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THUAT TOAN PA THU'C GIAI MOT LGP BAI TOAN
T6I UV ROI RAC

NGUYEN BUC NGHIA, vO VAN TUAN DUNG

Abstract. In this paper we present a polynomial algorithm for solving a class of discrete optimization
problems in scheduling theory.

1. MO DAU
Xét bai todn t8i wu r¥i rac
m
/(e) = max. § 25 — min (1)
véi cde diu Lign
n

Z Big=piy $=1,2)ym (2)
=1
0 <z nguyén < agy, 1=1,2,.,m, 7=12,..,n (3)

trong 46 p; nguydn duong, a;; € {0,1},4 = 1,2,..,m, j = 1,2,...,n.

Bai todn (1)-(8) 1 mé hinh todn hoc cho nhi¥u bai todn t8i wu t8 hgp thye té, Duéi diy sé
néu ra hai vi dy dién hinh,

Bal todn phén nhém sinh hoat: C6 m sinh vién v n nhém sinh hoat chuyén 48, Véi mbi sinh
vién ¢ cho biét:

.- { 1, nfu sinh vién ¢ cé nguyén vong tham dy nhém chuyén ds 5,
i 0, néu ngugc lai.

vd p;. nguyén dwong 1 s8 lugng nhém chuyén 48 md sinh vién ¢ phdi tham dy, ¢ = 1,2,...,m,
5=12.,n

Trong 88 céc cdch phén chia sinh vién vdo cdc nhém chuyén d% ma ho ¢é nguyén vong tham dy va
ddm bdo m8i sinh vién ¢ phdi tham dy diing p; nhém, hiy tim céch phén chia sao cho 88 ngudi trong
nhém chuyén d¥ cé nhiSu sinh vién tham dy nh&t 12 nhé nhét ¢6 thé dwgc (myc tidu 1am déng déu
dén mtrc t8i da 88 ngudi tham dy trong cdc nhém chuyén d8).

Dit cdc bién s8:

— { 1, néu sinh vién ¢ tham dy vdo nhém j,
L 0, néu nguge lai.

R rang céc z;; phai thda mén didu kign: 0 < 2y < ayy (chi tham dy nhirng chuyén 4% md he
wa thich) v& 2y + &2+ + Zin = P (t8ng 88 chuyén d8 tham dy vira dd yéu chu). Khi dé, s8
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lwgng sinh vién tham dy nhém chuyén 48 5 1d @15 + @3y + ++ + @y vh d8 th€y m8 hinh todn hoc
cho bai todn d¥t ra chinh 14 bai todn (1)-(3).

Bal todn 14p lich cho hol nghj [1): M8t hdi nghj cé m ti€u ban, m8i tidu ban cin sinh hoat trong
mét ngdy tai phdng hop phi hgp véi né. C6 n phdng hop danh cho vife sinh hogt cia céc ti€u ban.

Cho biét:
' " { 1, néu phdng hop 7 14 thich hgp cho tidu bans,
iy =

0, néu nguwge lai, 1=1,2,..,m, 7=1,2,...,n.
Hiy b8 trf cc phdng hop cho céc tifu ban sao cho hdi nghj két thic sau {t ngdy ldm vigc nh&t.
Dt cdc bifn s8:

L { 1, n€u b8 trf ti€u ban ¢ 1Am vigc & phdng 7,
W 0, néu ngwge lai, ¢=1,2,...,m, 7=1,2,...,n

Khi 46, d& dang th{y mé hinh todn hoc cho bdi todn d¥t ra chinh 1a bai todn (1)-(8), trong
46 p; =1 véi mei i = 1,2,..,m (trong trwdng hgp ndy ham myc tidu (1) bi€u thj 88 ngdy lam vige
cia héi nghj).

2. TINH CHAT NGHIEM CUA BAI TOAN (1)-(8)
Trong myc ndy sé xét diu kign 4& bai todn (1)-(3) cé nghidm va néu ra wéc lwgng khodng
cho gid trj t8i wu (1) cia bai todn.

D cho tién, ta quy wéc goi céc bién 88 z;; théa mén cée didu kign (2), (3) 12 mdt phuong én
cda bi todn (1)-(3). M8t phwong 4n dat cyc ti€u cia (1) gol 1a phwong 4n t8i wu hay nghigm cda
bai todn (1)-(8).

B8 d8 1. Bdi todn (1)-(8) c6 phwong dn khi vd chf khi
n i
Z aiy 2 piy 1=1,2,.,m. (4)
J=1

Chiéng minh, Didu kign chn cla b8 a8 1A hidn nhién, v} cdc didu kign gz) vA (3) ta suy ra céc bt
d&ng thic trong (4). DE chitng minh di¥u kign dd, ta chl chn chi ra réng néu ditu kign (4) dwec
thyc hign th) bai todn (1)-(8) ludn cé phwong én. Thye vy, gid stk diBu kign (4) dwge thyc hign,
Khi 46, ndu djt ‘

Li={j a;=11<5<n}

thl || 2 ps, ¢ = 1,2,..,m. Do a6, néu chon tdy y céc tip
I} © I théa mén |[F| =p;, §=1,2,..,m
thl X* = (z},;)mxn véi céc thinh phlin dwoc xéc dinh theo cdng thirc
oy=1J€It; afy=0,7¢It; i=12.,m ()
1a phuong 4n cda bai todn (1)-(3). B8 d8 dwgc ching minh.

