TAP CHI KHOA HOQC TINH TOAN VA PIRU KHIEN, S8 1, TAP I (1985), 9—15

VE HAI BAI TOAN TREN TAP LOI PA BIEN

TRAN vU THIEU
Vién Todn hoc]

‘1. Bai ndy d& cdp d&n hai bii todn sau diy thudng gip khi aghién ciu cic thult luat
toan gidi qui hoach 13m (xem [1—3]),

Bai toan I. Cho tap 18i da dién M C R" xic dinh bJi eac rang budc tuy&a tiak
<6 dang

hitx) = <<a', x> - bi<\0,i=1,.., m, it

trong do a' 1a vecto n chidu, by 12 mOt s6. m > n. Gid sit ta da bidt U —tap dinh cia M.
V — tap phueong (khong k& sai khic mot he s3 ti 1& duong) cac canh vd haa cha M, nghiz
1a ta ¢6 bidu dién

M =coU + cone V.

Ta giad thi&t U=f=¢ (tap 13i M ¢6 diah), ¢dn V cé thé rdng (khi M la da diémn 18i). Che
Aham afin

tho(x) = <a% x> — b,
wéi a° 12 vecte n chi®u khic khong, b, 1a mot sd thye.
Dit
N=MN{x €R": hylo < 0} 0
“Rd rang N ciing 1a moét tap 13i da di¢n. Bai tean dit ra ld: hiy xic dinh tdp dinh P va
‘tap chc canh v6 han Q chaa N?

Bai toan 2. Ciing véi cac ky hiéu nhw trén. Trong s8 cac ring budc xie dinh N:
hi(x) <0, i =0,1,..., m, hay tim nhitng rdng budc « thira» d3i véi N, theo nghia nhing
rang budc mi khi bd ching di thi N vdn khong thay d5i?

Hai bai toAn twong ty cing d3 dwge dit ra vi gidi quyét trong trudong hop da dién
Axem [3, 4]). Bai nay néu cac kdt qui m& «¢dng cho trudag hegp tap 10i da dién khong
ah4t thié€t bi chin.

2. D3 gidi quy8t vin d8 dit ra, ta ky hi¢u
U‘=iu€u:ho(u)<0}, U”r-"ueu:ho(u))()j, {3}
v=lev:<a®v><0Vvr=lvev:<a’ v>>o0f, €t
H={x €R": hx) =0}.

Cac ménh 48 sau day tao co s& 1§ ludn cho viée gidi quyét bai todm 1

Ménh d& 1. Gid sk U'=V*=¢. Khi d6 N=M, nghiala P=U'vaQ=v.

Chitng minh. Theo gid thiét hotuw) <O voi moi u €U va <a®, v> <0 véi ‘mok

v € V. V6i mbi x €M ta c6 bidu diln

X = z auu* Zva
a €U vV
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w6 Au >0, By >0 va Ta, =1. T d6 suy ra
ho(x) = Z ayh(u) + 2By < u® v > <0,

nghia 13 x € N. Do @6 M C N. Bit diing thie nguge lai 1a hién nhién. Viy N=M

Mgnh dé 2. Gid st U™ =V~ =¢. Khi d6:

a) Néu L*=U thi N=¢, nghia la P=Q =9.

b) Néu Ut=£U thi P=UNU"va Q=V\ V",

Chitng minh, a) UT=U va VT =9 c6 nghia 1a hy(u) >0 voi moi u €U va
< a® v > 28 v6i moi v EV. Tw d6, eiing nhu trén, voi mdi x € M ta ¢6

ho(x) = z agho(u) + Zﬁv< al, v > >0
uEv v &€V

£4% ¥ ring c6 it nmhit mit 04 >0). Vay N=17.

