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NHUNG THU NGHIEM TAO CAC DAY TUA-NGAU-NHIEN HAI CHIEU
VU HOAI CHUONG

Vien Cong nghé thong tin, Vién Khoa hoc va Cong nghé Viét Nam

Abstract. Halton/Hammersley sequences, the most well-known and widely used multi-dimensional
quasirandom sequences, are constructed by combining van der Corput sequences with on another or
with k/N sequence. We attempt to generate two-dimensional sequences by combining two simple one-
dimensional sequences (k/N, mid-point, V, van der Corput, Richtmyer, pseudorandom sequences)
and experimentally receive many lowest discrepancy sequences.

Tém tat. Cic day Halton/Hammersley, nhitng day twa-ngau-nhién nhiéu chiéu quen thudc nhat
va théng dung nhat, dige tao thanh bang cdch két hop cdc day van der Corput véi nhau hodic véi
day k/N. Chiing téi thit tao ra cdc day hai chiéu khéc bang cdch két hgp hai day mot chieu don
gian (day k/N, diy trung diém, cic day V, cdc day van der Corput, cdc day Richtmyer, cic day
gid-ngiu-nhién R) v bang thirc nghiém da thu dwge nhieu day tira-ngau-nhién cé6 do phan ky thap
hon.

1. MO PAU

Bai bdo nay md rong [13] sang truomg hop 2 chiéu. Ta st dung 24 day mot chiéu bao
gom 5 day céch déu, 12 day van der Corput (ky hiéu la vdC), 5 day Richtmyer va 2 day
gid-ngau-nhién. Moi day dwoc két hop véi 23 day khac dé tao thanh day 2 chieu ds(i, 7).
Thong thwong ds(i,7) # ds(j,4). Nhw vay c6 24 x 23 = 552 day hai chiéu dwgce khdo sat.
Viéc két hop cac day nao véi nhau dé dat dwroc do phan ky thap nhat 1a van dé c6 y nghia
thire nghiém hon 13 1y thuyét.

Hai day vdC khéc nhau két hop lai thanh mot day Halton 2 chiéu; nhw vay 12 day vdC
tao thanh 12 x 11 = 132 day Halton. Day htru han k/N két hop véi day vdC tao thanh mot
tap diem Hammersley. Hai ddy hitu han (k — 1)/N va (k — 0,5)/N két hop véi 12 day vdC
tao thanh 24 tap diém twa-Hammersley. D6 1a nhitng day twa-ngau-nhién quen thuoc, sé lam
co s& dé so sanh véi cdc day thir nghiém do chiing toi dé xuat.

Céc tinh todn cu thé da cho phép tim dwge mot s6 day twa-ngau-nhién don gidn ma lai
phan bd déu hon cac day Halton va cic tap diém twa-Hammersley néi trén.

Két qud thir nghiém cho thay: cic day twa-ngau-nhién hai chiéu c¢6 do phan ky thap 1a
su két hop cia mot (va chi mot) day cach déu véi mot day twa-ngau-nhién khac. Néu két
hop hai day cach déu véi nhau ta sé thu durge day twa-ngau-nhién hai chiéu rat kém, khong
thé chdp nhan dwoc.
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2. CAC KHAI NIEM CO BAN, CAC NGUYEN TAC CHUNG

2.1. Céc day twa-ngau-nhién

Phwong phdp Monte Carlo 1a phwong phap xdc suat dwra trén viée st dung céc s ngau
nhién (random numbers) hoic gid-ngau-nhién (pseudorandom numbers). Bai bdo dau tién vé
phwong phdp nay 1a ciia N. Metropolis (1915-1999) va S. Ulam (1909-1984), cong b6 nam
1949 ([5]).

Sau d6 chi 2 ndm, ban sao tat dinh cia phwong phdp Monte Carlo ra doi nho cdc nha s6
luan. Tén goi phwong phép twa-Monte-Carlo (quasi-Monte Carlo methods) dwge dung dén
lan dau tién trong mot bdo cdo nghién ciru vao nam 1951 ([7]) cia R. D. Richtmyer (My,
1910- 2003).

