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Abstract. Halton/Hammersley sequences, the most well-known and widely used multi-dimensional
quasirandom sequences, are constructed by combining van der Corput sequences with on another or
with k/N sequence. We attempt to generate two-dimensional sequences by combining two simple one-
dimensional sequences (k/N , mid-point, V , van der Corput, Richtmyer, pseudorandom sequences)
and experimentally receive many lowest discrepancy sequences.

Tóm tắt. Các dãy Halton/Hammersley, nhũ.ng dãy tu.. a-ngẫu-nhiên nhiè̂u chiè̂u quen thuô.c nhất
và thông du.ng nhất, du.o.. c ta.o thành bằng cách kết ho.. p các dãy van der Corput vó.i nhau hoă.c vó.i
dãy k/N . Chúng tôi thu.’ ta.o ra các dãy hai chiè̂u khác bằng cách kết ho.. p hai dãy mô.t chiè̂u do.n
gia’n (dãy k/N , dãy trung diê’m, các dãy V , các dãy van der Corput, các dãy Richtmyer, các dãy
gia’-ngẫu-nhiên R) và bà̆ng thu.. c nghiê.m dã thu du.o.. c nhiè̂u dãy tu.. a-ngẫu-nhiên có dô. phân kỳ thấp
ho.n.

1. MO
.’ DÀ̂U

Bài báo này mo.’ rô. ng [13] sang tru.̀o.ng ho.. p 2 chiè̂u. Ta su.’ du. ng 24 dãy mô. t chiè̂u bao

gồm 5 dãy cách dè̂u, 12 dãy van der Corput (ký hiê.u là vdC), 5 dãy Richtmyer và 2 dãy

gia’ -ngẫu-nhiên. Mỗi dãy du.o.. c kết ho.. p vó.i 23 dãy khác dê’ ta. o thành dãy 2 chiè̂u ds(i, j).
Thông thu.̀o.ng ds(i, j) 6= ds(j, i). Nhu. vâ.y có 24 × 23 = 552 dãy hai chiè̂u du.o.. c kha’o sát.

Viê.c kết ho.. p các dãy nào vó.i nhau dê’ da.t du.o.. c dô. phân kỳ thấp nhất là vấn dè̂ có ý ngh̃ıa

thu.. c nghiê.m ho.n là lý thuyết.

Hai dãy vdC khác nhau kết ho.. p la. i thành mô. t dãy Halton 2 chiè̂u; nhu. vâ.y 12 dãy vdC

ta. o thành 12× 11 = 132 dãy Halton. Dãy hũ.u ha.n k/N kết ho.. p vó.i dãy vdC ta. o thành mô. t

tâ. p diê’m Hammersley. Hai dãy hũ.u ha.n (k − 1)/N và (k − 0, 5)/N kết ho.. p vó.i 12 dãy vdC

ta. o thành 24 tâ.p diê’m tu.. a-Hammersley. Dó là nhũ.ng dãy tu.. a-ngẫu-nhiên quen thuô.c, sẽ làm

co. so.’ dê’ so sánh vó.i các dãy thu.’ nghiê.m do chúng tôi dè̂ xuất.

Các t́ınh toán cu. thê’ dã cho phép t̀ım du.o.. c mô. t số dãy tu.. a-ngẫu-nhiên do.n gia’n mà la. i

phân bố dè̂u ho.n các dãy Halton và các tâ. p diê’m tu.. a-Hammersley nói trên.

Kết qua’ thu.’ nghiê.m cho thấy: các dãy tu.. a-ngẫu-nhiên hai chiè̂u có dô. phân kỳ thấp là

su.. kết ho.. p cu’a mô. t (và chı’ mô. t) dãy cách dè̂u vó.i mô. t dãy tu.. a-ngẫu-nhiên khác. Nếu kết

ho.. p hai dãy cách dè̂u vó.i nhau ta sẽ thu du.o.. c dãy tu.. a-ngẫu-nhiên hai chiè̂u rất kém, không

thê’ chấp nhâ.n du.o.. c.
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2. CÁC KHÁI NIÊ. M CO
.
BA’ N, CÁC NGUYÊN TÁ̆C CHUNG

2.1. Các dãy tu.. a-ngẫu-nhiên

Phu.o.ng pháp Monte Carlo là phu.o.ng pháp xác suất du.. a trên viê.c su.’ du. ng các số ngẫu

nhiên (random numbers) hoă. c gia’ -ngẫu-nhiên (pseudorandom numbers). Bài báo dà̂u tiên vè̂

phu.o.ng pháp này là cu’a N. Metropolis (1915-1999) và S. Ulam (1909-1984), công bố năm

1949 ([5]).

