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VE ('NG DUNG CUA NGON NGU' LAP TRINH MATHEMATICA
TRONG X(CH MARKOV |

UNG NGQC QUANG, NGUYEN VIAT LONG

Abstract. This paper presents an application of Mathematica Programing to Markov chalns.

MO PAU

Xfch Markov 14 mdt logi qué trinh ngu nhién don gidn vA cé nhiSu ¥ng dyng (xem [1-4)).
Nhi8u bi todn cda xfch Markov cé thd qui v¥ viéc gidi cdc hé phwong trinh tuy@n tinh. Do dé chc
ngdn ngit 1gp trinh cé thé cé ¢ng dung t8t. Trong bai ndy, téc gis dwa ra vidc ng dyng ngén ngir
Mathematica cho cdc bii todn cé lidn quan té&i xfch Markov.

1. VAI VAN bl LY THUYST X{CH MARKOV
Trong myc ndy, ta dva ra cdc khdi nigm va dinh Iy v& xfch Markov thuln nh&t.

Dinh nghia 1. Mgt diy céc bién ngflu nhién (X, n > 0) dwge goi 1A xfch Markov véi hiru han
trang théi, néu khi ¢§ dinh X,, =i (chc ¢ hiru han) th) bién nghu nhién X, khéng phu thude vio
céc bidn nglu nhién (Xo, X3, ..., Xn—1). N6i c&ch khic,

P(Xpnt. = 5l %0 = koy.y Xn-1 = kn-1, Xn = '.) = P(Xn41=7|Xn = ") = pij(n).

Xdc suflt pi;(n) dwge goi 1A xdc suflt chuyén tir trang théi ¢ téi trang théi 7 vio thdi di€m n.

N&u pis(n) = pij (xdc suflt chuyén khéng phy thuéc vdo n) thl xfch Markov dwge goi 14 thulin nhét.
N&u 88 trang thai 1a r thl xich Markov dwgc goi 1A ¢é r trang théi. Trong bai ndy ta chi xét xich
Markov thulin nhit cé r trang théi.

Dinh nghia 2. Cho (Xn,n 2 0) 1A xfch Markov c6 r trang théi véi cdc xéc suflt ban diu P\%) =
P(Xo =1), 1 <4< r, va cde xc sufit chuyén piy = P(Xp41=7|Xn =1¢). Ma trfn P = (Pis)7 1
duge goi 14 ma trn xdc suflt chuyén cda xfch Markov. D& thy ring ma trin P khéng &m vA t&ng
phin ti cda m&i hang d%u bing 1. Nhitng ma trfn logi ndy dwge goi 14 ma trfin nghu nhién,

Trong bai ndy, ta quan t&m téi hai vin 48, Thir nh&t, xéc suflt cda céc trang théi sau mét
th&i gian hiru han 88 dwge bifu din ra sao. Th hai di¥u gl 88 xdy ra & th¥i didm vé ciing.

Vén 48 the nhét dwge gidi quydt bng dinh 1 sau.

Dinh Iy 1. Cho zfch Markov (X,,, n > 0) véi ma trdn zdc sudt chugén P. K¢ hidu P™ 1d liy thira
bde n cda P vd pg-") = P(Xn =73), 5 =1,..,r. Khi dy ta cd: '

(p{ln)' p(;]’ MR ’(_n)) = (ptlﬂllpéﬂ)’ '--pp£0))'Pn|

trong dé (pio),...,pﬁo)) ld vecto zdc sudt ban ddu (zem (1, trang 87]). Diéu ndy cé nghia vecto zdc
sudt & théd diém the n bdng tich cda vecto zdc sudt thes diém ban ddu vd ldy thira bde n cda ma
trgn zdc sudt chuyé'n,
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Dé gidi quy8t vEn 48 thit hai ta dwa ra khéi nigm xfch Markov ergodic (xem [1, trung'SD] holc
[2, trang 310-319]), . vl

Dinh nghia 8. Cho xfch Markov (X,,, n 2 0) véi ma trin xéc sufit chuy@n P. Cho P" 1A lily thira
bc n cda ma trgn P, Ngudi ta goi xfch Markov (X, n > 0) 1A ergodic néu

TR T RER
g | B 9
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trong 46 g = (q1, 42, ., ¢r) thda mén cdc tfnh chit: ¢ > 0, Vi = T,7, 3 ¢ = 1 vA dwge goi A vecto
. f=1
xéc suflt sau ciing. V&n d¥ thi hai dwoc gidi quyét bdi:

Dinh 1y 2 (xem (2, trang 311-318] ho¥c [3, trang 456]). Cho (Xn,n > 0) ld zfch Markov cd r trgng
thds vd P ld ma trdn zdc sudt chuyé'n cda nd. Gid s tdn tgi mét n sao cho ma trdn iy thia P cé
tdt cd cdec phiin td déu dwong. Khi dy ta ¢d:

(a) lim P" = Q.
(b) Cdc hdng cda ma trgn Q déu bdng nhau vd bdng mét vecto zdc sudt g = (g1, qa, e qr).
(¢) Vecto g ld vecto zdc sudt duy nhdt thda mdn di¥u kién q.P = q. .