Y tudng cia phwong phép twa-Monte-Carlo 13 thay thé cdc day s ngau nhién hogc gid-
ngau-nhién bang cdc day s6 tat dinh (hoan toan khong-ngau-nhién) nhung phan bé rat deéu.
b6 1a cac day twra-ngau-nhién (quasirandom) hodc can-ngau-nhién (subrandom) hay cling
duogc goi 1a cde day c6 dd phan ky thap (low-discrepancy sequences). Khéc biét chi yéu cia
phirong phép twra-Monte-Carlo 1a dirt khoat khong bat chwée tinh ngadu nhién, ma ting do
chinh x4c va gidm thoi gian tinh todn bang cich dic biét chi trong tinh phan bo déu [4, 10].

UGce lwong sai s6 cia phirong phap Monte Carlo ¢6 tinh chat xdc sudt, con cia phwong
phdp twa-Monte-Carlo 1a tat dinh.

Céc day s6 twa-ngau-nhién ddng ké nhat gin lién véi tén cdc nha todn hoc J. van der
Corput (Ha Lan, 1890-1975), J. H. Halton (My), J. M. Hammersley (Anh, 1920-2004), I. M.
Sobol (Nga, 1926- ), H. Niederreiter (Ao, 1944- ), va H. Faure (Phép).

Céc day twa-ngau-nhién phan bd déu hon cdc day gid-ngau-nhién cho nén dai dién tot
hon cho U[0,1]. Trong mot s6 truwedmg hop ching cho phép cai tién hiéu qua tinh toan: c6
thé tang téc do hoi tu dic trung cia phwong phap Monte Carlo 1a O(1/N'/?) lén dén gin
O(1/N'="), trong dé N la s6 diém tinh todn. Céc ky thuat gidm phwong sai [3] chi ¢6 thé
tac dong dén hing s6 4n trong O(N~/2) chir khong thé dat téi buwde nhay dai nhwr thé.

bieu dac biét 1a cdc sO gid-ngau-nhién do cdc nha théng ké dira ra, con céc day tira-ngau-
nhién lai do céc nha s6 luan. Céc cong cu dé phét trién va phan tich céc day tira-ngau-nhién
khéc han véi phirong phap Monte Carlo, vi chiing gan véi 1y thuyét s6 va dai s6 triru tiwrong
hon 1a 1y thuyét xdc suat va thong ké toan hoc. Viée doi co s6, sir dung cac tinh chit cla s6
nguyeén t6, cdc hé s6 cia da thirc nguyén thuy, v.v. chinh 13 cic khai niém cia ly thuyét so
[6].

Céc day twa-ngau-nhién 1a hoan toan xdc dinh, cho nén can phai c6 mot do do sw phan
tdn, twrong tw nhuw phwong sai cia cdc sé ngau nhién. D6 chinh 14 do phan ky (Discrepancy).
Céc khai niém, dinh ly va cach tinh dd phan ky dwoc trinh bay can ké trong [13] cho nén bai

nay khong nhéc lai.
2.2. Day van der Corput (vdC)

bay 1a day s6 phan bo déu trong khoang (0,1), do nha todn hoc Ha Lan Johannes
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Gualtherus van der Corput, dé xudt vao ndm 1935. Day s6 nay lap day doan [0,1) mot
cach dieu hoa véi do phan ky nhd. Cé thé coi né la day tira-ngau-nhién mot chiéu quan trong
nhét, dep nhit, 1a yéu t6 then chdt ciia nhiéu cau tric da chieu va la co s dé di téi cac day
twa-ngau-nhién quen thudc khéc nhw Halton, Faure va Sobol.

Lay mot s6 nguyén t6 p > 1 lam co s6. Moi s6 nguyén dwong k déu c6 phép biéu dién
duy nhat theo co s6 p

k=Y a;(k)p,
Jj=20

trong dé aj(k) € F, = {0,1,2,...,p— 1} va a;(k) = 0 khi k kha 16n, titc 1a tong ndi trén hiru
han.

Méi gi4 tri k sé dwoce anh xa vao mot diém trong [0, 1) bang cdch ddo nguroc cic hé s6
a;j(k) va tao nén phan sé 0, apaias... (trong hé dém co s6 p). Chinh xéc hon

pp(k) = a;(k)p~~", k>0,
Jj=>1

op(k) duge goi 1a ham nguoce goe (radical inverse function). Day van der Corput co s6 p

chitth 1y day X = {2,(0) = 0, (1), £(2), 0p(3),...).
Trong [14] ching t6i trinh bay ti mi hon vé day sé nay.