Sau dó chı’ 2 năm, ba’n sao tất di.nh cu’a phu.o.ng pháp Monte Carlo ra dò.i nhò. các nhà số

luâ. n. Tên go. i phu.o.ng pháp tu.. a-Monte-Carlo (quasi-Monte Carlo methods) du.o.. c dùng dến

là̂n dà̂u tiên trong mô. t báo cáo nghiên cú.u vào năm 1951 ([7]) cu’a R. D. Richtmyer (Mỹ,

1910- 2003).

Ý tu.o.’ ng cu’a phu.o.ng pháp tu.. a-Monte-Carlo là thay thế các dãy số ngẫu nhiên hoă.c gia’ -

ngẫu-nhiên bằng các dãy số tất di.nh (hoàn toàn không-ngẫu-nhiên) nhu.ng phân bố rất dè̂u.

Dó là các dãy tu.. a-ngẫu-nhiên (quasirandom) hoă. c câ. n-ngẫu-nhiên (subrandom) hay cũng

du.o.. c go. i là các dãy có dô. phân kỳ thấp (low-discrepancy sequences). Khác biê.t chu’ yếu cu’a

phu.o.ng pháp tu.. a-Monte-Carlo là dú.t khoát không bắt chu.́o.c t́ınh ngẫu nhiên, mà tăng dô.
ch́ınh xác và gia’m thò.i gian t́ınh toán bà̆ng cách dă. c biê.t chú tro.ng t́ınh phân bố dè̂u [4, 10].

U
.
ó.c lu.o.. ng sai số cu’a phu.o.ng pháp Monte Carlo có t́ınh chất xác suất, còn cu’a phu.o.ng

pháp tu.. a-Monte-Carlo là tất di.nh.

Các dãy số tu.. a-ngẫu-nhiên dáng kê’ nhất gắn liè̂n vó.i tên các nhà toán ho.c J. van der

Corput (Hà Lan, 1890-1975), J. H. Halton (Mỹ), J. M. Hammersley (Anh, 1920-2004), I. M.

Sobol (Nga, 1926- ), H. Niederreiter (Áo, 1944- ), và H. Faure (Pháp).

Các dãy tu.. a-ngẫu-nhiên phân bố dè̂u ho.n các dãy gia’ -ngẫu-nhiên cho nên da. i diê.n tốt

ho.n cho U [0, 1]. Trong mô. t số tru.̀o.ng ho.. p chúng cho phép ca’ i tiến hiê.u qua’ t́ınh toán: có

thê’ tăng tốc dô. hô. i tu. dă.c tru.ng cu’a phu.o.ng pháp Monte Carlo là O(1/N1/2) lên dến gà̂n

O(1/N1−?), trong dó N là số diê’m t́ınh toán. Các kỹ thuâ. t gia’m phu.o.ng sai [3] chı’ có thê’

tác dô.ng dến hà̆ng số â’n trong O(N−1/2) chú. không thê’ da.t tó.i bu.́o.c nha’y dài nhu. thế.

Diè̂u dă.c biê.t là các số gia’ -ngẫu-nhiên do các nhà thống kê du.a ra, còn các dãy tu.. a-ngẫu-

nhiên la. i do các nhà số luâ. n. Các công cu. dê’ phát triê’n và phân t́ıch các dãy tu.. a-ngẫu-nhiên

khác hă’ n vó.i phu.o.ng pháp Monte Carlo, v̀ı chúng gà̂n vó.i lý thuyết số và da. i số trù.u tu.o.. ng

ho.n là lý thuyết xác suất và thống kê toán ho.c. Viê.c dô’i co. số, su.’ du. ng các t́ınh chất cu’a số

nguyên tố, các hê. số cu’a da thú.c nguyên thuy’ , v.v. ch́ınh là các khái niê.m cu’a lý thuyết số

[6].

Các dãy tu.. a-ngẫu-nhiên là hoàn toàn xác di.nh, cho nên cà̂n pha’ i có mô. t dô. do su.. phân

tán, tu.o.ng tu.. nhu. phu.o.ng sai cu’a các số ngẫu nhiên. Dó ch́ınh là dô. phân kỳ (Discrepancy).

Các khái niê.m, di.nh lý và cách t́ınh dô. phân kỳ du.o.. c tr̀ınh bày că.n kẽ trong [13] cho nên bài

này không nhắc la. i.

2.2. Dãy van der Corput (vdC)

Dây là dãy số phân bố dè̂u trong khoa’ng (0, 1), do nhà toán ho. c Hà Lan Johannes
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Gualtherus van der Corput, dè̂ xuất vào năm 1935. Dãy số này lấp dà̂y doa.n [0, 1) mô. t

cách diè̂u hoà vó.i dô. phân kỳ nho’ . Có thê’ coi nó là dãy tu.. a-ngẫu-nhiên mô. t chiè̂u quan tro.ng

nhất, de.p nhất, là yếu tố then chốt cu’a nhiè̂u cấu trúc da chiè̂u và là co. so.’ dê’ di tó.i các dãy

tu.. a-ngẫu-nhiên quen thuô.c khác nhu. Halton, Faure và Sobol.