Dinh Iy ndy cho ta mét di8u kign du dé xfch Markov 1A ergodic. Hon nita né cdn xéc djnh dwge
vecto' xdc sufit sau ciing cia xfch Markov. Dé chinh 1 vecto g. D& tim g ta phdi gidi hé phuong

trinh ¢.P = ¢ v thém diéu ki¢n i ¢ = 1. Vecto' ¢ ndy chinh 13 xdc suflt & th¥i diém vé cing cla
i=1
vén d8 hai,

. 2, PHUONG PHAP VA THUAT TOAN

Trong phin niy ta dwa ra phwong huéng gidi quy8t hai vén d8 néu trén va thufit todn aé gidi

quy€t ching. - 'k
Cho xfch Markov (Xp,n 2 0) véi r trang théi cé vecto xdc suft ban dhu p,(o) i=1,r vi ma

trn xdc sullt chuyén P = (py;)f ;. :

Bal todn 1. Tim x4c suflt cla trang théi & thei di€m thi n cho trwée, Theo Dinh 1 1, ta cé:
ﬁf"' d=np‘°}.P", trong 46 p(™ = (p{™, .., p{™) 1A x4c snflt tai th¥i di€m the n v p(© 1A xéc sufft
an dhu,

Vi P 12 ma tr§n nglu nhién nén ta cin kiém tra hai didu kién:
° pi; 20, Vi,/=1,2,..,r
r . '
e Ep‘j= 1l V‘I=1'2| TR
i=1

Bal todn 2. Tim x4c suflt cda trang théi & thidi diém v8 ciing. BAi todn ndy dwge gidi quyét bing
Dinh 1y 2. Cy thé, ta phdi tién hanh hai buéc,

1) Chitng td t8n tai 88 n sao cho P" > 0,
2) Gidi h§ phwong trinh:
q.P =g,
r
2 =1

fm]
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Thuft todn cda Bal todn 1
Truéc hét nhgp di lifu ti bAn phim véi cde bude:
- Nh§p vecto' xdc suflt ban d%u p(©),
- Nh§p ma tr§n x4c suflt chuyén.
- Nhip 88 buéc th¥i gian (s§ bwéc n) dé tim xdc sullt & thdi di€m the n.
Sau 46 x8y dyng mdt Package Context chira cdéc ham:
~ Ham ki€m tra t8ng cdc hing cia ma tr§n x4c suflt chuy8n phdi lusn blng 1.

~ Ham xfch Markov khi cho n 13 88 cy thd. O d8y ta c6 chc buée:
+ Kiém tra céc phin tt ma trgn nhgp dé ching du khéng 8m (> 0) v ham ki€m tra t8ng
(=1).
+ Lily thira (n) cla ma trén xéc suflt chuyén.
+ Nhén vecto xdc sufit ban diu véi ma trén liiy thira & bwéc trén.

Thuft todn cla Bal todn 2

Trwée hét cling cé cdc buéce nhip &8 lidu nhw trén, Sau dé x8y dyng 1 Package Context chia
céc ham nhu:

- Ham ki€m tra t8ng céc hdng cia ma trfn xdc suflt bing 1.
= Ham xfch Markov ergodic khi n chwa bidt (th¥i gian din dén vé cing).
+ Kifm tra cdc phlin td ma trgn khong &m (> 0) vA ham ki€m tra téng (= 1).
+ Ki€m tra vigc t8n tai mét s8 n sao cho P* > 0 (¢4t cd d8u dwong) va in ra &8 n tim
duge.
+ X8y dyng vecto g = (g1, 93, ..., gr).
+ Nhén vecto ¢ véi ma trin xdc suft chuyén P.
+ Gidi hé phwong trinh
¢.P=gq,
r
Y=L

i=1

Chy y: V1 h§ phwong trinh ¢.P = ¢ c6 hai phuong trinh twong dwong nén ta khéng gidi tryc tiép
bdng him cé sfn trong Mathematica ma phai théng qua mét bdng chita 88 phwong trinh = 88 phwong
r

trinh - 1. Sau d6 cng thém véi phwong trinh Y g = 1 ta 88 tim dwge nghiém duy nhit.
‘ i

=1
Ngodi ra ta phdi x8y dyng thém hai him phy:
- Ham 88 tht nh&t ¢ kiém tra tth P* > 0 vA tim 8 niy, sau 46 xuflt ra 8 n.
= Ham thi hai kiém tra P" > 0,

3. LAP CHU'ONG TRINH

Trong myc ndy, ta vi€t chwong trinh cia cc bai todn trén bing ngén ngit Mathematica. Hon
nira vl hai thuft todn cda hai bdi todn cé nhiSu ché giéng nhau, nén ta vit chung mét chwong trinh
cho ching. Vifc gidi chung hai bai todn nhu vy 14 phi hep véi thyc t8 nhw 88 rd trong mét thi dy
& cusi bdi (V¥ ngén nglr Mathematica xem trong [5-7]).

