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Abstract. In this paper, we consider properties of +-unambiguous products, alternative
codes and languages of bounded words (<-languages). A new type of codes (<-codes or
codes of bounded words) is defined and an algorithm to determine whether a &-recognizable
language is a <-code is established. This provides a new algorithm to verify for alternative
codes whose complexity is smaller than the complexity of the previous one. A relationship
between codes, alternative codes and <-codes is considered. This shows that <$-codes is an
extension of traditional codes and alternative codes.

Tém tat. Bai bao xem xét mot s6 tinh chat ciia +-tich khong nhap nhing, ma luan phien
va ngon ngit cia cac tir dinh bién (C-ngon ngt). T d6, xay dung mot hé ma méi - ma cia
cac tit dinh bien (¢-ma) cling véi thuat toan kiém dinh mot O-ngén ngit doan nhan duge c6
la ©-mé hay khong. Nho thuat toan kiém dinh <¢-maé, cho phép nhan duge mot thuat toan
kiém dinh mé luan phién méi, lam gidm r6 rét vé do phiic tap. Ngoai ra, bai bao con dé xuat
mot so do phan 16p gitta ba 16p méa - ma, ma luan phién va O-mé, cho thiy <¢-ma dude xem
nhu la sy mé rong clia ma va ma luan phién.

1. MO PAU

Tich khong nhap nhing clia cac tit hitu han ciing nhu clia cac tit vo han da mang lai
nhiéu tinh chat 1y tha va dang duge nhiéu ngudi quan tam nghién citu béi ching c6 quan hé
gan gii véi ma. Dé lam gidu thém cac tinh chéat cta 1y thuyét ma, gan day da cé nhiéu két
qué khi nghién citu tich khong nhap nhing trong quan hé véi ma, otomat, dai s6 ... Khai
niém tich khong nhap nhing duge dé xuat bdi M. P. Schiitzenberger [1] va dugc md rong
béi J. E. Pin [2, 3]. Trong [4], Pascal Weil da dua vao st dung otomat khong nhap nhéng,
vi nhém quan hé khong nhap nhing dé lam cong cu thiét lap tich quan he X =Y o Z véi
Y, Z 1a ma hitu han trong quan hé véi 1y thuyét da tap ctia ngon ngit. Trong [5], P. T. Huy
va D. L. Van da thiét lap dudc két qua biéu dién w-ngon ngit chinh quy ciia cac tit hitu han
duge doan nhan bdi V-otomat Biichi khong nhap nhing.

Trong bai bdo nay, ching to6i nhac lai khai niém +-tich khong nhap nhing, tich luan
phién, ma luan phién, ma luan phién chin ctia hai ngon ngit X, Y thuoc A* duge dé xuat
bsi P. T. Huy va V. T. Nam [6]; mot s6 tinh chat ctia +-tich khong nhap nhing, méa luan
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phién, ma luan phién chin, dic trung can va di dé mot cap (X,Y) la ma luan phién duge
xem x6t béi H. N. Vinh, V. T. Nam va P. T. Huy [7]. Tt d6, dua ra so d6 quan h¢ véi ma
truyen thong (Nhan xét 2.1), cho thiy méa luan phién 1a sy md rong ctia ma va la 16p con
clia ma luan phién chin. Trong sy phan 16p nay, 16p méa 13 16p con nhé nhat, 16p ma luan
phién 1& 16p nam gitta va 16p 16n nhat 1a 16p ma luan phién chin.

Theo [8, O], mot dang ngdn ngt mdi, ngdn ngt cliia cac tir dinh bién (O-ngdn ngit) duge
gi6i thieu va tit d6 cho phép thiét 1ap két qua co ban (Dinh 1y BI) ve sy tuong duong gitta
tinh doan nhan dudc ciia $-ngon ngit theo O-otomat va theo O-dong cau vi nhém. Mot hinh
thitc ma méi ciia cac tit dinh bien (¢-ma), thuat toan kiém dinh <-ma khi né 1 O-ngon ngit
doan nhan dudce bdi ¢-otomat hitu han dude thiét lap. Tit do, cho phép nhan duge mot két
qué co sd clia bai bao vé sy phan 16p (Dinh 1y .T]) gitta ba loai ma — ma (truyen thong), ma
luan phién va ¢-ma, cho thay ¢-ma duge xem nhu 13 mot sy md rong ciia ma va ma luan
phién. Ciing trong bai bdo nay, thuat toan kiém dinh ma luan phién méi thong qua thuat
toan kiém dinh ¢-ma duge dé xuat ciing véi sy danh gia do phiic tap tinh toan (Hé qua E2)
dé lam co s6 so sanh v6i thuat toan kiém dinh méa luan phién trong [7]. Tiép can méi nay
cho phép gidm ro6 rét do phic tap so v6i thuat toan ci (dya vao Dinh 1y B3] lam co s6 toan
hoc ctia thuat toan).