Lấy mô. t số nguyên tố p > 1 làm co. số. Mo. i số nguyên du.o.ng k dè̂u có phép biê’u diẽ̂n

duy nhất theo co. số p

k =
∑

j≥0

aj(k)pj ,

trong dó aj(k) ∈ Fp = {0, 1, 2, ..., p− 1} và aj(k) = 0 khi k khá ló.n, tú.c là tô’ng nói trên hũ.u

ha.n.

Mỗi giá tri. k sẽ du.o.. c ánh xa. vào mô. t diê’m trong [0, 1) bà̆ng cách da’o ngu.o.. c các hê. số

aj(k) và ta.o nên phân số 0, a0a1a2... (trong hê. dếm co. số p). Ch́ınh xác ho.n

ϕp(k) =
∑

j≥1

aj(k)p−j−1, k > 0,

ϕp(k) du.o.. c go. i là hàm ngu.o.. c gốc (radical inverse function). Dãy van der Corput co. số p

ch́ınh là dãy X = {ϕp(0) = 0, ϕp(1), ϕp(2), ϕp(3), ...}.
Trong [14] chúng tôi tr̀ınh bày tı’ mı’ ho.n vè̂ dãy số này.

2.3. Dãy Halton (vô ha.n)

Dãy Halton là su.. mo.’ rô. ng dãy vdC ra không gian nhiè̂u chiè̂u. Dãy Halton chuâ’n s chiè̂u

du.o.. c ghép la. i bo.’ i s dãy vdC mô.t chiè̂u vó.i các co. số nguyên tố khác nhau (thu.̀o.ng là s số

nguyên tố dà̂u tiên). Go. i p1, p2, ..., ps là các số nguyên tố cùng nhau th̀ı dãy Halton s chiè̂u

là dãy vô ha.n X0, X1, ...

Xk = {ϕp1(k), ϕp2(k), ..., ϕps(k)}, ∀k > 0,

trong dó ϕp = vdC(p) = vdCp là dãy van der Corput vó.i co. số p.

Vı́ du. , vó.i p1 = 2 và p2 = 3 th̀ı

ϕ2 = vdC2 = {1/2, 1/4, 3/4, 1/8, 5/8, 3/8, 7/8, 1/16, 9/16, 5/16, 13/16, 3/16...},

ϕ3 = vdC3 = {1/3, 2/3, 1/9, 4/9, 7/9, 2/9, 5/9, 8/9, 1/27, 10/27, 19/27, 4/27...}.

Dãy Halton (2,3) sẽ là

(ϕ2, ϕ3) = {1/2, 1/3), (1/4, 2/3), (3/4, 1/9), (1/8, 4/9), (5/8, 7/9), (3/8, 2/9), (7/8, 5/9),

(1/16, 8/9)...}.
Các giá tri. dà̂u tiên cu’a các dãy thành phà̂n (ϕi) phu. thuô.c lẫn nhau. Su.. phu. thuô. c này

sẽ triê. t tiêu ta. i cuối chu kỳ thú. nhất cu’a mỗi dãy. Kết qua’ quan sát thu.. c tế cho thấy: khi

t́ıch phân nhiè̂u chiè̂u, 150 diê’m Halton tu.o.ng du.o.ng vó.i 500 diê’m gia’ -ngẫu-nhiên. Tuy vâ.y
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số chiè̂u càng cao th̀ı t́ınh dè̂u cu’a dãy Halton càng gia’m. Khi dó ngu.̀o.i ta dùng các dãy pha

trô. n (scrambled sequences) dê’ gia’ i quyết vấn dè̂ này.

Dãy Halton da.t du.o.. c t́ınh dô.c lâ. p tiê.m câ. n thông qua viê.c su.’ du. ng các số nguyên tố khác

nhau trong tù.ng chiè̂u khác nhau.

2.4. Các tâ.p diê’m Hammersley (hũ.u ha.n)

Các tâ. p diê’m Hammersley là su.. ca’ i biên cu’a dãy Halton. Dó là dãy hũ.u ha.n s chiè̂u có

N phà̂n tu.’ cố di.nh du.o.. c di.nh ngh̃ıa gà̂n giống dãy Halton, chı’ khác o.’ chiè̂u dà̂u tiên

Xk = (k/N, ϕp1(k), ϕp2(k), ..., ϕp(s−1)(k)), k = 0, 1, ...,N − 1.

Vı́ du. , vó.i p = 3 và N = 11 th̀ı tâ. p diê’m Hammmersley sẽ là

(k/11, ϕ3) = {(0, 1/3), (1/11, 2/3), (2/11, 1/9), (3/11, 4/9), (4/11, 7/9), (5/11, 2/9), (6/11, 5/9),

(7/11, 8/9), (8/11, 1/27), (9/11, 10/27), (10/11, 19/27)}.