2.3. Day Halton (v6 han)

Day Halton 1a st mé rong day vdC ra khong gian nhiéu chiéu. Day Halton chuan s chieu
duwogce ghép lai bdi s day vdC mot chiéu véi cée co s6 nguyén t6 khéc nhau (thuomg 1a s s6
nguyén t6 dau tién). Goi py, pa, ..., ps 14 cac s6 nguyén t6 cing nhau thi day Halton s chiéu
la day vo han X, X7, ...

X = {90101(]{:)7 SDPQ(k)v ceey SDPS(k)}v vk > 0,

trong d6 ¢, = vdC(p) = vdC), 1a day van der Corput véi co s6 p.
Vi du, véi py = 2 va pg = 3 thi

@2 = vdCy = {1/2,1/4,3/4,1/8,5/8,3/8,7/8,1/16,9/16,5/16,13/16,3/16...},

03 = vdCs = {1/3,2/3,1/9,4/9,7/9,2/9,5/9,8/9,1/27,10/27,19/27,4/27...}.

Day Halton (2,3) sé la

(02, 03) = {1/2,1/3),(1/4,2/3),(3/4,1/9),(1/8,4/9), (5/8,7/9), (3/8,2/9),(7/8,5/9),

(1/16,8/9)...}.

Céc gid tri dau tién cia cac day thanh phan (¢;) phu thuoc lan nhau. Sw phu thudc nay

sé triét tiéu tai cudi chu ky thit nhat cia moi day. Két qua quan sét thire té cho thay: khi
tich phan nhiéu chiéu, 150 diém Halton tiwrong dwong véi 500 diém gid-ngau-nhién. Tuy vay
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s6 chiéu cang cao thi tinh déu cia day Halton cang gidm. Khi d6 ngudi ta dung cdc day pha
tron (scrambled sequences) dé gidi quyét van dé nay.
Day Halton dat dwoc tinh doc 1ap tiém can thong qua viée sir dung cdc s6 nguyeén t6 khac

nhau trong tirng chiéu khic nhau.
2.4. C4c tap diém Hammersley (hiru han)

Céc tap diem Hammersley 1a sw cai bién cia day Halton. Dé 1a day hiru han s chiéu cé

N phan tir ¢d dinh dwge dinh nghia gan giong day Halton, chi khdc & chiéu dau tién
X = (k/Nv @pl(k’i)v (10;172(k)7 ) (pp(s—l)(k))v k= 0,1,..., N—1.

Vi du, véi p=3 va N = 11 thi tap diém Hammmersley sé 1a

(k/11,¢3) = {(0,1/3),(1/11,2/3),(2/11,1/9),(3/11,4/9),(4/11,7/9),(5/11,2/9), (6/11,5/9),

(7/11,8/9), (8/11,1/27), (9/11,10/27), (10/11,19/27)}.
2.5. Day Richtmyer {k.a}

Cho a = (a1, s, ...,as) 1a tap cdc s6 vo t1 va 1, aq, ag, ..., as doc 1ap tuyén tinh. Day
{k.a} dwgce cho dudi dang

X = ({k.aa}, {k.as}, ..., {k.as}), k>0,

trong d6 {z} bicu thi phan thap phéan cia s6 .

Nguoi ta thuomg chon «; 1a cén cia céc s6 nguyén t6. Trong [13] ching toi da chon
thir nghiém «; 1a cdc hang s6 todn hoc quen biét nhw 7, Au (ty 1é vang), e, C' (hang so6
Euler-Mascheroni), G (hing s6 Catalan) va thu duwgc két qua khé tét.