Trude hét, ta nhic lai cdc ky hieu va khai niem duge trinh bay trong [10, 11]. Cho A 1a
béng chit cai httu han. Ky hieu A* 1a vi nhém ty do sinh b&i A, véi phép toan tich ghép,
phan tt don vi la e (¢t réng) va AT = A* — {e}. Gid st u,v € A*, ta néi u 1a mot khic (khic
dau, khic duoi) ctia v néu ton tai x,y € A* sao cho v = zuy (tuong tng v = uy,v = zu).
Mot khiic (khiic dau, khic duoi) la thuc sy néu xy # e (tuong tng y # €,z # €). S6 tat ca
cac xuat hién ctia cac chit trong tir v 1a do dai cta u, ky hieu 1a |u|, quy uée |e| = 0. Cho
X C AT, mot phan tich ctia tit w € A* trong X 1a mot day {wq, ws, ..., wy, }, véi n > 1 sao cho
W = W w3 ... wp, w; € X; X duge goi 1a ma néu moi tit w € AT ¢6 nhiéu nhat mot cach phan
tich thanh céc tit trong X. Gid st X, Y C A*, ta goi thuong trdi (thuong phdi) cia X v6i Y
la ngon ngtt Y1 X (tuong ting XY 1) duge xdc dinh béi Y 71X = {w € A* | yw € X,y € Y}
va XY l={weA|wye X,ycY}

2. MA LUAN PHIEN VA THUAT TOAN KIEM DINH MA LUAN PHIEN

Phan nay nhic lai mot s6 khai niem va két qua theo [6][7]. Cho bang chit A va XY C AT,
Khi d6, tich XY dugc goi 1a tich khong nhap nhing (hay (X,Y) la tich khong nhdp nhdng)
néu:

v, o' eX, yyeY:azy=2y = xz=2"vay=1y.
Luu ¥ rdng, ma ciing ¢ thé duge xem nhu mot truong hgp dic biét cua tich khong nhap
nhing (X la ma thi (X, X) 1a tich khong nhap nhing). Ching ta md rong khai niem tich
khong nhap nhing qua nhiéu lan lip tich, goi 1a +-tich khong nhdp nhdng.

Cho X,Y C AT, ta goi +-tich ctia X, Y la tap dugc dinh nghia béi
(XY) = (XY) U (XY)2 U (XY) ...

Ta dinh nghia sy phdn tich luan phién theo cip (X,Y) clia hai tap ngon ngit X, Y C AT
nhu sau:
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Dinh nghia 2.1. Cho bang chit A va X,Y C AT, w € AT. Khi d6 ta néi rang:

() Tu w thita nhan mot phan tich luan phién theo (X,Y) néu w = ujug...u, (n > 2),
trong d6, u; € X, néu u; € X thi ujy; € Y va néu w; € Y thi u;11 € X, véi
Vi=1,..,n—1.

(7) Tu w thita nhan mot phan tich luan phién chén theo (X,Y) néu w = ujug ... up, (n > 2),
trong d6, u; € X,u, € Y, néu u; € X thi u;y1 € Y vanéu u; € Y thi vy € X, véi
Vi=1,...,n —1 van chin.

(744) T w thita nhan mot phan tich luan phién theo X, Y néu w thita nhan mot phan tich
luan phién theo (X,Y) hoidc (Y, X).

Vi X,Y C A, ky hieu Sx y la tap tat ca cac tit w € A" thira nhan it nhat mot tich
luan phien theo X, Y. Khi d6 Sxy C (X UY)™.
Vidu 2.1. Cho X ={a,ba} va'Y = {b,aba}. Khi d6, tit w = ababaaba c6 hai phan tich luan
phién theo X, Y nhu sau:
fi: (a).(b).(a).(b).(a).(aba) 1a mot phan tich luan phién chan theo (X,Y) va
fa i (aba).(ba).(aba) 1a mot phan tich luan phién theo (Y, X).