2.5. Dãy Richtmyer {k.α}{k.α}{k.α}

Cho α = (α1, α2, ..., αs) là tâ. p các số vô tı’ và 1, α1, α2, ..., αs dô.c lâ. p tuyến t́ınh. Dãy

{k.α} du.o.. c cho du.́o.i da.ng

Xk = ({k.α1}, {k.α2}, ..., {k.αs}), k > 0,

trong dó {x} biê’u thi. phà̂n thâ.p phân cu’a số x.

Ngu.̀o.i ta thu.̀o.ng cho.n αi là căn cu’a các số nguyên tố. Trong [13] chúng tôi dã cho.n

thu.’ nghiê.m αi là các hà̆ng số toán ho.c quen biết nhu. π, Au (ty’ lê. vàng), e, C (hà̆ng sô

Euler-Mascheroni), G (hà̆ng số Catalan) và thu du.o.. c kết qua’ khá tốt.

2.6. Dãy số VVV

Dãy số V là dãy tu.. a-ngẫu-nhiên du.. a trên các dă’ ng thú.c giũ.a moment mẫu và moment lý

thuyết [12, 13]. Khi cà̂n ta. o ra N diê’m phân bố dè̂u th̀ı tách N thành tô’ng cu’a h số ha.ng

N = K1 + K2 + ... + Kh

sao cho các Ki khác nhau.

Trên doa.n (0, 1) các diê’m cách dè̂u nhau mô. t khoa’ng u; diê’m dà̂u (X1) cách diê’m 0 và

diê’m cuối (XK) cách diê’m 1 mô. t khoa’ng T

X1 = T, X2 = T + u, X3 = T + 2u, ..., XK = T + (K − 1).u = 1 − T,

trong dó T = (1 −
√

K − 1
K + 1

)/2 và u = (1− 2T )/(K − 1) = 1/
√

(K − 1)(K + 1).
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3. CÁC DÃY SÓ̂ SO SÁNH THU
.’ NGHIÊ. M

Co. so.’ dê’ tiến hành so sánh thu.’ nghiê.m là tâ. p dãy thành phà̂n gồm 24 dãy mô. t chiè̂u vó.i

2459 phà̂n tu.’ (2459 là số nguyên tố), trong dó có 5 dãy cách dè̂u (ký hiê.u là a), 12 dãy vdC

(ký hiê.u là b), 5 dãy Richtmyer (ký hiê.u là c) và 2 dãy gia’ -ngẫu-nhiên (ký hiê.u là R). Ký

hiê.u ka, kb, kc, kR là số dãy trong tù.ng nhóm. Mỗi dãy trong tâ. p này du.o.. c kết ho.. p vó.i 23

dãy khác dê’ ta. o thành dãy 2 chiè̂u ds(i, j), 1 ≤ i ≤ 24, 1 ≤ j ≤ 24, i 6= j. Thông thu.̀o.ng

ds(i, j) 6= ds(j, i). Nhu. vâ.y tô’ng cô.ng có 24 × 23 = 552 dãy hai chiè̂u ds(i, j), trong dó có

132 dãy Halton và 24 tâ. p diê’m tu.. a-Hammersley dê’ so sánh.

a) Các dãy cách dè̂u (ka = 5)

{1}: dãy (k − 1)/N.

{2}: dãy (k − 0, 5)/N.

{3}: dãy V1 gồm mô. t doa.n duy nhất N = 2459.

{4}: dãy V2 do 17 doa.n ho.. p thành vó.i dô. dài các doa.n là 141, 59, 265, 35, 89, 79, 32, 38,

46, 264, 33, 83, 279, 50, 28, 841, 97.

{5}: dãy V3 do 22 doa.n ho.. p thành vó.i dô. dài các doa.n là 24, 415, 23, 722, 64, 9, 25, 66,

424, 14, 10, 2, 29, 8, 88, 12, 5, 3, 311, 92, 93, 20.

b) Các dãy số van der Corput (kb = 12)

Tù. {6} dến {17}: các dãy số vdC vó.i co. số là 12 số nguyên tố dà̂u tiên: {2, 3, 5, 7, 11,

13, 17, 19, 23, 29, 31, 37}.

c) Các dãy Richtmyer {k.α}, (kc = 5)

{18}: dãy số {k.α} vó.i α = hà̆ng số Euler = c = 0,577215665.

{19}: dãy số {k.α} vó.i α = e = 2, 718281828.

{20}: dãy số {k.α} vó.i α = π = 3, 141592654.

{21}: dãy số {k.α} vó.i α
√

2 = 1, 414213562.

{22}: dãy số {k.α} vó.i α = ln2 = 0, 693147181.

d) Các dãy số gia’-ngẫu-nhiên R, (kR = 5)

{23},{24}: các dãy số gia’ -ngẫu-nhiên Ri do máy t́ınh ta.o ra bà̆ng hàm Random cu’a Turbo

Pascal. Nhà̆m tăng t́ınh ngẫu nhiên ta dă. t thu’ tu. c Randomize o.’ dà̂u chu.o.ng tr̀ınh dê’ kho.’ i

dô.ng bô. ta.o số vó.i mô. t giá tri. ngẫu nhiên.