DU =V =¢ cé nghia 13 holu) 2> 0 v&i moi u € U va < a® v> >0 véi mob
v € V. Vi thé ho(x) > 0 véi moi x € M, nghin 1a M C !Zx:lxo(x) > 0f. T d6 suy ra

N=MAN {x:h{d=0{=MNl=¢

{do UN(UT VU UT)=U\UT == ¢@). Chirng 16 trong truomg hep niy N 1a mot dién cia
M. ¢ ho nén mbi dinh va canh v6 han cta N ciing ddng thoi }a dinh va canh v6 han cta M.
¥ay ta ¢

P = U\U*, Q= V\VF,
Ménh d8 3. Gid st UT U VT == ¢ va U™V V™ == . Khi d6:
a) PN U =UNUY
b) mdi dinh w € P\U la giao ditm cla siéu phing H véi mét eqnh hitu hgn cile

M {(£:8i lign mol dinh lhudéc U~ va mft dinh thudpe ©*) hoge wéi mol cqnh vé han clia M
xedl phdal Uir mél dinh U™ (U?) va di theo mét phuong thudpe VV(VT).

Chirmg minh. a) Moi u € Ut s& khéng thupe N {do h, (u) > 0), nén cang khong
thude P. Trai lai, moi u € UNUT s& thuge N (do thda mian he ¢uw < 0). nén sé¢ vin con
¥ dinh eda N. Vay

UN\NUt=PNU
{ding thic nay vin cén ding ngay ci khi U\ U* = ¢).
b) Gid sir w € P\VU. Khi d6 w théa min chit n rang budc xic dinh N doc Wp

tuyén tinh. Vi w € U nén trong s6 n rang bude nay phii ¢ hy (w) = 0. nghia 12 wEH.
Ky hidu 1 12 tap chi sd ca n — 1 rang budc c¢on lai: 1 C 3 1, o ; [1l =n — 1. Khi a6

Fiw) = {x EM:hi(x) =0,i € 1}

12 di¢n nho nbil cha M chia w. Vi w € U nén Fw) == fwl Vithe dim FGw) = 1 va Fw)
12 mot canh cha M. Xét hai khi nang:

— F(w) 12 mét eanh hitu han cia M. Chidng han, F(w) = [u, u'] véi u, v € C. Khi
A6 w = 1u + (I—1)u” véi mdL L nao d6 0 <t <T 1. Tir diy suy ra ho(ud == 0 h ) =5=0 va.
i b thire holw) = thylu) + (1 — 1) holu’) = 0 suy ra ho (u). holu™) <_ 0.

— Flw) 12 mot canh vé han cia M. Ching han, F(w) = gu +tv:it > 0} voiu € U,
v & V.Khi déw =u + v véi t >0 nio do.

Tir day suy ra ho(w) =+0,<Ta®% v>=0 va t& hé thite ho(w) = h,fu)+
1< a% v>> =0 suy ra hofw). <a° v > <<o.

Ménk 48 4. Vi gid thiét nhw trong ménh dé 3 la €6

Ay NV =V\V*"

B mbi v € Q\V {hda midn <'u°, v > = { vd déu ¢6 dang

v=Ax 4+ pyvet A, 0 >0 va x € VT, vy € VF,

Chang mink. a) Ky hiéu K, T lin lugt 12 nén chie phuong vo tan cla M, N. T (1),

{2 suy ra
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K = cone V {\Gl’ <:li.\,, > 0. i 1, ouy m},
'l‘=coneQ=l\'/\’x€K":/ x>0 }

T day cho thiv Q NV = V\ V™,

b) Bay gi¢ gid st v € Q\V. Khi d6 v théa man chiit n — 1 rang bude xac dinh T

doc 13p tuyén tinh. Vi v € V nén trong sé n—1! rang bude ndy phai c6 < a® v >'=,
Ky hiéu J 2 t4p chi 6 n—2 rang buje con lai: J C )1, ...y m }, |J]=n=2 Khido

Z(v)=fx€l\':<aj,x>=0,i€]‘

1a dién nhé nhit cfia K chia tia ’t\ )f Vi v € V nén Z(v) &= {lv 0‘ Vi the

dim Z(+v) = 2 va Z(v) la non sinh béi h.u vecta, Lhd]]" han x va v vé&i x, y E V. Khi dé

1’—7\\4‘}’»\ voi A, M,\ 0. Tu dav suy ra < a®, x>-#0 < a® ._\'>=,1“0va tr hé thrre
yv>=A<la% x>+ pTa® v> =0suy ra <a’ x>.<a% y><u.