Dinh nghia 2.2. Cho X,Y C A*". Khi d6, +-tich (XY)" dugc goi 1a c6 +-tich khong nhap
nhing (hay (X,Y) 1a +-tich khong nhap nhang) khi va chi khi: Vm,n > 2,21, 29, ..., Zp,
xllvx/27 ,fC;n € Xv Y1, Y25 -, Yn, yllvyév >2/;n € Y7

_ VAN RSV I | / / _ ! a2 ;o
TIY1T2Y2 oo TnlYn = T1Y1ToYs - Ty Yy = M =N, T; = X, Y = Y;, Vi =1,...,n.

Noi cach khéc, sy phan tich clia mot tir w luan phién trong X, Y duéi dang x1y1x2ys ... Tnyn
néu c6 thi sé 1a duy nhat.

Chu y rang, néu (X,Y) 1a +-tich khong nhap nhang thi (X,Y") 1a tich khong nhap nhang.
Dic biet, trong truong hop cap (X,Y) 1a +-tich nhdp nhang thi ton tai mot tit w € AT sao
cho cac Overlap ctia hai phan tich ctia tit w 1a khéac e. (xem Hinh [ZT]).

Overl Crverlay
— s

1 X2

Overlap

Hinh 2.1. Cac bao trum cta hai phan tich cia tr w

Duta trén khai niém +-tich khong nhap nhang va khai niém phan tich luan phién & trén,
cho phép ta dinh nghia mot 16p ma méi nhu sau:

Dinh nghia 2.3. Cho X,Y C A". Khi d¢:

(i) Céap (X,Y) dugdc goi la ma luan phién néu moéi tit w € A1 thita nhan khong qua mot
tich luan phién theo X, Y.
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(71) Cap (X,Y) dugc goi 1a ma luan phién chin néu mdi tit w € AT thita nhan khong qua
mot tich luan phién chén theo (X,Y).
Vi du 2.2. Cho X = {a,aa}, Y = {ab,b}, dé thay XY = {aab, ab, aaab} la ma prefix nhung
cap (X,Y) khong 1a ma luan phién, véi tit w = ababaab € AT thita nhan hai sy phan tich
luan phién khac nhau theo X, Y la:
w = (a).(b).(a).(b).(aa).(b) = (ab).(a).(b).(aa).(b)
Mbi lien hé giita +-tich khong nhap nhéng, tich luan phién va ma luan phién duge thé
hién qua dinh ly sau:
Dinh 1y 2.1. Cho X,Y C AT. Khi do:
(i) Cap (X,Y) la ma luan phién chan khi va chi khi cdp (X,Y) la +-tich khong nhdp
nhang.
(i1) Cap (X,Y) la +-tich khong nhap nhang khi va chi khi Z = XY la ma va (X,Y) la
tich khong nhap nhdng.
(iii) Néu cip (X,Y) la ma luan phién thi cip (X,Y) la +-tich khong nhap nhdng, ngudc
lai khong dung.
Nhan zét 2.1. Tt Dinh nghia va Dinh 1y B1 dé thay rang: Ma X 13 mot truong hop dic
biét clia ma luan phién (X,Y), v6i Y = X va ma luan phién la trudng hgp dac biét ctia ma
luan phién chan. Nhung nguge lai khong ding (xem Hinh 2.2]).

Ma M3 luan phién Ma luan phién chin

Hinh 2.2. Quan hé gitta cac 16p ma

Bai toan co ban khi nghién ctu vé 16p ma la bai toan kiém tra tinh chat méa ctia ngon
ngtt (chinh quy) cho trudc. Két qua sau thé hien dic trung to hgp ciia mé luan phién, dac
trung can va di doéi véi mot cap (X,Y) cho trude c6 1a ma luan phién hay khong. T d6 cho
phép thiét lap thuat toan kiém dinh ma luan phién khi X, Y 14 cdc ngoén ngit chinh quy.