4. CÁC TIÊU CHUÂ’N SO SÁNH THU
.’ NGHIÊ. M

Viê.c t́ınh toán thu.’ nghiê.m các dãy tu.. a-ngẫu-nhiên hai chiè̂u ds(i, j) du.o.. c tiến hành theo

5 tiêu chuâ’n du.́o.i dây. Dê’ tiê.n so sánh, mỗi chı’ số dè̂u du.o.. c chia cho giá tri. tu.o.ng ú.ng cu’a

dãy số (1, 6), ký hiê.u là H2, vói X = (k − 1)/N (dãy cách dè̂u) và Y = ϕ2(k) (dãy vdC nhi.
phân). Nhu. vâ.y tất ca’ các chı’ số cu’a ds(1, 6) dè̂u bà̆ng 1.

Trong hê. thú.c trên, nếu thay (k − 1)/N bằng k/N th̀ı ta có dãy Hammersley dà̂u tiên.

Do vâ.y có thê’ go. i ds(1, 6) là dãy tu.. a-Hammersley.
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a) Dô. phân kỳ D

Dây là tiêu ch́ı quan tro.ng nhất dối vó.i các dãy số tu.. a-ngẫu-nhiên. Viê.c t́ınh toán du.. a

vào di.nh ngh̃ıa và các công thú.c quen biết [6, 13].

b) Hê. số tu.o.ng quan tuyến t́ınh R giũ.a các giá tri. x và y

Hê. số này càng nho’ th̀ı chất lu.o.. ng cu’a dãy số càng cao.

c) Phép thu.’ khi b̀ınh phu.o.ng χ2(23, 7)

Ký hiê.u χ2(23, 7) có ngh̃ıa là doa.n [0, 1] trên tru. c X du.o.. c chia thành 23 khoa’ng bà̆ng

nhau, và doa.n [0, 1] trên tru. c Y du.o.. c chia ra làm 7 khoa’ng bằng nhau.

d) Sai số t́ınh t́ıch phân (I)

Các t́ıch phân do.n gia’n thu.̀o.ng dẽ̂ t́ınh toán vó.i dô. ch́ınh xác cao, cho nên khó so sánh.

Ta cho.n mô. t t́ıch phân khá phú.c ta.p tù. dồng nhất thú.c

1/Γ(z) =
e

π

∫ π
2

0

cos(tgT − zT ) cosz−2 TdT,

o.’ trang 151 cu’a [1], trong dó Γ(z) là hàm gamma.

Giá tri. ch́ınh xác cu’a t́ıch phân này là π/(e.Γ(z)), phu. thuô.c z. Các tri. số gà̂n dúng cu’a

t́ıch phân du.o.. c t́ınh bà̆ng phu.o.ng pháp Monte Carlo h̀ınh ho.c [3, 11] vó.i mỗi dãy số ds(i, j)
ta. i 4 giá tri. z sau dây

z1 = 19/11, z2 = 405/91, z3 = 20/9, z4 = 21/4.

e) Sai số t̀ım cu.. c tri. cu’a mô. t hàm số (S)

Trong h̀ınh vuông do.n vi. (0 ≤ x ≤ 1, 0 ≤ y ≤ 1) ta xét hàm số

f(x, y) = 10(x + 0, 2 + |x − 0, 8| − |x − 0, 2|) + |y − 0, 5|.

Theo ([9], trang 31), giá tri. ló.n nhất và nho’ nhất cu’a hàm số này bằng max f(x, y) = 10, 5
và min f(x, y) = 4.

Ta t̀ım các giá tri. cu.. c da. i f max(i, j) và cu.. c tiê’u f min(i, j) cu’a hàm số trên bà̆ng cách

t̀ım kiếm hê. thống [8] vó.i các dãy số ds(i, j) và t́ınh

S(i, j) = |f max(i, j)− max f(x, y)|+ |f min(i, j)− min f(x, y)|

= |f max(i, j)− 10, 5|+ |f min(i, j)− 4|.

Sau dó xếp ha.ng theo S = S(i, j)/S(1, 6) tăng dà̂n.

6. KÉ̂T QUA’ SO SÁNH

Ba’ng 1 ghi 24 dãy có chı’ số tốt nhất và kém nhất theo 2 tiêu chuâ’n dà̂u tiên. Các

giá tri. D∗ (dô. -phân-kỳ-sao) và R (hê. số tu.o.ng quan tuyến t́ınh) có t́ınh dối xú.ng vó.i i và

j : D × (i, j) = D × (j, i) và R(i, j) = R(j, i), cho nên mỗi chı’ số có 552/2 = 276 că.p giá tri.
bà̆ng nhau tù.ng dôi mô. t. Ba’ng 2 ghi 12 dãy có chı’ số tốt nhất và kém nhất theo 3 tiêu chuâ’n

cuối.
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7. TÔ’NG HO
.