Dua trén cac Ménh d& 3, 4 ta ¢6 thé tim cac dinh moi (thuge P\U) va canh vo
han méi (thuge QN V) cia N trong tr uong hgp Ut W V¥ =0 va U~ U V™ == ® nhu sau:

a) Vi moi elip (u, w’) € U~ X Ut ta tinh didm
=tu+ (0 — D voi t = ho(u”),(ho(u’) — helud).
b) Vai mbi cip (u, v) € jU—' X V+f \V tU"' X \"} ta tinh didm
w=u+tvvsit=—how),/ <a v >. ,
V&i moéi w xéc dinh theo a) hofic b) ky hiéu J(w) 1a tap chi s6 cdc rang bubdc xic
dinh M va w thoa min véi ddu bing:
Jw) = fj:hj(w) =0,j=1,..,m ]
C6 the thiy riing trong trudng hop a)
JHw) = h thj(u) = hjw) =0, j=1,.., m z
con trong trudng hgp b)
J(w) = {j thiw = <al,v>=0,j=1uom }
D¢ ki¢m tra lai ring
F(w) = "x € M:hilx) =0, j € J(\\')}
1a dién nhO nh&t cia M chiéra w. Vi thé néu [J(w)] <n—1 hoiic néu tim dugec modt z €
t\{u, v’} (treong hop a) hay z € U\ {u } (truong hop b) sao cho hjlz)=0 véi moi jEI(w)
(nghia 12 z € U N F(w)) thi dim F(w) >1, do d6 theo ménh d& 3 w khéng phai la dinh
cta N:w € P. Néu trai lai. dim F(w)=1 va w 12 dinh cia N:w € P.
P2 tim canh v6 han mdi cia N, véi mdi cip x €V, y €EVF ta tinh v =
<Ca® y>x-—<a® X>y. D& ki®m tra lai ring v € K va <a° v> = 0. K¥ hi¢u
IW={j:<al,v>=0, j=1,... m |
D& dang thiy rang )
FW=jx €K:<al, x>=0, j € Jk) ;
la dién uvhd nhit cia K chira {tv:t}O}- Néu [J(W|<u—2 hodc néu tim dwgc mot
2€V\ {x, y} sao cho <Tal, 2> =10 v6i moi jEI(v) thi v€Q. Trai lai, v€Q.
Pé&n day ta da gidi quyé&t tron ven bai toan 1 dit ra & trén va chuy®n qua xét mot
truong hop riéng khi thay (2) bdi
N=MN{xER" : ho(x) = <a®, x > —by=0} (5)

nghia 1a N nhan duge tie M bing cach thém vao mét rang bude ding thue tuyén linh. Vi
mgt rang budce d&ng thue trong duong véi hai rang bugc bit ding lhuc, nén d& tim tap
dinh P va tdp phuong chc canh vd han Q ciia N xac dinh theo (5) ta ¢6 the 4p dung lién
tidp bai 1in cach gidi quyét bai loan 1 nhu d3 néu & trén. K& qui ta c6:
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Hé qua 1. Cho tdp i da diégn M véi tap dinh U vd tap pheong cde canh vo han V. Gta
stt t@p 1oi da dién N nhan duge tir M theo (5). Ky hiéa P la tap dinh va Q la tap phuong
cde canh vé han cia N. Khi d6 v6t ede ky hiéu U, U, V7, V¥ nhir truée day zem (3), (4)
ta co:

a) Gid sit U'=V+=¢. Khi d¢6 N=9, nghia la P=Q =¢, néu U"=U pa P =U\U",
Q=V\. V™ négu U™ == U.

b) Gia st U=V~ =¢. Khi d6 N=9, nghia la P=Q=¢, néu U"=U va P=U\U",
Q=V\V™ néu U"=U.

o) Gig stt UF\UV*t=kg va UT UV 5=0. Khi d6 PAU=UN\{U+tUUT}|, QNV =
=V\ | vt V™|, dong thoi la méi wEP\U lad giao di2m ctia siéu phing H=|{x ER": ho(x)=0}
v6i mot canh hitu han ciia M néi lien mot dinh thuoc U™ va mét dinh thupc UT hodc véi
mol canh vé hgn e¢ta M zudl phdt tir mot dinh thugc U™ (U') va di theo mot phuong thupc
V" (V7); con mbi v&€Q\V théa min < a® v > =0 va déu ¢6 dang

v=Ax+py voi A, 0 >0 va xE€EVT, yEVH,

Cach tim nhitng dinh méi thude P\ U va cac canh vb6 han méi ¢6 phuwong thude
Q\V ctia N trong truéng hop c¢) hoan toan twong tu nhu trudc day.

