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Abstract. In this paper we introduce a class of hierarchical fuzzy systems, in which spline functions
of degree two are used as membership functions of input variables. Then we investigate the capabilities
of hierarchical fuzzy systems to approximate function on compact input space. By constructive proof,
we prove that any continuous function on a compact space can be approximated to any degree of

accuracy by hierarchical fuzzy systems.

Tém tat. Bai bdo giéi thiéu moét 1ép cdc hé md phan cap trong dé ham Spline bac hai dwoc str
dung 1dm ham thanh vién cia cdc bién vao. Tiép dé, chirng minh 16p hé mo phan cap dé cé thé
xap xI mot ham lién tuc bat ki véi do chinh xdc tuy . Phuong phap chimg minh nay cé tinh kién
thiét, tir d6 xay dung duoc mot thuat todn dé xap xi cdc ham lién tuc. Va cudi ciing 13 vi du minh

hoa cho céc két qua.

1. INTRODUCTION

Fuzzy systems including Takagi-Sugeno systems and Mamdani systems are capable of
approximating a wide class of functions, such as continuous functions and integrable functions
[2, 3,5, 14, 18], and so on. Like artificial neural networks [14], the approximation research is of
much theoretical importance as it can enrich approximation theory [12, 15, 17], also of practical
importance as it has found very useful in many applied areas, e.g., system identification (6],

pattern recognition|[10], adaptive control [11], etc.

In most rule base fuzzy systems, the fuzzy rule base consisting of a number of inference
rules defined as IF. . 'THEN. . . is a key part and it is often assumed to be complete.
Thus, the rule base is valid for all possible conditions. When the number of the system input
variables increases, the number of rules in the complete fuzzy rule base increases exponentially.
Specifically, suppose that there are n input variables and m fuzzy sets are defined for each
variable, then the number of rules in the standard fuzzy systems is m™. That is the 'Rule
explosion’ problem, which will not only generate the complicated system structures, but also

cause long computational time, even memory overload of the computer.

An efficient tool to deal with the ’rule explosion’ problem is the hierarchical system by
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which a fuzzy systems can be decomposed into a number of hierarchically connected low-
dimensional systems (see in [12], [13] and [14] for more details). Instead of applying a fuzzy
systems with higher-dimensional input, a number of lower-dimensional fuzzy systems are linked
in a hierarchical fashion. By such a hierarchy, the number of the fuzzy rules will increase lin-
early with the number of the input variables. We can see in [7] that, if we define m fuzzy
sets for each variable, including the internal variables ¥, ..., y,_2, the total number of rules
is (n— 1)m?, which is a linear function of the number of input variables . So the hierarchical
fuzzy systems can be efficiently used in some large scale systems. And the application of fuzzy
systems is undoubtedly extended and expanded. Our paper focuses on the hierarchical fuzzy
systems in input - output (I/O) relationship representation and approximating properties.
Naturally, we may put forward an important problem, how can the approximating capability
of a hierarchical fuzzy systems be analyzed? So we have to analyze the approximate represen-
tation of a function by the hierarchical fuzzy systems. In order to analyze this problem, we
show that the I/O relationship of a hierarchical fuzzy systems can be represented as a standard
fuzzy system. Based on the fact that the universal approximation of hierarchical fuzzy systems
is studied systematically, we see that the objective fuzzy system can be constructed directly.
Since with a given degree of accuracy, the constructive representation of approximation fuzzy
system may be set up, the achievements related the subjects are operative. Therefore, this

method has useful applications in practice.

This paper is organized as follows. In section 2, we define a class of piecewise linear
functions for the study of approximation, and introduce a class of hierarchical fuzzy systems
with spline functions of degree two as membership functions of the input variables. The
corresponding I/O relationship is represented in this section as one of a standard fuzzy system.
The universal approximation of the hierarchical systems is shown in Section 3, and the number
of the fuzzy rules in the rule base of the hierarchical system is estimated. In Section 4, we
give an example to show that the hierarchical fuzzy systems can be uniformly approximate
continuous functions defined in a high dimensional space, and the fuzzy rules in their rule base
are strikingly less than those in the standard fuzzy systems that ensure the same approximating

accuracy.

2. FORMULATION OF HIERARCHICAL FUZZY SYSTEMS
A. Piecewise linear function

Let N and R be the set of natural numbers and real numbers, respectively, R"™ be the n
dimensional Euclidean space. Let U = [—1, 1] C R™, by || - || we denote the maximum norm
onU,ie,if f:U =R, ||fllv = sup{|f(z)| |x € U}.