2.6. Day s6 V

Day s6 V la day twa-ngau-nhién dira trén cdc dang thitc gitra moment mau va moment ly
thuyét [12,13]. Khi can tao ra N diém phan bd déu thi tdch N thanh tong ctia h s6 hang

N=Ki+Ko+..+ K,

sao cho cac K; khac nhau.
Trén doan (0, 1) cdc diém cach déu nhau mot khodng u; diem dau (X;) cach diém 0 va

diém cudi (Xg) cich diem 1 mot khodng T

X1 =T, Xo=T+u,Xs=T+2u,.. Xx =T+ (K —1)u=1-T,

trong d6 T = (1 — g—:)m viou=(1—2T)/(K - 1) = 1/ [R =K +1).
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3. CAC DAY SO SO SANH THU NGHIEM

Co s& dé tién hanh so sanh thir nghiém 1 tap day thanh phan gom 24 day mot chieu véi
2459 phan tir (2459 1a s6 nguyén t3), trong d6 ¢6 5 day cach déu (ky hiéu 1a a), 12 day vdC
(ky hiéu 1a b), 5 day Richtmyer (ky hiéu 1a ¢) va 2 day gid-ngau-nhién (ky hic¢u la R). Ky
hiéu kg, kp, ke, kg 13 s6 day trong tirng nhém. Moi day trong tap nay dwoc két hop véi 23
day khac dé tao thanh day 2 chieu ds(i,j),1 < i < 24, 1 < j < 24, i # j. Thong thwong
ds(i,j) # ds(j,i). Nhw vay tong cong cé 24 x 23 = 552 day hai chieu ds(i, j), trong dé c6
132 day Halton va 24 tap diém twa-Hammersley dé so sanh.

a) Cdc day cdch déu (kg = 5)

{1}: day (k—1)/N.

{2}: day (k—0,5)/N.

{3}: day V4 gom mot doan duy nhat N = 2459.

{4}: day V5 do 17 doan hop thanh véi do dai cac doan la 141, 59, 265, 35, 89, 79, 32, 38,
46, 264, 33, 83, 279, 50, 28, 841, 97.

{5}: day V3 do 22 doan hop thanh véi do dai cdc doan la 24, 415, 23, 722, 64, 9, 25, 66,
424, 14, 10, 2, 29, 8, 88, 12, 5. 3, 311, 92, 93, 20.

b) Cdc day so van der Corput (ky = 12)

T {6} dén {17}: céc day s6 vdC véi co s6 1a 12 s6 nguyén t6 dau tien: {2, 3, 5, 7, 11,
13, 17, 19, 23, 29, 31, 37}.

c) Cac day Richtmyer {k.a}, (k.= 5)

{18}: day s6 {k.a} v6i a = hiang s6 Euler = ¢ = 0,577215665.

{19}: day s6 {k.a} v6i a = e = 2,718281828.

{20}: day s6 {k.a} v6i a = 7 = 3,141592654.

{21}: day s6 {k.a} v6i av2 = 1,414213562.

{22}: day s6 {k.a} v6i a =1n2 = 0,693147181.

d) Cdc day sé gid-ngau-nhién R, (kg =5)

{23},{24}: c4c day s6 gid-ngau-nhién R; do may tinh tao ra bang ham Random ctia Turbo

Pascal. Nham tiang tinh ngau nhién ta dit thi tuc Randomize & dau chwong trinh dé khdi

dong bo tao s6 véi mot gid tri ngau nhién.

4. CAC TIEU CHUAN SO SANH THU NGHIEM

Viéc tinh todn thir nghiém cdc day tiwra-ngau-nhién hai chiéu ds(z, j) dwoc tién hanh theo
5 tiéu chuan dudi day. Dé tién so sanh, moi chi s6 déu dwrgc chia cho gid tri twong tng cta
day s6 (1,6), ky hiéu 1a Hy, véi X = (k—1)/N (day cdch déu) va' Y = ¢y(k) (day vdC nhi
phan). Nhw vay tat ca céc chi s6 cia ds(1,6) déu bang 1.