Truong hop M 12 da dién 18i (V=9) thi di nhién N cing 1a da dién 15i vA viec tim
tap dinh P ca N dwge don gidn hon nhidu. Cu théla ta co:

Hé qua 2 (Trudng hop bit ddng thitc). Cho M ld mot da dién 16i véi tap dinh U va
N nhan duwoc tix M theo (2) véi idp dinh P. Khi d6, véi U™, Ut xde dinh theo (3) la co:

a) Ndu Ut=9 thi N=M, nghia la P=U.
b) Néu U™=¢ thi N=9¢, nghia la P=9, khi UT=U va P=UN\UT khi Ut =U.

) NéuUtsed, U =d thiPNU=U\U"va mdi w&E P\U la giao di?m cta
siéu phing h, (x) =0 v6i mot canh clia M ndi lien mp! dinh thude U™ va mjl dinh thuge U™,

Hé qui nay bao gdm k&t qud d3 duwogc xét toi trong [3, 4].

Hé qua 3 (Trudng hop ddng thirc). Cho M la mjt da di¢n (6i v6i t¢gp dish U va N
nhan dwge bir M theo (5) v6i tap dinh P. Khi d6, véi U , Ut xdc dinh theo (3) ta ¢6:

D GiastUT=0¢. NeuU =UthiN=¢vaP =9, connéuU ==Uthi P=U\U .

b) Gid st U-=¢. Nou UCr=U thi N= ¢ 0a P = ¢. con néu U* == U thi P= C\U".

¢) Gid st Ut==¢,U"<=¢. Khi d6 P NU=TU\JUr UV U} va mbi w € P\

la giao diém ctia siéu phdng h, (X) = O véi mpt eqnh cta M néi lien mot dinh thugc U~ va
mét dinh thude U,

Trong truong heop c) cia He qui 2 va 3,43 tim cac dinh m&i cia N thude P\U ta
ciing 1am nhu truéc day, nhung chi cin xét

w=tu + (=vveiu €U , v U
Chti y 1. D& dang kiém tra lai ring nhitng di€u trinh biy & trén vdn con didng
cho cd khi M duge cho bdi mot he hiru han cac ding thée va bit ding th&c tuyé&n tinh.

Chit y 2. Trong truong M 1a mot don hinh, d& tim cac dinh m6i cla N ta chi vigc
Aim giao didm ctia siéu phing ho (x) = O véi mbdi canh cia M ndi lidn mét dinh thuoe U™

va mot dinh thude U* (d& dang ki®m tra lai ring méi giao didm nay d2z la modt dinh
ctia N).

Chi y 3. Bing cach ap dung nhidu ldn cach lam trén day ta c6é the tim duge tit
ci cac dinh va canh v6 han cla mot tap 16i da dién cd dang

D = {xe B: =<ai,x)~b; RiO,i=1,.., m}
voi Ri 12 mét trong ba hé thie = ; 2> ; <5, nho xuidt phit tir S = R2 chira D. R5 rang
So ¢6 mo6t dinh duy nhdt 12 géc toa d6 O va cé cac phuwong cuc bidn vo han 1a e — vecto
don vi thtr j trong R® (j=1,..., n).
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3. Bay gio ta chuy&n sang xét bai tcau 2 3t ra & trén. Nhu da biét, tap 1di da
dién N dugc xdc dinh béi cac rang bugc tuyén tinh cé dang

hi () =<<al, x> -1 <0,i=01,.., m.

Mot rang budce trong s6 cac rang budc xac dinh N goi 14 thwra d@6i v6i N néu bd
rang bude d6 di thi tap N vin khong thay do6i. N6i chinh x4c hon, rdng buoc hr(x) <O
goi 1& thwtra ddi voi N néu

N = {x; hi(x) <0, i =90, 1,...,m]
= lx; hi(x) <0, i=0, 1,...,m, i#k‘.