To analyze the approximation capability of hierarchical fuzzy systems, we introduce piece-
wise linear functions as intermediate functions.

Definition 2.1. A continuous function S : U — R is said to be a piecewise linear function,

if there are polyhedrons Ay,...,Ang C U, U = UN(f)

pa A; such that S is linear on each
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Aj (j=1,2,...,N(S)), ie, the function S has the following form

)\10+>\11$1+"'+>\1n$n, if (xl,...,xn)EAl,

AN(S)O + AN(S)lxl +-- AN(S)n'xny if (.%‘17 RN .%‘n) S AN(S):
where \;; (i =1,2,...,N(S),j=0,1,...,n) are appropriate real numbers.
B. Spline functions as fuzzy numbers

For given N € N, we partition [—1, 1] into 2N equal parts: [~ Kf L je{-N+1,...,N}.
Setting I = {0, +1,...,£N}. Let A be a fuzzy number on R with membership functlon is a

spline function of degree two as follows:

2(Nz+1)? if — & <a < -5k,
Ale) — 1—2(Nz)? if—LNgxgﬁ,

2(Nz—1)? ifgx <o <%

0 otherwise.

On the ¢—th axis (i=1,2,...,n), we consider the fuzzy partition of [—1, 1] by spline fuzzy
numbers A;; (j € I) with membership functions as follows:
Alx +1) ifa> -1, Alz —1) ifz <1,
Aj—nyl@) = { . Ain(z) = {

0 otherwise. 0 otherwise
and A;;(x) = A(x —j/N) (j = 0,4£1,...,£(N — 1)) are obtained by parallel translation of
A.

N
Remark 2.1. For eachi € {1,2,...,n}, we have > A;(x) =1, forall x € [-1,1].
=N

C. Hierarchical fuzzy systems

In the following part, we assume that @1, xo, ..., x, are input variables of the hierarchical
fuzzy system. Since we can always scale the input variables so that they all belong to [—1, 1],
so, without loss of generality, we suppose that @ = (z1,...,2,) € U.

The main idea of a hierarchical fuzzy system is to put the input variables into collection
of low-dimensional fuzzy systems, instead of a single high-dimensional fuzzy system as in the
usual case. The low-dimensional fuzzy systems are Takagi-Sugeno (TS) fuzzy systems, which
were proposed in [9] as an alternative to the standard fuzzy systems. The hierarchical fuzzy
system with M level is constructed as follows:

e The first level is a TS fuzzy system with ny (ny < n) input variables @1, . .., 2,,, which
are constructed by the following rules:

IF 24 is A1j1 AND ... AND Tny is Anljn1 THEN ¢ = @j1 o ing s (j1, .. .,jnl € I)

The output fi(a1,...,@,,) of this fuzzy system is computed by
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N ny
o T A@) g,
Jlyeensdng =—— =
y1:f1<$17---7$n1): ! . <1>

N 7y
> I Avs()

J1yeeerjng =—N i=1

From Remark 2.1 we can rewrite (1) in the following reduced form

N ny
vi= il en) = > [T Au@)a ., (2)

J1yeesfng =—N =1

e The second level is a TS fuzzy system with ny + 1 input variables @, 41, ..., @n 40y,
and the intermediate variable y;, which are constructed from the following rules:

IF Tng+1 is An1+1jn1+1 AND ... AND Lnq+ng is An1+n2jn1+n2 AND U1 is B1k1 THEN
Y2 = Gy G T Cilyl-

The output y2 = fa(@ny 41, -« -y @nytny, y1) of this fuzzy system is computed by

N n1+ns 9
> [T Asji (@) Bk, (1) (@4, 11y ny T S Y1)

| Jngtledng tng ki =—N i=n1+1

Y2

N
>> Bk (1)
ki=—N

Substituting y; from (2) into (3), we have

N n1+no
DY . H1 Aiji () Biiey (1) -0y iy g
J1lseesdny4ng,K1—— =
Y2 = N ) <4>
>. B ()
ki=—N
where
T — a. . T an (5)
k1]1~~~]n1+n2 Ini+1--Ing+ng k1™1dnq
e The construction continues until m—th level (m = 2, ..., M) with n,, +1 input variables
@y ooty 1+ 1s - oy Tyt trm s Ym—1. FOT convenient, we denote dr, = ny +ng +---+ng (k =
2,...,M). By an argument analogous to the previous one, we get
N dm m—1
> T A (i) T1 Bik (i) @y 151w,
Eiyokme1 =1 i=1
jla"'?jdmsz
Ym — N ) <6>

ST B

E1,okmo1=—N i=1
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where

. . f— . . m . .
Ay k11 dam — Yay, g +1edam T Chm1 Okt ki —2j1.Ga,, 4 (7)

forall m =2,3,..., M. When m = M we have djy; = n1 + ---+ ny = n. Thus all the input
variables are used in one of the levels.