. P, NHÂ. N XÉT VÀ KÉ̂T LUÂ. N

Vı̀ các chı’ số dánh dấu phâ’y dè̂u là chı’ số tu.o.ng dối so vó.i dãy số (1,6) = dãy H2, cho

nên ta có thê’ t́ınh chı’ số tô’ng ho.. p bà̆ng cách lấy trung b̀ınh cu’a chúng, trong dó dô. phân kỳ

quan tro.ng nhất có hê. số 2

Z = (2D′ + R′ + 2′ + I ′ + S ′)/6.

Các giá tri. tốt nhất và kém nhất cu’a Z du.o.. c ghi trong hai Ba’ng 3 và 4.

Ba’ng 1. Dô. phân kỳ D∗ và hê. số tu.o.ng quan tuyến t́ınh R

(a = dãy cách dè̂u, b = dãy vdC, bb = dãy Halton),

c = dãy Richtmyer, R = dãy tu. a-ngẫu-nhiên)

D’ =
D*(i,j)/D*H2 ds(i,j) Da.ng R=R(i,j)/RH2 ds(i,j) Da.ng

Thú. tu.. Các giá tri.
tốt nhất

1-2 0,854032 (3,6), (6,3) ab, ba 0,000507 (6,14), (14,6) bb, bb

3-4 0,854060 (2,6), (6,2) ab, ba 0,008410 (7,11), (11,7) bb, bb

5-6 0,904177 (2,21), (21,2) ac, ca 0,009271 (16,22), (22,16) bc, cb

7-8 0,904177 (3,21), (21,3) ac, ca 0,020868 (7,12). (12,7) bb, bb

9-10 0,983451 (1,21), (21,1) ac, ca 0,031526 (7,13). (13,7) bb, bb

11-12 1 (1,6), (6,1) ab, ba 0,047548 (11,20). (20,11) bc, cb

13-14 1,088998 (3,19), (19,3) ac, ca 0,051301 (10,16), (16,10) bb, bb

15-16 1,089015 (2,19), (19,2) ac, ca 0,055610 (8,23), (23,8) bR, Rb

17-18 1,116360 (2,22), (22,2) ac, ca 0,071059 (4,21), (21,4) ac, ca

19-20 1,116366 (3,22), (22,3) ac, ca 0,086286 (7,9), (9,7) bb, bb

21-22 1,214437 (1,19), (19,1) ac, ca 0,098452 (3,18), (18,3) ac, ca

23-24 1,244991 (1,22), (22,1) ac, ca 0,098452 (2,18), (18,2) ac, ca

Thú. tu.. Các giá tri.
kém nhất

23-24 23,141100 (23,24), (24,23) RR, RR 19,622492 (19,24), (24,19) cR, Rc

21-22 26,948091 (19,24), (24,19) cR, Rc 19,881502 (21,24), (24,21) cR, Rc

19-20 30,259581 (4,5), (5,4) aa, aa 23,689223 (17,24), (24,17) bR, Rb

17-18 57,595554 (2,5), (5,2) aa, aa 70,658153 (1,4), (4,1) aa, aa

15-16 57,895560 (3,5), (5,3) aa, aa 70,658153 (2,4), (4,2) aa, aa

13-14 57,975965 (1,5), (5,1) aa, aa 70,658153 (3,4), (4,3) aa, aa

11-12 67,992778 (3,4), (4,3) aa, aa 71,934054 (1,5), (5,1) aa, aa

9-10 67,992787 (2,4), (4,2) aa, aa 71,934054 (3,5), (5,3) aa, aa

7-8 68,012616 (1,4), (4,1) aa, aa 71,934054 (2,5), (5,2) aa, aa

5-6 195,991911 (2,3), (3,2) aa, aa 431,982446 (1,3), (3,1) aa, aa

3-4 196,071551 (1,2), (2,1) aa, aa 431,982446 (1,2), (2,1) aa, aa

1-2 196,071551 (1,3), (3,1) aa, aa 431,982446 (2,3), (3,2) aa, aa
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Ba’ng 2. Giá tri. χ2, sai số t́ıch phân I ′ và sai số t̀ım cu.. c tri. S ′

χ2′ = χ2/χ2H2 ds(i,j) I ′ = I(i, j)/IH2 ds(i,j) S′ = S(i, j)/SH2 ds(i,j)