Dinh 1y 2.2. Cho X,Y C A*. Khi dé, (X,Y) la ma luan phién khi va chi khi bon diéu kien
sau dong thoi dudc théa man:

(1) XY lamava XX NYY™t—{e} = 0;
(i) Y H(XY)T n (XY)T = 0;

(iii) (XY)*X~1 n (XY)" = 0;

(iv) (XY)* N (YX)" = 0.

3. O-NGON NGU bOAN NHAN bUQGC
Phan nay nhic lai mot s6 khai niem lien quan dén tit dinh bién va ¢-ngon ngit trong [§]

va mot s6 két qua co sd trong [9]. Cho A 1a bang chit cai hitu han va B = {0,1} 14 tap bien.
Ta xay dung cac tap gom cidc phan md rong clia cac tit trong A* duge xac dinh bai:
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Ao = {(i,a,j) | a € A hodgca=¢, i,j € B}
AL = {(t,w,j) | we A", i,j € B} U {0,¢}
AL = {(0,w,1) | we A*} U {0,e};
AL = {(1,w,0) | we A*} U {0,¢}
AL = {(0,w,0) | we A*} U {0, e};
Ay = {(L,w,1) | we A*} U {0,¢}

Mbi bo (i, w, j),w € A* duge goi 1a mot O-tw (tw dinh bién vdi bien i, j), la md rong cta
tit w. Trong d6 e,0 ¢ A* 1a hai phan tf méi dong vai tro nhu 1a phan t zero va phan tit
don vi cia tap cac O-tir trén A% khi ta trang bi mot phép toan (goi la tich bién) trén A%
nhu sau: véi Va, = (il,wl,jl), To = (’iQ,wg,jQ) S AZ,

(i1, wiwe, j2)  J1 =iz
Tr1.r9 =
6 J1 # i
va Ve e AL, v0=0x=0, re=ex =z
Dé thay A% lap thanh mot vi nhém vé6i phép toan tich bién, c6 phan tit zero 1a 6 va don
vi la e. Ta goi A% 1a O-vj nhém (két hgp vdi bang chi@ A). Ta quy udc réng, cic ky higu
&, <, >, A, V nhu 14 cac toan t md rong cua A* thanh A% , AL, AL, A}, AY tuong tng.

Tiép theo, ta dinh nghia cac tap:

eo = {(i,&,7)] i,j € B}; A*O\e = A% —eo
AL = A~ e Ab, = Ao
AL = AL —{e}; A:\E At —eo
AL = AL —{e}; A;\E = Af —¢o
AL = AL —{eh Af. = Al -
A = A5 {e); Ape = A3 -

Mot tap L C A% duge goi la mot ngon ngt md rong (O-ngon nga) trén A. Véi x =
(i,w,j) € A%, néu khong s¢ hiéu nham thi ta cling st dung ky higu |z| 1a do dai clia O-tit
x, theo nghia |z| = 0 néu z € ¢ va |z| = |w| néu khac, ngoai ra |f| = +oo, le| = 0.

Gia sit X,Y C A%, ta goi thuong trdi (thuong phdi) cia X v6i Y 1a Y1X (tuong ting
XY 1 trén A% duge xac dinh bai:

Y7IX ={redl| yeY yreX}vaXY 1={redAl| yeY: :zyec X}
Ta dinh nghia phép chiéu Proj : AL — A* U{0},0 ¢ A*, 1a ham dugc xac dinh bdi :
Proj(e) =¢, Proj(#) =0 va Proj(i,w,j) = w.

Cho X C A% va z € A%. Ta ndi rang x thita nhdn mot phan tich (véi tich bién) trong X
néu z c6 thé biéu dién dusi dang x = x1.29...2,, v6in > 1,Va; € X,Vi=1,...n
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Vidu 3.1. Cho X = {(1,a,0),(0,ab,1),(1,ba,0)}. Khi d6 z = (1, baabaabba,0) thita nhan
mot sy phan tich trong X la:

(1, baabaabba,0) = (1,ba,0).(0,ab,1).(1,a,0).(0,ab, 1).(1, ba, 0)

Dinh nghia 3.1. Cho M la mot vi nhém bat k¥ c6 chita phan tit don vi 1a 1 va phan tit
zero la 0 va ¢ : AL — M 1a mot anh xa. Khi d6, ¢ duge goi 1a O-dong cau vi nhém néu
théa méan cac dieu kién sau:

(1) Va,y€ AL, zy # 0 thi p(r.y) = ¢(z).0(y)
(2) wle)=1
(3) »(0)=0
Dinh nghia 3.2. Cho L C A% va vi nhém M. Ta néi vi nhém M théa L néu ton tai mot

O-dong cau vi nhém ¢ : A% — M sao cho L = o~ Y(N), v6i N C M. Néu L = ¢~ '(N) thi
ta néi rang L thoéa bdi .