Trong hé thitc trén, néu thay (k — 1)/N bang k/N thi ta ¢ day Hammersley dau tién.
Do vay cé thé goi ds(1,6) 1a day twa-Hammersley.
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a) Do phan ky D

Day 13 tiéu chi quan trong nhat ddi véi cdc day s6 twa-ngau-nhién. Viéc tinh toan dua
vao dinh nghia va cdc cong thitc quen biét [6, 13].
b) Hé s6 twong quan tuyén tinh R gitta cdc gid tri z va y

Hé s6 nay cang nhd thi chat lwong cia day so cang cao.
c) Phép thit khi binh phwrong x2(23,7)

Ky hiéu x?(23,7) c¢6 nghia la doan [0, 1] trén truc X dwgc chia thanh 23 khodng bang
nhau, va doan [0, 1] trén truc Y dwoc chia ra lam 7 khodng bang nhau.
d) Sai so tinh tich phan (1)

Céc tich phan don gidn thuwong dé tinh todn véi do chinh xdc cao, cho nén khé so sdnh.
Ta chon mot tich phan khé phitc tap tir dong nhat thirc

1/T(z) = %/2 cos(tgT — 2T) cos* 2 TdT,
0

& trang 151 cua [1], trong d6 I'(z) 1a ham gamma.

Gid tri chinh xdc cda tich phan nay 1a 7/(e.I'(z)), phu thuoc z. Céc tri s6 gan ding cia
tich phan dwoc tinh bang phwong phdp Monte Carlo hinh hoc [3, 11] v&i moi day s6 ds(i, )
tai 4 gia tri z sau day

2 =19/11, 2y = 405/91, 23 = 20/9, z4 = 21/4.

e) Sai s6 tim cuc tri cia mot ham sé (S)

Trong hinh vuéng don vi (0 <z <1, 0 <y < 1) ta xét ham sd

f(:an) = 10($+072+ |$_078| - |$_072|)+ |y_075|

Theo ([9], trang 31), gid tri 16n nhat va nhd nhat cia ham s6 nay bang max f(x,y) = 10,5
va min f(z,y) = 4.

Ta tim cac gia tri cuc dai f max(i, j) va cuc tiéu f min(4, j) clia ham s6 trén bang cach
tim kiém hé thong [8] vdi céc day s6 ds(i, j) va tinh

5(i,j) = | fmax(i, j) — max f(z,y)[ + | f min(é, j) — min f(z, y)
= |f max(i, j) — 10, 5[ + | f min(¢, j) — 4].

Sau d6 xép hang theo S = S(i,5)/5(1,6) tang dan.

6. KET QUA SO SANH

Bang 1 ghi 24 day c6 chi s§ tot nhat va kém nhat theo 2 tiéu chuan dau tién. Cac
gid tri Dx (do-phan-ky-sao) va R (hé s0 twong quan tuyén tinh) c6 tinh ddi ximg véi i va
j:D x(i,5) = D x (j,i) vd R(i,5) = R(j,1), cho nén moi chi s6 ¢6 552/2 = 276 cap gid tri
bang nhau tirng d6i mot. Bang 2 ghi 12 day c6 chi s6 tt nhat va kém nhat theo 3 tiéu chuan

AN
Cuol.
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Vi cic chi s6 ddnh dau phay déu la chi s6 twong d6i so véi day s6 (1,6) = day H2, cho
nén ta cé thé tinh chi sé tong hop bang cach 14y trung binh cia chiing, trong d6 A6 phan ky

VU HOAI CHUONG

7. TONG HOP, NHAN XET VA KET LUAN

quan trong nhat c¢é hé so 2

Z=02D +R +2' +1'+ 9)/6.

Céc gia tri tot nhat va kém nhat cia Z dwogce ghi trong hai Bang 3 va 4.

Bdng 1. Do phan ki Dx* va hé s6 twong quan tuyén tinh R
(a = day céch déu, b = day vdC, bb = day Halton),
¢ = day Richtmyer, R = day tua-ngau-nhién)