We call y1,y2,...,ypm, defined by equations (2), (4) and (6) with the parameters
hy . ko141 Gay, » Cho (m = 2,..., M) satisfying iterative scheme (5) and (7), are spline
functions of hierarchical fuzzy system.

3. UNIVERSAL APPROXIMATION PROPERTIES OF SPLINE
HIERARCHICAL FUZZY SYSTEMS

In this section, we prove that the spline function hierarchical fuzzy systems are universal
approximators. Our method is directly based on the I/O relationship of the functions to be
approximated, no intermediate step needed. Specially, for given error bounds £ > 0, we can
estimate the minimum number of fuzzy sets for each variables.

Problem. Let f be a continuous function on the compact set U. Suppose that the analytic
formula of f is unknown, but for arbitrary @ € U, we can obtain the value f(x). Our objective
is to design a spline function hierarchical fuzzy system, which can approximate the function

f with arbitrary accuracy.

Theorem 3.1. Suppose that S : U — R is a piecewise linear function. Then for arbitrary e >

0, there exists spline function hierarchical fuzzy system yi, yo, . . .,y such that |S—yu ||l < =.
Proof. Let
)\10+>\11$1+"'+>\1n$n, if (xl,...,xn)EAl,
S(.%‘l, . .,.%‘n) TN e

AN(S)O + AN(S)lxl +--- +>‘N(S)n$ny if (.%‘17 .. .,.%‘n) S AN(S):

be a piecewise linear function on U. Given £ > 0, we will show that there exists a natural
number N large enough, such that the spline function of hierarchical fuzzy systems, which is
constructed in Section 2, satisfies ||S — yar||o < &.

In fact, we define ax, . &y, 1j1..jn fOr K1, .o kpr1,71, ..., Jm € I respectively as follows:

Ay ,ookng 1j1rjn = SG1/N, oo, jn/N). (8)

Let ¢ = (x1,...,2,) € U and ji, ..., jn € I such that [] A;j,(x;) # 0. From the definition of
=1

Ajj, we have |a; — JNZ| < £ (i=1,...,N). Hence, applying the mean value theorem we have
i e v Ji 2 ¢
S, ) — S(ﬁ: .y ﬁ) < z; |2 — N|Di(S) S5 ;Di(S), (9)
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where D;(S) = sup{£Z ()}. Combining (8) and (9), we get
zclU ‘

IS —ymllo =
N dm m—1
. 2}; _l_IlAiji(%’i) H1 Bt () (kg by 151, — S (@)
1ye-sRm—1 1= 1=

—su jla"'?jdmsz
B N 1

wct 3 mﬁ Bik; (y3)

E1,okmo1=—N i=1

N dm m—1 . .

> ITAg(@) IT B, (i) |S(5, - &) — S(@)
Kiyoikm1 =1 i=1
jla"'?jdmsz

- N m—1
zeU
> [T Bik,(y:)

Ei,okmo1=—N i=1

2 n
<% ZD"<5>‘ (10)

)
Finally, by choosing N > —~—— we have ||S —yn|lv <e.

Theorem 3.2. Suppose that [ : U — R is a continuous function. Then for arbitrary € > 0,
there exists a piecewise linear function S such that ||S — fllo < e.

Proof. For simplicity, let n = 2 (the case when n > 2 can be proved similarly). For any
N € N, we partition every side of U into 2N equal parts, we obtain 4N? subparallelepiped
Uyj = {(z1,22)| 55t <y < &, &t <y <4} (5= -N+1,...,N).

Because f is uniformly continuous on compact set U, we have for all £ > 0, there exists
N large enough such that |f(z1,22) — f(a],25)] < §, V(@ x2), (2], ah) € Usj. Setting

= sup {f(2)} and §;; = inf {f(x)}, we see that |6;; — ;| < §.
zcU; 4 zelUy;

