d§ phitc top otomat hitu han dodn nhdn né bdng 27,

Chiéng minh. Gid st T = {a, b, c}. Ta xfly dyng siéu ngudn G véi dinh {vy,v3...v,} trong d6 dinh
vio ld v; vd tgp dinh két 1A F = {v;}.
Goi R 1a ngén ngit dwge sinh bdi G. Véi mei a € £*, ky higu:
S(a) = 6(vy, @) véi a # A,
8(a) = {v1} véi a = A, hay §(A) = {v;},
Ela)={Bel*|B#A0v,B)NF#£Bvéive S(a)}
Néu S(a) = 0 thi E(a) = 4.
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Siéu ngudn @

D& thiy {a}E(a) Ia tép tir (hifu hen) dwge sinh ra tir ngudn G ma cé dopn dRu 1A a. Nhu
vy, ta thidt 1gp dwgc sy twong g 1-1 gifta tdp E(a) vd §(a). Ta sé chirng minh cdc tip S(a) 1d
phén bi§t nhau ting d8i mét vd nhuw viy mbi tép con ti 2" t4p con cida tip cée dinh cia ngudn @
dwge bidu dién theo S(a).

Thét vy, véi méi t§p con M khéng réng céc dinh cda ngudn G ta dft k(M) = (ki, kg, ks)
trong d6 ky 1A s§ phlin ti cda M, ks 1A hibu s8 gifta chi e8 1ém nh&t vd chl s8 nhd nhft cda chc
dinh trong M, k3 1A chi 88 dinh nhé nh&t trong M. Véi M = {v,} thl k(M) = (1, 0, 1). Ta thidt
18p mt quan h§ thi ty gitta cdc t§p M nhuw sau: véi 2't§p M véi k(M) = (ky, ka, ka) vd M’ véi
k(M') = (K|, kb, k) trong d6 ky = Ky,..., ki = K}, kips < klp, v6i & ndo d6, i € {0, 1, 2} th
k(M) < k(M').

Véi t§p con khéng réng thy ¥ M céc dinh cda ngudn G ma d8i véi né t&t cd cde thp con khéng
réng M’ cda céc dinh cda G, thda mén k(M') < k(M), M’ dwgc bidu difn b&i S(a) thh M ciing
dwge bidu difn bdi dang S(a).

Trwéc hét ta dd nhin thy tht cd cdc thp con M chi c6 mdt dinh G (t&rc chi c6 mdt phlin ti),
d8u dugc bifu dién bdi dang S(a). Ching han S(aa) = {vs}. '

Gid st M = (4, 045,... 14, } trong d6 4y <43 <... <),

Véidy =1, i3 = 2, ta xét tp M' = {vi;~1,... ,Vi,=1,n}, nhin thdy K} < k; nén k(M') <
k(M), do dé theo gid thift tht M’ = §(a) vél a ndo 46, dn téi M = S(aa) Vi vy,—1 — 1, Vi
Un = Uy, Up — 1a,

Véidiy =1, i3 2 8, ta xét thp M’ = {vy,¥4,-1,... ,%,-1}, nhén thly k% < ka nén k(M’) <
k(M), do d6 theo gid thi€t thl M' = S(a) véi a ndo d6, dhin téi M = S(aa) V1 vy;—1 = y;,

Véid, 22 ta xét tdp M' = {1, -1,..., 4,1}, nhin thly k} < ks nén k(M') < k(M), do 46
theo gid thiét tht M’ = §(a) véi a nio 46, din téi M = S(aa) V1 v,y — 1y, '

Ngodira do §(A) = {v;} nén S(Ac) = 8, tic 1A tip @ cling bidu diln dwgc béi dang S(a). Viy
moi t§p con cia t§p céc dinh cda G dBu dwgce bidu difn bdi dang S(a).

Tiép.theo ta chimg minh céc tdp E(a) cling khéc nhau tirng d6i mét.

Gid st S(a) = {v,, 05,0 vy} trong 46 6y < 43 < ... < 1. Ti tp B(a) ta téch ra tép
con E'(a) ma chl chita cdc tir trén tdp mdt chir céi {a}, c6 46 dai tix 1 4&n n. D& nhfn thiy d6
dai cdc ti trong E'(a) I8n lwgt bing n4+ 1 =4, n+1=143,...,n+ 1 =1 véi ¢, # n vi bing
n+l—4y, n+1l=d3,...,n+1=1nvéii=n Mit khdc E(a) cdn chita tir baa...a (n — 1 chi
céi a) néu ¢y = 1 vA khéng chita né néu ¢, # 1. Ching td cdc thp F(a) cling khéc nhau ting d8i
mét, twong dng véi 2" tp §(a).

Nhin thiy R\ {a} = E(a) nén theo Dinh Iy Myhill-Nerode trén R, s& trgng théi t8i thidu cla
otomat hitu han don dinh dodn nhén R khéng nhd hon 8 1ép twong dwong theo phép clt dogn dliu
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E(a) 13 2%, MYt khéc 88 trgng théi t8i thi€u cda otomat hitu han don dinh twong dwong véi ngudn
@ khéng vuet qué 2", Dhn téi 88 trang théi t8i thidu cda otomat hitu han don djnh doén nhén R
bdng 2",

T 46 ta ¢é thé x8y dyng dwgc sidu ngdn ngir chinh quy sinh ra bdi G nhw sau:

8. KET LUAN

Vin 48 dwge At ra di duwge gidi quydt, didu d6 cé nghia 13 méi lién h§ gita 4§ phitc tap dodn
nhén sidu ngén ngi chinh quy véi 49 sdu cla phép dit dfu 1€y phln bd ld quan h§ ham mil véi gid
trj néi chung 1 rét 1én. Ligu véi nhitng di8u kién ndo thl 49 phirc tap dodn nhén cé thé gidm dwge
trong khi 46 su cda phép d4t dfu 1fy phln bd khéng thay d8i 1a vén 48 ching t8i s& c& gdng gidi
quyét.
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