Chuong trinh:
In (1] := BeginPackage [“Markov”]
Markov : : usage = “Function Markov [P, n| make a search for statistics ratio
of statement (r) in the time”

Ergodic::usage = “Function Ergodic[P| make a search for statistics ratio
of statement (r) in the long time”
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Begin [“Private”|

TestSum [P.| m
Module [ {r,v,m, 1, s},
r = Length [P);
v =Table[1, {2, 1,r});
m = P.;
$=1;
| While[s <= r,If [m| [s] ]! = 1, Quit [] ];¢ + +];

TestElement [P.| :=
Module [ {t,r,1,J, ¢},
t = Negative [P);
r = Length [P);
¢ = Sum [ Count [¢[ [s] ], True|, {s,1,r}};
If[¢c >= 1, Berak|]|

]
TestPos [P., n.] i=
Module [{r,a, b,1},
r = Length [P|;
a = MatrixPower [P, n|;
b = Positive [a);
¢ = Sum | Count [b[[s]], False], {,1,r}]
] .
Ktra [P.|i=
Module | {¢, n},
n=1;
¢ = TestPos [P, n|;
If (¢ >=1, While[c >= 1, ¢ = TestPos [P, n|;n + +];n =n - 1);
Print [“So n la:", n|

|
Markov [PO., P., n.] =

Module [ {k, h, r,1},
r = Length [PO];
TestElement P];
TestElement [PO);
TestSum | P);
If[Sum [PO[[s]], {s,1,r}]! = 1, Break|]};
k = MatrixPower P, n|;
h = P0.k

|

Ergodic|P.| :=

Module [ {t, k, h,m,m1,r},
TestElement [P];
TestSum [P);
Ktra [P];
r = Length [P);
t = Array [z, r);
k = Array [z,r,1,Plus|==1;
h=tPpP

17
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m = Table[Equal [h[[s]), ¢[[s]], (2,1, = 1}};
m1 = Append [m, k|;
| Reduce [m1,¢]

"‘End ||
EndPackage[]|

Dift tén file 1o MARKOV.m
Out [1] = Markov

Out [2] = Function Markov [P, n| make a search for statistics ratio
of statement (r) in the time

Out [3] = Function Ergodic [P) make a search for statistics ratio of statement ()
in the long time

Out (4] = Markov ‘Private’
Out [9] = Makor ‘Private’

4. THf DY

Xét m§t nhém ngudi mua hing trong 1 sidu thj gdm 8 thng 18u: I, II, III. Ngudi ta quan sét -
vdo ngdy 1 théng giéng va th&y 1/4 ngudi mua hang tai l8u I, 1/3 mua hang tai liu II v 5/12 mua
tai [8u III (t8ng 88 ngudi khéng d8i). Trong m&i théng, 18u I gil dwgc 90% khach hang quen thugc
cda minh va m&t 10% cho 18u II. Liu II gift dwge 5% khéch hang vA m&t 85% cho 18u I, 10% cho liu
IIL LBu III gifr dwgre 40% khéch hang vd mdt 50% cho 18u I, 10% cho liu II, Hiy tim:

a) T¢ 1§ khdch hang quen thugc ma méi liu cdn gif dwge cho dén 1 théng 2.

b) Dén 1 théng 3. ‘

c) Dén 1 théng 7.

d) Ty 1§ khéch hang & m8i I8u trong m§t th¥i gian dai (th¥i gian dén v8 cling).

Glal:

Dy 1a m§t xfch Markov cé 8 trang théi (m8i l8u 1& m@t trang théi). Cédc phin (a), (b), (c)
thugc bdi todn 1, cdn phin (d) thudc bai todn 2, Ta sé ¢ng dyng chwong trinh Mathematica d& vift
& myc 8 4¢ gidi thf dy ndy. Trwéc hét, ma trgn chuyén cda xich Markov ¢é dang:

( 0.90 010 0 )
P=|085 005 01].
0.60 0.10 0.4
Sau dé ding Djnh ly 2 d€ ki€m tra ergodic cda xfch Markov.
Chuong trinh:

In [1] := ((Markov v.m

In [2] = fo = {1/4,1/8,5/12})

Out (2] := {1/4,1/8,5/12}

In (3] :=



(1]
(2]
3]
(4]
(8]

[6]
(7l
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= {{0.9,0.1,0}, {0.85, 0.05, 0.1}, {0.5,0.1,0.4} }
Out (8] =
{{%.9[,33.1,0}, {0.85,0.05,0.1}, {0.5,0.1,0.4} }

.a) In [4] := Markov [f0, f,1]

Out (4] = {0.716667,0.0833333, 0.2)
b) In (6] := Markov | £0, f, 2]
Out [5] = {0.815833,0.0958333,0.0883333}
¢) In [8] := Marlov [ f0, £, 6|
Out [6] = {0.887031,0,0952381,0.0177314)
d) In [7] := Ergodic [f]
Sonla:2
Out (7] = Markov ‘Private’ z[1] ==0,888889 &&
Markov ‘Private’ (2] ==0,0052381 &&
Markov ‘Private’ z[3) == 0.015873,
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