Di8u kién (3) cho thfy tdp phwong 4n cla bai toén (1)-(3) I& bj chin, v thé (4) cling 13 didu
ki¢n v cin va dd @3 bai todn (1)~ (3) ¢6 nghigm (phuong 4n t8i wu).
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Dé tim khodng wéc lwgng cho gid trj t8i wu (1) ta dwa vho cée ky higu:

n

a; = Za;,-, 1=12..,m,
i=1
m

by = Za;,', 7=1,2,.,n,
teal

m
p=_ p (t8ngs8 nhém chuyén 48 mA moi sinh vién cin tham dy).
i=1

Ta gid thidt a; > p; véimeit = 1,2,..., m, nghia 1a gid thidt cé (4),b; > Ovéimeij = 1,2,...,n,
nghfa 14 m8i nhém chuyén d% phai cé {t nh&t mét sinh vién mudn tham dy. RS ring, ta ¢6 by <m
véi moi 7 vA p nguyén, duong,

Khéng gidm t8ng qudt, ta ciing gid thidt rng cdc sinh vién va céc nhém chuyén d¥ di duge
dénh 88 thir ty sao cho thda min:

0sa;-p1Sag-p3< - Sap-pm V& 0<b<by<: - <h, <, (6)

Ky higu k* 1& trj t8i wu cda hAm myc tidu (1). Khi 46, ta cé

BE d8 2. Ky hidu k = ] %[ trong 46 || bidu thi 88 nguyén nhd nhdt I6n hon hay bdng o, va & = b,,.
Khi d6 ta cd wdc lwgng sau ddy:
E<k <k,

Chiéng minh, T8ay 88 cdc nhém chuyén d¥ ma moi sinh vién cin tham dy 1A p, ma m8i nhém chuyén
d¥ c6 t8i da k* sinh vién tham dy nén phdi ¢é k*.n > p hay k* > E V1 k* nguyén nén k* > k.

13
Mit khéc, do @y; < ay; nén f: @iy < ), aij = b; véimei § = 1,2,..,n. T d6 suy ra
i fm=1 f=1

m
X ;< max by =b
lglfsr-Ez"’ “adden ¢ m

vh do 46 k* < b,. B8 d8 dwgc ching minh.

Néu k dwgc xdc djnh nhu trong B8 d8 2 thda mén k > by th ¢é thd cdi tidn cin dwéi cda k*
nhu sau: '

B8 d8 8. V41 cde gid thict dd néu trén, néu k > by thi
k' 2k 2k,

trong d6 k' 1d 86 nguyén nhd nhdt thda mén

8
be <K Sbyyy vd pS D btk (n-g), 1Ss<n-1, (7)
i=1
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Chiéng mink. Ti BE d8 2 v gid thiét & > by ta c6 k* > by, Theo cdch sip xép (6) nén tim
dwge chl 88 ¢, 1 < ¢ < n, thda mén by < k* < byyy. V1 chc nhém chuyén d8 5 véi 7 < t c6 t6i da
by < k* sinh vién tham dy, nén k* phdi thda mén didu kién

Dbtk (n=t) 2 p. (®)
=1

V1 thé, néu &' 1d m&t chn duéi cda k*, nghia 1a k' < k*, thl &' cling thda mén bt ddng thic cé dang
(8) vé&i t thay bdi s, trong dé s 1 chl 88 thda mén b, < k' < by4;. B8 48 dwge chitng minh.

Chd ¢. Vi dy sau d8y cho thy cin dwéi k tinh theo (7) t8t hon cfn dwéi k trong B8 4% 2.
Xét bai todn (1)=(3) véichcsl libu: m=4,n=86,p, =5,pa=4,p3 =8, ps =3 vd

a pi
1 0L 1 1-1y65'8
A=|t O 1011 44
010011 388
01011 1| 438
by 2 2 2 2 4 4

4
Rordnga; 2 pi, (f=1+4)vip= 3 p; =185,
=1

Theo BE d8 z,&=]-16§ =3 F=4
Theo B8 d8 3, cin duwéi k' = 4 v1 46 1A 88 nhé nh&t thda mén (véi s = 4):

by=2<k =by =4 vd b1+bg+ba+bq+k’(n—4)=16>p=15.
Viy k* =4,

8. THUAT TOAN DA THUC GIAI BAI TOAN (1)-(3)

Béy gi¢ ta chi ra ring vic gidi bai todn (1)-(8) c6 thé dfn v¥ vidc gidi mgt 88 hiru han bai
todn ludng'cyc dgi trong mang. Truéc hét, véi mbi 8 nguyén duong k (k' < k < k), x8y dyng mang
G(k) = (V, E) véi tép dinh

V={U{u:i=12.,miu{w:j=12.,n}uU{t},
trong d6 s 14 di€m phét, ¢ 1A di€m thu, vi tip cung
E={(s,w) : §=1,2,.,m}U{(uywy) : §=1,2,.,m; 5= 1,2,.yn}U{(w;t) : §=1,2,..,,n}.