Mot rang budce khong phai la thira d8i voi N thi gei 14 rang budc c¢dt ydu. Cac khai
niém tuong tu cing duge dinh nghia ddi voi M. Di nhién, mét rang budc da 1a thwa ddi
véi M thi ciing s& la thwa d6i véi N.

Ménh d& sau day cho m¢t didu kién dd dé nhén biét mot rang budc 1a thia ddi
véai N.

Ménh d& 5. Néu hx(u) << 0 véi moi u € P va <<a¥, v> <0 voi moiv € Q thi
rang buodc hi(x) << 0 1a thwa d6i voi N.

Chirng minh. M6i x € N c6 thé biéu dién duéi dang
x = 2 li,ui + X Sj v
u'E€P vieQ
v6itj >0,s; >0 va Zti= 1. Tir d6 suy ra
hi(x) = Ztihk () + Zsj << a¥, v > <0

véi moi x € N, Pigu nay chtng té hi(x) << 0 13 rang budc thua d&i véi N,

Hé qua 4 (xem [3.4)]). Gid st N ta mét da dién Ioi vé1 1¢p dinh P. Khi dé véi moi
uw€P thi rang bugc hi (x) < 0 la thira ddi véi N.

Ménh a8 6. Gid st U~ U V™ == @ va hi(x) < 0 la réng bude ¢8t yéu déi voi M. Khi
d6 rdng budc hy(x) < 0 ld thira ddi véi N khi va chi khi by () << 0 voi mei u € U™ va
<a* v> <0 véimeiv €V

Chiérng minh. Phan «khi». Truée hét ta nhian xé! ring moi x € N\ H s& ¢6
hi(x) << 0. That vay, mét x nhur thé c6 the biéu dién duéi dang

x = 2 ti ul + 2 sj vl
u'EP veQ

v6i ti > 0,55 2> 0 va 21, =1 done thoi do x € H nén phai c6 it nhdt mot i véi ti >0
u' € U7, hoic mot j véi si > 0.1 € V™. Do d6

hi(x) = 2 tihg @) + 2 sj << ak, vi> <o

T nhan xét trén cho thay

x € N va hi(x) = 0 kéo theo ho (x) = 0. (6)
Bay gi¢ dit N° = [x thi(0) <0, i =01, m, i k}. Ta s& chitng t6 ring
hi(x) << 0 voi moi x € N'. )

That vay, gid st trdi lai co mot z € N' @@ hi(z) >> 0. Ldy mot u € U™ (néu U™ == @), theo
gid thiét hx(w) < 0. Daty = tu + (1 — Yz véi t = bk (z2) 7 (hi(z) = hx(uw)). D& dang ki2m tra
lai rdng 0 <<t <T1 va

; hi(y) = t hg(u) + (1 —t) hx (z2) =0
hity) < 0 voi moi j € {0,1,..., m} \ [k},

nghia 14 y € N va hi(y) = 0. Theo () hy (y) = tho(u) + (1 — t) ho(z) =0. T diay suy ra
bho(2) > 0 (nhé ring ho(w) << 0 do u € U7).

Trudng hop U™ = ¢ ta ldy mot v € V™, theo gia thiét << ak, v > <0.Pity = z+ tv
voi t = — hi(z) / <<a¥, v>.
D& dang ki®m tra lai ring t > 0 va
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hi(y) = hi(@) + t < a*, v > =10

hi(y) <O vai moi j € ,O.Z,..., m}\ {L‘ .
nghia 1a y € N va hi(y) = 0. Lai theo (6) holy) = ho(2) +t <<a® v>=0. Tt day
suy ra ho(z) = — t<Ta® v > (nh6é ring << a’ v > <0 do v € V7).

Tém lai, ca hai truong hop déu dan dén ho(z) >> 0, diBu nay trai véi z € N°. Vi (hé
ta ¢6 (7), nghia 1a N* C N. Bao ham thirc nguwoe lai la hidn nhién. Vay N’ = N. Didu nay
chitng 16 hik(x) <X 0 12 rang bude thiura d6i véi N.