Céc két qua sau la hién nhien, c6 thé kiém tra truc tiép tit dinh nghia.

Tinh chat 3.1. Cho Ni, Ny C M, khi dé

@ H (N1 N Ny) = @ H(N) N 1 (Ny)
@ (N1 U Na) = o (N1) U™ (Na)
e (N1\N2) = o 1 (N1)\ ¢! (N2)

Hon nita, néu ¢ 1a toan anh thi ta c6
e H(NTIN2) = o7 H(V1) T L (V)
P (NN ) = o (V1) ! (No) ™

Véi méi O-ngon ngit L C A%, ap dung cach thiic tuong tu ctia S. Eilenberg [11] ta c6 thé
xay dung vi nhém M théa L tren A%. Ky hieu R(A, M) 1a tap tat cd cac O-ngdn ngit trén
A% thoa béi M. Theo [9], R(A, M) déng véi cac phép toan Boole. Hon nita, néu ¢ la toan
cau thi R(A, M) déng vé6i phép lay thuong trai va thuong phai.

Két hop v6i mot otomat da dinh httu han A = (A, Q, 4, qo,T), trong [§] da dinh nghia
mot hinh thite ddc biét clia otomat (goi la O-otomat) Ao = (Ao, Qo, do, Lo, Te) dodn nhan
tap cac O-tur tren A%. T d6 cho phép dinh nghia ©-doan nhan duge va thiét lap cac két
qué co s6 dua trén <O-otomat, $-doan nhan duge trén tap cic tu dinh bién nhu sau:

Mot day x1, ..., Tn, x; € Ao dude dodn nhan béi O-otomat Ae khi va chi khi ton tai mot
trang thai qo € T, sao cho qo € do(do (9o (g0, 71), - ), xn) VA trong trudng hgp nay, O-ti
T = a1 ... 7, ciing duge doan nhan bdi G-otomat Ae. Ky hieu £(Ae) 1a tap tat ca cac O-ti
duge doan nhan bdi O-otomat Ac, ta co

L(Ao) ={z € AL | Jqo € Lo sao cho do(qo,x) N To # O}

Dinh nghia 3.3. Mot <¢-ngon ngit L C A% duge goi 1la &-doan nhan duge (O-ngon ngi
doan nhan dugc) néu L = L(Ag), v6i Ao 1a O-otomat nao do.
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Mbi quan hé khong tam thuong gita tinh doan nhan duge trén A% va tréen A* cho bdi
ménh dé sau:

Ménh dé 3.1. Cho L C A*. Néu L la dodn nhan duoc thy Proj~—'(L) la ©-dodn nhan duge.
Ton tai L C A% khong la O-dodn nhan duge nhung Proj(L) la dodn nhan dugc.
Tit cac dinh nghia va ménh dé trén, ta c6 cac két qua sau:
Dinh 1y 3.1. Cho L C A%. Khi dé, cic dieu kién sau day la tuong duong:
(1) L dugc doan nhan bdi mot <&-otomat da dinh hiu han.
(ii) L dugc doan nhan bdi mot O-otomat don dinh hitu han.

(#i7) L thda bdi mot vi nhom hitu han.

4. MA VOI TU DINH BIEN VA THUAT TOAN

Trong phan nay, ta nhic lai khai niém ma véi cac tit dinh bién (hay goi 1a ©-ma) trén

% va mot s6 két qua duge trinh bay trong [9]. Tt do, thiét 1ap mot sé dac trung cho O-ma,

mé vi ma luan phieén (Dinh Iy B v dé xuat thuat toan kiém dinh ma luan phién méi theo

tiép can thong qua thuat toan kiém dinh <-ma cliing véi viec phan tich danh gia do phiic
tap cta thuat toan.

Dinh nghia 4.1. Cho X C A{. Khi d6, Xdugdc goi 1a ©-méa néu v6i moi o # 6 thuoe AS,
x thita nhan nhiéu nhat mot phan tich trong X.