Respectively linking a pair of opposed vertices of U;;, we obtain 8N 2 equicrurally rect-
angular triangles A, (k = 1,...,8N?). Suppose that 3 vertices of one rectangular trian-
gles Ay, are (2%, y¥), (25, y5) and (2%, y5). The plane equation z = S(x,y) determined by
(ko £ R, (ko) £k, y5)) and (af, 9%, f(25, y5)) of the vertices of Ay is given as
follows:

xr oy z 1
PN I AP I O
w% y%’z f(w’%yyéz) 1
w3 ys flw3,ys) 1

Without loss of generality, we suppose x]f = x]?f, .%‘]5 = ac]f + 1/N, y{“ = yé“ and yg)f =
y¥+1/N. Adding —1 times the second row to the rest of rows of A. After that, by expanding
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the determinant on the first row we obtain

S*(,y) = flat, )

(m — '%Jf)(}%xé: y%) — f<$]f7 yic)) + (y - y§)<f<$§7 yi]’f) — f<$]f7 yic)) (11)

+ /N !

with (z,y) € Ag. From (11) the following inequality holds

| 931|

|f(m,y)—Sk(x,y)| < |f<$,y> _f<$]1€7y{€>| + 1/N |f< 27y2> f(xllc7y{€>|

y—y
P Bt gy — el <24 SV SV < (12)
1/N
Let S be the connection function of S* (k = 1,2,...,8N?), ie., with k € {1,2,...,8N?%}
we have S(z,y) = S*(x,y) for all (z,y) € Ag. Then S is a piecewise linear function on U and
|S(z,y) — f(z,y)] <&, V(x,y) € U. Hence, ||S — f|lu < . This completes the proof.

|
Remark 3.1. From equation (11), we have
Ox 1/N Ay 1/N
Hence, we have
howy) —
Di(8) = supg LIV ZTED 0 oy oy, (1)
h) —
Ds(8) = sup{ LY I ZI@ ) ey, (15)

h

Thus, we can estimate the supremum max{D1(S), D2(S)} from the value of f.

Theorem 3.3. Let f: U — R be a continuous function. Then for arbitrary & > 0, there
exist hierarchical fuzzy systems y1,ys, ..., yu such that ||f —yr|lv < &.

Proof. By the proof of Theorem 3.2, for £ > 0, if we partition [—1,1]” into identical cubes
and divide further the cubes into n—dimension polyhedrons A4, ..., Ay respectively, then a
piecewise linear function S is defined. Moreover, || f — S|l < £/2. By (14) and (15) we see
that

D = max D;(S)

i=1,...,n

— max { sup {f(xly , Ti € ) f(xl € )}}
1:1,...,71 I“I74+h€[71,1] h
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Thus, by Theorem 3.1, if N > 422 then we have ||S — yu/|| < 5. Hence

£

£ £
||f—yM||U§||f—S||U+||S—yM||U<§+§:5.

From the constructive proof of Theorems 3.1 — 3.3, we can establish the approximation

representation of f by a hierarchical fuzzy system as follows:

e Step 1. By (16) we approximately calculate the supremum value of D. Hence, the

minimum value of N can be estimated.

e Step 2. With a given function f, we define the suitable antecedent fuzzy sets B, (i =
1,....,.M—1; k’iEI).

e Step 3. From (8), the parameters of hierarchical fuzzy systems can be backwards deter-

mined by the following systems

)

=5

g . M o — (i
aklmkal]lm]n - a]delJFl"']dM + ckM,1ak1~~~kM72]1"']dM,1 - S(N? ct

L — q. : 2 0.
ak1]1~~~]n1+n2 o a’]n1+1~~~]n1+n2 + Ckla’]lm]nl

e Step 4. By (2), (4) and (6) we establish the spline function hierarchical fuzzy systems

Y1, Y2, - -

S YM-

4. NUMERICAL EXAMPLE

We consider a continuous function f: [—1,1]> — R of the form:

x%+m%+x§

f(mly X2, .%'3) — Sin<_ 100 )

For given error bound & = 0.1, we estimate the supremum of D by D < 1/50. Hence, the

minimum of N can be calculated by N = 3, then by Theorem 3.3, we have |y2 — f||v < &,

with the spline function hierarchical fuzzy systems ¥, o are constructed as:

N
Y= A1j1<931>142j2<$2>aj1j27
Ju,ja=—N
N

, kZ NASjg(Is)Blkl(yl)(aj3+ci1y1)
73,k =

Y2 =

N
3. Big (y1)
k1=—N

By (17) and the fact f(j1/N, j2/N, js/N) = S(j1/N, j2/N, j3/N), we backwards determine
the parameters a;,;,, a;, and czl by the following systems
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a’jlejS - f(Jl/Nij/Nyj3/N>7
gy + Cil 15y = Ojyjoga-