Thú. tu.. Các giá tri.
tốt nhất

1 0,275707 (14,9) bb 0,180057 (21,1) ca 0,074284 (8,4) ba

2 0,292952 (2,9) ab 0,313200 (22,1) ca 0,087509 (7,8) bb

3 0,292952 (3,9) ab 0,403425 (21,3) ca 0,123449 (21,19) cc

4 0,292952 (1,9) ab 0,403425 (21,2) ca 0,176031 (8,1) ba

5 0,292952 (14,2) ba 0,461154 (17,18) bc 0,180517 (8,3) ba

6 0,292952 (14,3) ba 0,473574 (9,10) bb 0,180517 (8,2) ba

7 0,292952 (14,1) ba 0,476978 (22,2) ca 0,186562 (17,19) bc

8 0,327442 (2,20) ac 0,476978 (22,3) ca 0,238208 (6,5) ba

9 0,327442 (3,20) ac 0,485855 (17,19) bc 0,249297 (15,19) bc

10 0,327442 (1,20) ac 0,489530 (14,7) bb 0,251370 (21,7) cb

11 0,413668 (18,1) ca 0,510910 (19,17) cb 0,274945 (6,15) bc

12 0,430913 (18,2) ca 0,556497 (19,9) cb 0,300666 (19,12) cb

Thú. tu.. Các giá tri.
tù. du.́o.i lên kém nhất

12 570,501285 (1,4) aa 11,399076 (24,23) RR 2,059233 (17,3) ba

11 573,519173 (2,4) aa 12,162913 (24,5) Ra 2,059534 (17,2) ba

10 573,519173 (3,4) aa 13,948491 (4,1) aa 2,064020 (17,1) ba

9 678,869323 (2,5) aa 14,007590 (4,3) aa 2,376522 (16,3) ba

8 678,869323 (3,5) aa 14,007590 (4,2) aa 2,376522 (16,2) ba

7 686,284704 (1,5) aa 15,217713 (2,4) aa 2,376522 (16,1) ba

6 1717,160668 (2,1) aa 15,217713 (3,4) aa 5,538212 (2,1) aa

5 1717,160668 (3,1) aa 15,532020 (1,4) aa 5,538312 (1,2) aa

4 1717,160668 (1,2) aa 15,911344 (5,3) aa 5,538312 (1,3) aa

3 1717,160668 (1,3) aa 15,911344 (5,2) aa 5,538317 (3,1) aa

2 1719,540488 (2,3) aa 15,989001 (5,1) aa 5,542798 (2,3) aa

1 1719,540488 (3,2) aa 41,581399 (1,3) aa 5,542804 (3,2) aa

Ba’ng 3 cho thấy ca’ 24 dãy có chı’ số tô’ng ho.. p tốt nhất dè̂u có mô. t (và chı’ mô. t) thành

phà̂n thuô. c nhóm a. Trong khi dó 20/24 dãy trong ba’ng 4 có da.ng aa. Diè̂u dó có ngh̃ıa là

các dãy cách dè̂u {a} có tà̂m quan tro.ng quyết di.nh. Nếu kết ho.. p dãy này vó.i mô. t dãy vdC

{b} hoă.c mô. t dãy Richtmyer {c} sẽ du.o.. c dãy tu.. a-ngẫu-nhiên hai chiè̂u có dô. phân kỳ thấp.

Nhu.ng nếu kết ho.. p hai dãy cách dè̂u vó.i nhau th̀ı hâ. u qua’ là rất tồi tê. .

Nhâ.n xét thú. hai là, trong số các dãy tốt nhất, ty’ lê. các dãy Halton (da.ng bb, 6 ≤ i, j ≤ 17)

và các dãy tu.. a-Hammersley (1 ≤ i ≤ 2, 6 ≤ j ≤ 17) khá nho’ . Nhu. vâ.y qua thu.’ nghiê.m,

chúng tôi dã t̀ım du.o.. c khá nhiè̂u dãy tu.. a-ngẫu-nhiên mó.i tốt ho.n và sau này có thê’ dùng

chúng trong các thuâ. t toán tu.. a-Monte-Carlo.

Trong 4 ba’ng trên có ghi 108 dãy tốt nhất và 108 dãy kém nhất theo 6 tiêu chuâ’n khác

nhau: 24-24 dãy theo dô. phân kỳ D∗ và hê. số tu.o.ng quan tuyến t́ınh R, 12-12-12 dãy theo

giá tri. χ2, sai số t́ıch phân I và sai số t̀ım cu.. c tri. S, 24 dãy theo chı’ số tô’ng ho.. p Z. Ba’ng

5 du.́o.i dây thống kê các da.ng theo số tuy. ê.t dối (B, D) và ty’ lê. tu.o.ng dối (C, E). Các dãy

da.ng aa, bb, cc,RR không thê’ có 2 thành phà̂n nhu. nhau, cho nên số dãy 2 chiè̂u da.ng này là

kx(kx − 1), trong dó kx là số dãy trong nhóm.
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Ba’ng 3. Các chı’ số tô’ng ho.. p Z tốt nhất

Thú. tu.. Z (i,j) Da.ng Dãy(i) Dãy(j)