Vi du 4.1. Cho X = {(0,a,1),(0,b,1),(1,¢,0), (1,d,0)}. Khi d6, X la O-ma.
Vi du 4.2. Cho X = {(0,a,1),(1,b,0),(0,ab,0),(0,ba,1)}, ta dé dang nhan thay X khong
la O-ma, vi O-tit ¢ = (0, ababab, 0) c¢6 hai phan tich trong X:

f1: (0,ab,0).(0,ab,0).(0,ab,0) ;

f2: (0,a,1).(1,b,0).(0,ab,0).(0,a,1).(1,b,0) .
Nhan xét 4.1. Céac vi du sau cho ta thay rang, c6 X 1a O-ma nhung Proj(X) khong 13 ma
va ngudc lai, ¢6 X khong la &-ma trong khi Proj(X) 1a ma.
Vi du 4.3. Cho X = {(0,a,1),(0,b,1),(1,aa,1)} la G-mé, nhung Proj(X) = {a,b,aa}

khong la ma.

Vi du 4.4. Cho bang chtt A = {a,b} v&a X = {(i,a,j) | a € A,i,j € B} khong la O-ma,
nhung Proj(X) = {a,b} 1la ma.

Dinh 1y sau biéu dién mébi quan hé phan 16p gitta ma, méa luan phién véi ¢-maé, cho thiy
rang ¢-mé, ma luan phién duge xem 13 hinh thic mé rong clia ma.
Dinh 1y 4.1. Cho C C A™. Khi dé, cdic diéu kién sau la tuong duong:
(1) C la ma.
(i) Cap (C, C) la ma luan phién.
(1it) (Cq U Cy) la O-ma, vdi Cq = {(0,w,1)| we C}, Cp ={(1,w,0)| we C}.
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Chitng minh. (i) = (i7). Ta ching minh C' la ma thi cap (C,C) la ma luan phién.

Tt gia thiét C' 1a ma suy ra: Néu titw € AT thita nhan sy phan tich luan phién wyws ... way,
thi phan tich d6 1a duy nhat va day ciing chinh 1a mot phan tich luan phien theo (C,C). Vi
vay, cap (C,C) la ma luan phién.

(i) = (ii7). Dat Z = (C4q U C), ta ching minh cdp (C,C) la ma luan phién thi Z la O-ma.

Phan chiing, gid st ngugce lai Z khong 1a &-ma. Khi d6, ton tai mot O-tit o # 6, o thuoc
A% c6 hai phan tich khac nhau trong Z.

T = 2129 .. 2n = 212420, VOL 21 # 2], myn > 1, zi,z;» € 7.

Truong hop 21 € Cq, thi 20 € C, 2] € Cy, vanéu 2951 € Cq thi 29 € Cis, v6i VE > 1,
va néu zh, ;€ Cqthizh € Cy, v6il > 1.

a Z - . / / !/ / / / /
Do vay, taco 21.Y2 ... Tn—1.Yn = Proj(z1.22 ... zn) = Proj(z} .25 ... 2,) = .y5 ...l 1.y,

Dé thay rang (C, C) khong 1a ma luan phién, mau thuan. Chiing minh tuong tiu cho truong
hdp 21 € C|>. Do d(), Z = (C<] U CD) la $-maé.
(iti) = (i). Dat Z = (C4 U Cp), ta ching minh réng, néu Z la ©-ma thi C la ma.

Phan ching, gid st nguge lai Z 1a O-ma nhitng C khong 13 ma. Khi d6, ton tai mot tir
w € AT ¢6 hai phan tich khac nhau trong C :

— _ / / / /
w = wpwy..w, = wiwh..w, (w Fw)
T bieu thtc trén, suy ra:
! _ / / / / / /
W o= WAW .. Wy W W Wy, = WY L W, W WY LW,

Badi 2n, 2m 13 s6 cac chit clia hai vé 1a chn va w’ c6 hai phan tich khac nhau trong C,
hai phan tich nay tuwong duong v6i hai phan tich luan phién ctia mot -t trong 72 -

(0,w1,1).(1,w2,0)...(1,wy,0) = (0,w],1).(1,wh,0)...(1,w,,,0)

Nghia 13, ton tai mot O-tit ¢6 hai phan tich khac nhau trong Z, mau thuan. Do d6, C 1a
ma. |

Trong truong hop Z = X UY la O-ma, véi X C AZ\E vaY C A;\E thi ta cling goi Z
1a ma luan phién trén A%. Tu Dinh 1y 1] ta nhan thay, néu Z 1la G-ma thi Proj(Z N A%),
Proj(Z N A%) la ma va cap (Proj(Z N AY), Proj(Z N AL)) la ma luan phién.