D =

D*(i,j)/D*H2 | ds(i,j) Dang R=R(i,j)/RH2 | ds(i,j) Dang
Thir ty | Céc gia tri

t6t nhat
1-2 0,854032 (3.6, (6,3) ab, ba | 0,000507 (6,14), (14,6) | bb, bb
34 0,854060 (2,6), (6,2) ab, ba | 0,008410 (7.11), (11,7) | bb, bb
56 0,904177 (2,21), (21,2) | ac, ca | 0,000271 (16,22), (22,16) | bc, cb
78 0,904177 (3.21), (21,3) | ac, ca | 0,020868 (7.12). (12,7) | bb, bb
910 0,983451 (1,21), (21,1) | ac, ca | 0,031526 (7,13). (13,7) | bb, bb
iz |1 (1,6), (6,1) ab, ba | 0,047543 (11,20). (20,11) | bc, cb
13-14 | 1,088998 (3,19, (19,3) | ac, ca | 0,051301 (10,16), (16,10) | bb, bb
15-16 1,089015 (2,19), (19,2) ac, ca 0,055610 (8,23), (23,8) bR, Rb
17-18 | 1,116360 (2,22), (22,2) | ac, ca | 0,071059 (4,21), (21,4) | ac, ca
1920 | 1,116366 (3.22), (22,3) | ac, ca | 0,086286 (7,9), (0.7) bb, bb
2122 | 1,214437 (1,19), (19,1) | ac, ca | 0,008452 (3,18), (18,3) | ac, ca
2324 | 1,244991 (1,22), (22,1) | ac, ca | 0,008452 (2,18), (18,2) | ac, ca
Thir ty | Céac gia tri

kém nhéat
23-24 23,141100 (23,24), (24,23) | RR, RR | 19,622492 (19,24), (24,19) | cR, Rc
21-22 26,948091 (19,24), (24,19) | cR, Rc 19,881502 (21,24), (24,21) | cR, Rc
1920 | 30,250581 (45, (5.4) an, aa | 23,680223 (17,24), (24,17) | bR, Rb
17-18 57,595554 (2,5), (5,2) aa, aa 70,658153 (1,4), (4,1) aa, aa
15-16 | 57,805560 (3,5), (5,3) an, aa | 70,658153 (2,4), (4.2) as, aa
13-14 | 57,075965 (1,5), (5,1) an, aa | 70,658153 (3,4), (4,3) aa, aa
11-12 67,992778 (3,4), (4,3) aa, aa 71,934054 (1,5), (5,1) aa, aa
9-10 67,002787 (2,4), (4.2) an, aa | 71,934054 (3,5, (5,3) aa, aa
7-8 68,012616 (1,4), (4,1) aa, aa 71,934054 (2,5), (5,2) aa, aa
5-6 195,991911 (2,3), (3,2) aa, aa 431,982446 (1,3), (3,1) aa, aa
34 196,071551 (1,2), (2,1) an, aa | 431,082446 (1,2), (2,1) aa, aa
12 196,071551 (1,3), (3,1) an, aa | 431,082446 (2,3), (3.2) aa, aa
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Bdng 2. Gia tri x?

. ~ ’ A N . \ .
, sai sO tich phan I’ va sai s6 tim cue tri S
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X2 = XQ/X2H2 dS(i,j) I'= I(ivj)/IHQ ds(ivj) S = S(Zvj)/SHQ dS(i,j)
Thit tu Cac gia tri

t6t nhat
1 0,275707 (14,9) bb | 0,180057 (21,1) ca 0,074284 (8,4) ba
2 0,292952 (2,9) ab 0,313200 (22,1) ca 0,087509 (7,8) bb
3 0,292952 (3,9) ab 0,403425 (21,3) ca 0,123449 (21,19) cc
4 0,292952 (1,9) ab 0,403425 (21,2) ca 0,176031 (8,1) ba
5 0,292952 (14,2) ba | 0,461154 (17, 18) 0,180517 (8,3) ba
6 0,292952 (14,3) ba | 0,473574 (9,10) b 0,180517 (8,2) ba
7 0,292952 (14,1) ba | 0,476978 (22,2) ca 0,186562 (17,19) be
8 0,327442 (2,20) ac | 0,476978 (22,3) ca 0,238208 (6,5) ba
9 0,327442 (3,20) ac | 0,485855 (17, 19) 0,249297 (15,19) be
10 0,327442 (1,20) ac | 0,489530 (14,7) b 0,251370 (21,7) cb
11 0,413668 (18,1) ca | 0,510910 (19, 17) 0,274945 (6,15) be
12 0,430913 (18,2) ca | 0,556497 (19,9) cb 0,300666 (19,12) cb
Thit tu Cac gia tri
tir dudi 1én | kém nhat
12 570,501285 (1,4) aa 11,399076 (24,23) RR | 2,059233 (17,3) ba
11 573,519173 (2,4) aa 12,162913 (24,5) Ra 2,059534 (17,2) ba
10 573,519173 (3,4) aa 13,948491 (4,1) aa 2,064020 (17,1) ba
9 678,869323 (2,5) aa 14,007590 (4,3) aa 2,376522 (16,3) ba
8 678,869323 (3,5) aa 14,007590 (4,2) aa 2,376522 (16,2) ba
7 686,284704 (1,5) aa 15,217713 (2,4) aa 2,376522 (16,1) ba
6 1717,160668 (2,1) aa 15,217713 (3,4) aa 5,538212 (2,1) aa
5 1717,160668 (3,1) aa 15,532020 (1,4) aa 5,538312 (1,2) aa
4 1717,160668 (1,2) aa 15,911344 (5,3) aa 5,538312 (1,3) aa
3 1717,160668 (1,3) aa 15,911344 (5,2) aa 5,538317 (3,1) aa
2 1719,540488 (2,3) aa 15,989001 (5,1) aa 5,542798 (2,3) aa
1 1719,540488 (3,2) aa 41,581399 (1,3) aa 5,542804 (3,2) aa