M&i cung ¢ € E duge gén véi khd ning théng qua g(e) theo quy tdc sau:
g(e,w) =pi, 1=1,2,..,,m,
Q(uhw:') =aiy, 1=1,2,.,m, 7 =1,2,.4n,
Q(wa'l t) =k j=12,.,n
Hinh 1 chi ra c4ch x8y dyng mang G(k).
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O\\ o
/ q(ubWJ) = azJ k
so -o/ —=0- ot

Hinh 1. Mang G(k)
B& a8 sau ddy cho thiy méi lién h§ gifta ludng cyc dgi trong mang G(k) va phwong &n cia bai
todn (1) - (3).

B8 48 4. Gid s 467 vés o6 nguyén dwong k ndo d6 thda main k' < k < k, ludng cye dat nguyén
§" trong mang G(k) cd gid tri ld p. Khi 46 X* = (z‘?j)mx“ vds cdc thdnh phin dwgc zde dinh theo
edng thie

x:j = ¢ (Ws wy), 1=1,2,.., m ) =12.,n,
ld phwong dn cda bds todn (1)-(8).

Chitng minh. Thye viy, do ludng cye dai trong mang cé gid trj 1a p va 13 lang nguyén nén

Clyw)=p, i = 1,2,.,m,
f‘(uhw:') € {_011}) 1=12.,m j= 1,2,..,n,

tr d6 suy ra
n
Zz‘;’- = Zfi (uhw:') =§" (o w)=p;, 1= 1,2,...,m,
i=1
Viy X* 1A phuong 4n cda bai todn (1)-(8). B8 d8 dwge chitng minh.

B8 dé 5. Gid st X* = (z“.’-)mxn ld phwong dn t65 wu vd k* 14 gid tri ¢85 wu cda bas todn (1)-(3).
Khi 86 ludng cyc dgi trong mang G(k*) ¢6 gid tri ld p.

Chiéng minh. Do gid trj cda ludng cye dai trong mang G(k) khéng vwgt qué p, nén dd ching minh
b8 d%8 ta chi chn chira ludng véi gid trj p trong mang G(k*). Xy dyng ludng €* theo cbng thic sau:

m

§* (s, W) = py, & (w, wy) = 3;;'1 ¢ (w,-, t) = Z-’c;jl 1=12.,m j= L2, .40
i=1

D& dang ki€m tra dwgc ring ¢* 1 ludng trong mang G(k*) cé gid trj p. BE a% dugce chitng minh,

B8 d8 8. Néu k =k thi ludng cye dai G(E) cd gid tri 1d p.

Chiéng minh. Lp lun twong ty nhw trong B8 d% 5, ta chi cBn chi ra ludng véi gid trj p trong mang
G(k). Thyc viy, gid stk X* = (24;) uxp 18 Phwrong 4n cila bi todn (1)~ (8) x&y dyng theo c8ng thirc
(8). X&y dyng ludng ¢* theo cong thirc gidng nhy trong ching minh B8 d% 5, ta c6 ludng véi gid trj
p. B8 a8 dwge chitng minh.

Ti B8 d8 t vd B8 d% 5 suy ra vige gidi bai todn (1)-qa (3) dn v8 vige tim gid trj k* nguyén
dwong nhd nhft sac cho ludng cyc dai trong mang G(k*) cé gid trj p. B8 d8 3 cho thiy gis trj
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k* € [k, k]. V1 vy a8 gidi bai todn (1)-(8) ta cé thé 4p dyng phwong phép tim kiém nhj phén trén
dogn [k', k| 48 tim gid trj k*, trong A6 & m8i bwéc chn gidi m8t bai todn ludng cyc dgl. Nhu 48 bidt,
hién nay cé r&t nhidu thuft todn da thic d€ gidi bai todn tim ludng cyc dai trong mang (xem [2)).
Tir 46 suy ra két qud sau:

Dinh 1y, Bds todn (1)-(8) gidi dwqe nhé thudt todn da thitc vés 49 phitc tgp tnh todn ld logag.ONr,
trong d6 g =k — k' + 1 vd Onp ld d§ phitc tap tinh todn cda bds todn tim ludng cyc das trong mang
G(k).

L&l cdm on

Céc téc gid xin chén thinh cdm on GS. Trin Vi Thifu d& cé nhitng goi § quy béu gitdp hodn
thifn ¥ twéng cda thuft todn trinh by trong bai bdo ndy.
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