Tuong tu phuong phap ctia Sardinas-Patterson (xem [10]), ta thiét lap thi tuc sau dé
kiém dinh mot ¢-ngon ngit cho trude cé 1a O-ma hay khong,.
Thi tuc kiém dinh ¢-ma
Input: Cho X C AZ.
Output: Két lugn X la O-ma hodc khong.
Bude 1. Uy = (X HX —e—{(i,e,i)| i€ B}, n=2
Bude 2. (Loop)
Up = (Up1) ' X U (X HU, 1
Bude 3. If e € U, Then goto Budc 5



M3 RONG MA VA THUAT TOAN KIEM DINH MA LUAN PHIEN VA MA CUA CAC TU DINH BIEN 309

IfU,=0orU,=U, # 0 (forany k =1,....n—1) Then goto Budc_}
Else n=n+1, Loop
Budc_ 4. Thong bao "X la &O-ma" wva  Két thic.

Bude_ 5. Thong bdo "X khong la O-ma" wva  Két thic.

Tinh ding dan clia thi tuc nay dya trén B6 dé v Dinh 1y sau [9):
B6 dé 4.1. Cho X C A} wa U, duoc zdc dinh nhu tren. Véiyn > 1,k =1,....,n,e € U, khi
va chi khi ton tai O-tw z € Uy, va d,l > 0 sao cho

22182 0g = Tyay...x), k=n—d—1 1, € X

Dinh 1y 4.2. Cho X C Ag va U, duoc xzdc dinh nhuv trén. Khi do, X la ©O-ma khi va chi
khi vdi moin > 1,e ¢ U,.

V6i X 1a O-ngon ngit, trong truong hop X 14 O-doan nhan duge thi ta c6 két qua sau:

Hé qua 4.1. Cho X C A% la O-dodn nhan duge. Cdc bude kiém tra X c6 la O-ma hay
khong bdi thi tuc & trén luon luon ding sau mot s6 hitu han budc lap. Ton tai thudt todn
quyét dinh X c6 la O-ma hay khong.
Tt Meénh deé 3.1 Dinh 1y BT va He qua ] ta nhan duge két qua sau:
Hé qua 4.2. Cho X,Y C AT la dodn nhan dugc. Ton tai thudt todn dé quyét dinh cip
(X,Y) la ma luan phién hay khong cé do phitc tap thoi gian cd O(2M1), véi M la mot vi
nhom hitu han théa dong thoi cd X 4 va Ys.
Chitng minh. Gid st Z = (X 4UYp) la O-doan nhan duge, ta c6 thé xay dung mot O-otomat
do&n nhan tat ci cac tap Z, {e} va {(i,£,i)| i € B}. Dya vao Dinh ly Bl ta c6 thé xay
dyng mot O-toan cau ¢ : AL — M, M hitu han, sao cho ¢ thoéa Z, {e}, {(i,e,i)| i € B}.
Stt dung Tinh chat B.It ¢! bao toan véi cac phép toan Boole, phép lay thuong trai,
thuong phai trén cac tap con ciia M. Ta c6 thé két luan tat ci cac tap U,>;1 duge dinh nghia
§ tren thoa béi ¢. Vi M 1 hitu han, nén thii tuc & tren sé dimg sau khong quéa 21M! buge
lap. Vi vay, do phtc tap thoi gian cha thuat toan kiém dinh mé luan phién méi trong trudng
hop xéu nhat la O(2/M1), [

Trude khi danh gia hai thuat toan kiém dinh ma luan phién, ta thiét lap dinh ly sau:
Cho M 14 mot vi nhém véi don vi 1a 14. Dat

Mo ={(i,m,j)| m e M,i,j € B}U{0,1},
v6i 0,1 ¢ M va 0 dong vai tro zero cia Mo, 1 dong vai tro don vi ctia M.
Mq=A{(0,m,1) | me M} ; My ={(1,m,0) | me M} ;
My ={(0,m,0) | me M}, Mg ={(1,m,1) | me M} .
Dinh 1y 4.3. Cho X C A* va dong cau vi nhom o : A* — M théa X. Xét O-dong cau vi
nhom ae : A% — Mo cho boi
(1) Va,ye AL, x.y # 0 thi ao(z.y) = ao(z).c0(y)
(2) ao(f) =0.
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(3) aole) =1.
(4) CM()(’i,E,j) :(ZulMaj)
Khi d6, ao théa dong thoi A% , A%, A% | A% A% Xo , Xq, X, Xa , Xy .