We choose some sample points randomly in [—1,1]® as shown in Table , and the corre-

sponding approximating errors of the hierarchical fuzzy systems at these points are also given

in Table .
Table 1. Approximating errors at randomly choosen sample points

Sample points Values of function f Values of y2 Error 6 = |f — y2|
(1,0.9,-0.8) -1.216969958800586e-002 -1.226318028973910e-002 9.348070173323571e-005
(0,-0.95,0.45) 7.662425017669018e-003 7.545668315662267e-003 1.167567020067513e-004
(-0.2,0.5,-1) 8.829885256216155e-003 8.831145163406079e-003 1.259907189923859e-006
(0.9,0.9,-0.9) -7.289935430090077e-003 -7.548800621191955e-003 2.588651911018779e-004
(0.1,0.2,-0.1) -7.999999991466668e-005 -8.148082744390174e-005 1.480827529235057e-006
(1,0.9,0) -1.728913855562812e-002 -1.754824412618336e-002 2.591055705552375e-004
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[4]

REFERENCES

M. R. Belli, M. Conti, P. Crippa and C. Turchetti, Artificial neural network as approximators
of stochastic processes, Neural Networks 12 (4) (1999) 647-658.

Bui Cong Cuong, Duong Thang Long, and Hoang Viet Long, Two approaches to the nonlinear
functions approximation problem, Journal of Computer Science and Cybernetics 22 (2)
(Aug. 2006) 123-133.

Bui Cong Cuong and Hoang Viet Long, An approach to the functions approximation problems by
Mamdani fuzzy system, Proc. of IEEE, 10th Intl. Conf. on Control, Automation, Robotics
and Viston, Hanoi, Dec. 2008. (doi. 10.1109/ ICARCV.2008.4795628) 850-855.

Y. Ding, H. Ying, Necessary conditions on minimal system configuration for general MISO
mamdani fuzzy systems as universal approximators, [EEE Trans. Fuzzy Syst. 30 (6) (2000)
857-863.

R. Hassine, F. Karray, A. M. Alimi, and M. Selmi, Approximation properties of fuzzy systems for
smooth functions and their first-order derivative, IEEE Tran. Systems, Man and Cybernetics
- Part A 33 (2) (2003) 160-168.

H. T. Nguyen and Michio Sugeno, Fuzzy Systems: Modeling and Control, Kluwer, Boston,
MA, 1998.

G. V. S. Raju, J. Zhou, and R. A. Kisner, Hierarchical fuzzy control, Internat. J. Control 54
(1991) 1201-1216.

E. H. Ruspini, P. P. Bonissone, and W. Pedrycz, Handbook of Fuzzy Computation, Institute
of Physics Publishing, Bristol and Philadelphia, 1988.

T. Takagi and M. Sugeno, Fuzzy identification of systems and it application to modeling and
control, IEEE Trans. Systems Man Cybernet. 15 (1985) 116-135.



108

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

BUI CONG CUONG, HOANG VIET LONG, PHAM HONG PHONG

L. X. Wang, Adaptive fuzzy systems and control: Design stability analysis, Prentice-Hall,
Englewood Cliffs, NJ, 1994.

L. X. Wang, J. M. Mendel, Fuzzy basis functions, universal approximation, and orthogonal
least-squares learning, I Tran. Newral Networks 3 (5) (1992) 807-814.

L. X. Wang, Universal approximation by hierarchical fuzzy systems, Fuzzy Sets and Systems
93 (1998) 223-230.

L. X. Wang, Analysis and design of hierarchical fuzzy systems, IEEE Tran. Fuzzy Syst. T (5)
(1999) 617-624.

D. Wang, X. J. Zeng and John A. Keane, Hierarchical hybrid fuzzy-neural networks for approx-
imation with mixed input variables, Neurocomputing 70 (2007) 3019-3033.

Hao Ying, General SISO Takagi-Sugeno fuzzy systems with linear rule consequent are universal
approximators, [EEE Tran. Fuzzy Syst. 6 (4) (1998) 582-587.

X. J. Zeng, M. G. Sing, Approximation theory of fuzzy systems - MIMO case, IEEE Tran.
Fuzzy Syst. 3 (2) (1995) 219-235.

X. J. Zeng, M. G. Sing, Approximation accuracy analysis of fuzzy systems as function approxi-
mators, IEEE Tran. Fuzzy Syst. 4 (1996) 44-63.

X. J. Zeng, J. Y. Goulermas, P. Liatsis, D. Wang, and John A. Keane, Hierarchical fuzzy

systems for function approximation on discrete input spaces with application, IFEFE Tran.

Fuzzy Systems 16 (5) (2008) 1197-1215.
Received on August 20 - 2009