1 0,715494 (22,2) ca {k.ln2} (k-0,5)/N

2 0,715496 (22,3) ca {k.ln2] V1

3 0,716177 (21,2) ca {k. } (k-0,5)/N

4 0,716177 (21,3) ca {k. } V1

5 0,718812 (21,1) ca {k. } (k-1)/N

6 0,761364 (22,1) ca {k.ln2} (k-1)/N

7 0,846482 (3,21) ac V1 {k. }
8 0,849953 (19,3) ca {k.e} V1

9 0,849960 (19,2) ca {k.e} (k-0,5)/N

10 0,866995 (2,21) ac (k-0,5)/N {k. }
11 0,892417 (1,21) ac (k-1)/N {k. }
12 0,900775 (6,3) ba vdC(2) V1

13 0,900786 (6,2) ba vdC(2) (k-0,5)/N

14 0,914380 (19,1) ca {k.e} (k-1)/N

15 0,948212 (2,6) ab (k-0,5)/N vdC(2)

16 0,952238 (3,19) ac V1 {k.e}
17 0,952245 (2,19) ac (k-0,5)/N {k.e}
18 0,961210 (6,1) ba vdC(2) (k-1)/N

19 0,968689 (3,6) ab V1 vdC(2)

20 0,973057 (3,22) ac V1 {k.ln2}
21 0,973929 (2,22) ac (k-0,5)/N {k.ln2}
22 1 (1,6) ab (k-1)/N vdC(2)

23 1,016718 (1,19) ac (k-1)/N {k.e}
24 1,038467 (1,22) ac (k-1)/N {k.ln2}

Ba’ng 4. Các chı’ số tô’ng ho.. p Z kém nhất

Thú. tu.. Z (i,j) Da.ng Dãy(i) Dãy(j)

24 18,026256 (5,17) ab V3 vdC(37)

23 19,345818 (11,21) bc vdC(13) {k. }
22 19,772996 (18,17) cb {k.c} vdC(37)

21 19,933728 (24,19) Rc R {k.e}
20 46,157529 (5,4) aa V3 V2

19 49,223779 (4,5) aa V2 V3

18 69,046864 (5,1) aa V3 (k-1)/N

17 69,144894 (5,2) aa V3 (k-0,5)/N

16 69,144896 (5,3) aa V3 V1

15 78,840910 (4,3) aa V2 V1

14 78,840914 (4,2) aa V2 (k-0,5)/N

13 78,880731 (4,1) aa V2 (k-1)/N

12 157,092889 (1,4) aa (k-1)/N V2

11 157,634993 (3,4) aa V1 V2

10 157,634996 (2,4) aa (k-0,5)/N V2

9 173,917215 (2,5) aa (k-0,5)/N V3

8 173,917217 (3,5) aa V1 V3

7 175,466489 (1,5) aa (k-1)/N V3

6 512,969214 (1,3) aa (k-1)/N V1

5 512,969214 (1,2) aa (k-1)/N (k-0,5)/N

4 513,008789 (2,1) aa (k-0,5)/N (k-1)/N

3 513,008790 (3,1) aa V1 (k-1)/N

2 513,419792 (2,3) aa (k-0,5)/N V1

1 513,419793 (3,2) aa V1 (k-0,5)/N
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Ba’ng 5. Thống kê theo da.ng a, b, c, R qua 6 thú. tu.. xếp ha.ng

(**, * = các giá tri. ló.n nhất, nh̀ı trong cô. t)

Da.ng số dãy A số dãy tốt B Ty’ lê. % số dãy kém D Ty’ lê. %
C=100B/6A E=100D/6A

aa 5.(5-1)=20 - - 86 71,67**

ab 5.12=60 9 2,50 1 0,28

ac 5.5=25 24 16,00* - -

aR 5.2=10 - - - -

ba 12.5=60 14 3,89 6 1,67

bb (dãy Halton) 12.(12-1) =132 16 2,02 -

bc 12.5=60 7 1,94 1 0,28

bR 12.2=24 1 0,69 1 0,69

ca 5.5=25 29 19,33** - -

cb 5.12=60 6 1,67 1 0,28

cc 5.(5-1)=20 1 0,83 - -

cR 5.2=10 - - 3 5,00

Ra 2.5=10 - - 1 1,67

Rb 2.12=24 1 0,69 1 0,69

Rc 2.5=10 - - 4 6,67

RR 2.(2-1)=2 - - 3 25,00*

Tô’ng số 552 = 24.(24-1) 108 108

Các ty’ lê. C và E cho ta thấy, da số các dãy tốt có da.ng ca hoă. c ac, tú.c là kết ho.. p giũ.a

mô. t dãy cách dè̂u và mô. t dãy Richtmyer. Còn da số các dãy kém có da.ng aa hoă. c RR (2 dãy

cách dè̂u hoă. c 2 dãy gia’ -ngẫu nhiên kết ho.. p vó.i nhau).
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dapest, 1957.
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