Chatng minh. Theo gia thiét a : A* — M théa X, nghia la X = o~ !(N), véi N € M. Khi
do, ta co

ag(Mo) = AL; ag'(Mq) = A%y ag' (M) = AL; ag (Ma) = AL ag' (My) = A%,

Dat X' = {(i,w,j) € A5 | w € X,4,j € B} va Xo = X' néue ¢ X; Xo = X' U {e} néu
e € X. Khi d6 sé ton tai No C Mo sao cho X = ag'(Ne). Do d6

Xq = XoNAY = agl(No)ﬂozgl(Mq)'

Xe = XoNAL = ag'(No) Nag!(My);
Xy = XoNA3 SH(No) Nagt(My);
Xy = XoNAY SH(No) Nagt(My).
Tu do, suy ra AL , AL, AL, AL, A, Xo , Xq, X, Xa, Xy théa bdi ac. |

* PO phiic tap ctia thuat toan kiém dinh ma luan phién qua céac tiép can

Cho X, Y 1a cac ngon ngit chinh quy dugce thoa bdi cac dong cau vi nhom o : A* — M
va 8 : A* — N tuong tng. Khi dé, buée (B - Kiém tra Z = XY la ma) clia thuat toan
kiém dinh mé luan phién trong [7] ¢6 do phiic tap ¢ O(QQ(W‘HND).

Mat khéc, xuat phét tit tiép can thong qua thuat toan kiém dinh ¢-ma va Dinh ly
@3 suy ra ao : AL — Mo théa X4 va B : AL — No thoa Yy, voi [Mo| = 4|M| + 2,
|No| = 4|N| + 2. Do dé, ta c6 thé xay dung O-toan ciu po = ae o Bo théa (X4 U Yy) la
0o @ AL — Mo x No. Khi d6, thuat toan kiém dinh (X,Y) 14 ma luan phién (tuong tng
v6i thuat todn kiém dinh Z = X4 U Yy 1a O-ma) c¢6 do phiic tap trong trusng hgp toi nhat
(theo He qua B2) ¢ O(2/MoxNoly — O(2(4IM|+2).(4IN|+2)),

V6i | M|, |N| dit 16n, d& thay 24MI+2.6INI+2) o 92MFIND Ny ey 1&y chi thye hien
budc (B;) clia thuat todn kiém dinh mé luan phién trong [7], thi di c6 do phiic tap ¢
0(22(‘M‘+‘ND). Trong khi d6, néu tiép can thong qua thuat todn kiém dinh <¢-ma, thi thuat
toan kiém dinh ma luan phién méi c6 do phiic tap gidm xudng chi con ¢ O (2(4MI+2)-(4IN+2)y
v6i M, N 1a cac vi nhém hitu han théa X, Y tuong ting. Diéu nay cho thay mot phan kha
nang nghién citu vé ¢-ngdn ngit va O-ma.

5. KET LUAN

Bai bao dua ra mot hé ma méi - ma ctia cac tit dinh bién va thiét lap thuat toan kiém
dinh ma cta cac tu dinh bién trén cac ¢-ngdn ngt doan nhan duge. Thong qua thuat toan
nay, cho phép xay dung mot thuat toan mdi dé kiém dinh ma luan phién [7], lam gidm 16 rét
ve do phitc tap. Mot so do quan hé phan 16p gitta ba loai ma - ma, ma luan phién va O-ma
duge dé xuat, cho thay ¢-ma nhu 1a mot syt mé rong clia ma va ma luan phién. Nghién citu
ve tinh chinh quy, do tré gidi ma, lam day ma ... ctia O-ngdn ngit 14 nhiing huéng 1y thi, sé
dudce nghién ciu trong cic cong trinh tiép theo.
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