Phin «chi khi». Theo gid thiét hk(x) <0 la rang bude cét yéu déi vé6i M nén tim
duge mot z théa min hitz) > 0 va hi(z) << 0 voi moi j & [O 1, ..,m} AN { k} Trudc h&t xét
treong hop hi(u) = 0 véi mot u € U™, Do he(u) << 0 nén ¢6 mot lan cin W ctia u sao cho
ho(x) < 0 véi moi x € W. Dit y = . (1 — &) véi € duong dd nhd d&8 v € W. Ta c6

h(y) = &hi(z) + (1 — €) hx{u) = ehy(z) > 0

hi(y) = ehi(z) + (1 — &) hy(a) < 0 véi moi j € {1, .., mf \ {k]

holy) << 0 (do y € W),
Diéu nay ching 16 hk(x) < 0 citng 12 rang buge cét yéu ddi voi N. ‘

Bly gid xét truong hop <a¥, v>=0voimot v € V™. Do < a% v > << 0 nén véi
0 duong A4 16n didm y = z + Ov sé thda man
ho!¥) = holz) + 0 < a®, v > <0

Mat khie, ta co

i

hi(y) = hu(z) + 0 <a¥, v > = hy(z) >0
hi(y) = hj(z) + 6 < al, v > <0 vei moi j € {l, e m} N\ {k;
bigu nay ching 16 hi(x) <O ciing 12 rang budc c6t y&u d8i voi N.

I

Me qua 5 (xem [3, 4] Gid st N nhin duge tir M theo (2) la mot da di¢n l6i. Gid sit
U™ xdc dinh theo (3) khic réong va hik(x) { 0 la rang budc c8t yéu ddi véi M. Khi dé6, rang
bude hi(x) <0 la thiea ddi v6i N khi va chi khi hxy(w) << 0vdi mec u € U™

Chi § 4. Gid thigét h(x)<<0 1a rang budc c6t yé&u doi véi M chi cin ding dén
trong chitng minh phin “chi khi». Con phian €khi» vin ding mién la kK € | L. ..., m}.
nghia 1a hk (x) <O 1a mot trong s3 cac rang budc cia N, khong k& rang budc maoi thém
vao ho(x) G 0. Nhu vay, méoh d8 6 cho mot dicu kién d& d& nhan biét mdt rang bude 1A
thta d6i véi N trong trudng hop U7V V759, con ndu hi(x) <0 14 rang bude cdt yéu
ddi voi M thi diéu kién do ciing la can.

Tir cdc két quid vira néu trén ta ¢6 qui tde d& loai b6t cdc rang budc thira d8i voi
N nhu sau, trong trudng hop N==¢ va N +=M.

Qui tde T. Xct tap dinh va canh U\ V™ ndu (4p nay khac rdng hoic (UNUDV
(VN\\V") néu trai lai. Gid s tap cin xét gdm chc phin tir (dinh hoic canh) ul, .. - up (xép
theo thir tumv ¥). Diu tién «th'n ”ul\ao ¢ rang budc xac dinh N (t&c 1a tinh <a u'>—
b; néa u! 1a dinh hofic <la', u P> néu o' 1a canh) danh dau cac rang budoc ma u théa
mén véi ddu bling {(gia tri tinh duoe bing 0). Tiép d5 thay u® viao cac rang budc chua
duge danh ddu, rdi danh ddu cic rang bud: ma u’ thda mian véi ddu bing... Tiép tuclam
nhu trén cho dén phian t& u® hoic ddu khi khidang coa rang budc chua dwge dinh diu.
Cudi ciing, d& xic dinh N ta chi cin gi@ lai rang bade helx) KO va cae rang budce da dirge
danh d4u theo cach vira trinh bay. Loai b5 cac rang buds khong duge danh ddu. Theo
chc ménh @& 5 va 6, cic rang budc sau chéc chin Ia nhiag ring bude thira d3i voi N.

Nh@n ngay 9-7-198%
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ABSTRACT
On two preblems over polyhedral convex sets

‘In this paper we are concerned with the following two problems often emcountered
in concave programming:

1. Given the vertices and extreme directions of a polyhzdral convex set M defined
by a system of linear constraints, determine the vertices and extreme directions of the poly-
hedral convex set obtained from M just by adding one new linear equality (or inequality)
constraint.

2. Among the constraints of a given polyhedral convex set, find thosc which are
xcedundant, i. e. which can be removed without affecting the polyhedral convex set.