Bang 3 cho thay ca 24 day cé chi s6 tong hop t6t nhat deu c6 mot (va chi mot) thanh
phan thudc nhém a. Trong khi d6 20/24 day trong bang 4 c¢6 dang aa. Piéu db c6 nghia la
cac day cdch déu {a} c6 tam quan trong quyét dinh. Néu két hop day nay véi mot day vdC
{b} hodc mot day Richtmyer {c} sé dwge day twra-ngau-nhién hai chiéu c¢6 do phan ky thap.
Nhung néu két hop hai day céch déu véi nhau thi hau qua la rat toi té.

Nhén xét thit hai 14, trong s6 cdc day t6t nhat, ty 16 cdc day Halton (dang bb, 6 < 7, j < 17)
va cde day twa-Hammersley (1 < i < 2, 6 < j < 17) khd nhd. Nhu vay qua thir nghiém,
chiing t6i da tim dwoc khd nhiéu day twa-ngau-nhién méi tot hon va sau nay cé thé ding

ching trong cac thuat toan twra-Monte-Carlo.

Trong 4 bang trén cé ghi 108 day tot nhat va 108 day kém nhét theo 6 tiéu chuan khac
nhau: 24-24 day theo do phan ky D* va hé s6 twong quan tuyén tinh R, 12-12-12 day theo
gid tri x2, sai s6 tich phan I va sai s6 tim cuc tri S, 24 day theo chi s6 tong hop Z. Bang
5 dwéi day thong ke cdc dang theo s6 tuyét doi (B, D) va ty 1é twong doi (C, E). Céc day
dang aa, bb, cc, RR khong thé c¢é 2 thanh phan nhw nhau, cho nén sé day 2 chiéu dang nay la

ky(ky — 1), trong d6 k, 14 s6 day trong nhom.
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Bdng 3. Céc chi s6 tong hop Z tot nhat

Thit tu | Z (i,j) Dang | Day(i) Day(j)

1 0,715494 | (22,2) | ca kn2} | (k0,5)/N
2 0,715496 | (22,3) | ca {kIn2] V1

3 0,716177 | (21,2) | ca k1 (k-0,5)/N
1 0,716177 | (21,3) | ca k) V1

5 0,718812 | (21,1) | ca k) (k1)/N
6 0,761364 | (22,1) | ca (k2] | (k1)/N
7 0,846482 | (3,21) | ac V1 &

8 0,849953 | (19,3) | ca {k.e} V1

9 0,849960 | (19,2) | ca (ke (k-0,5)/N
10 0,866995 | (2,21) | ac (k0,5)/N | {k }

11 0,892417 | (1,21) | ac k1)/N | {k }

12 0,900775 | (6,3) ba vdC(2) V1

13 0,900786 | (6,2) | ba | vdC(2) | (k0,5)/N
14 0,914380 | (19,1) | ca Tke} (k-1)/N
15 0,948212 | (2,6) | ab (k0,5)/N | vdC(2)
16 0,952238 | (3,19) | ac V1 kel

17 0,952245 | (2,19) | ac (k0,5)/N | {ke}

18 0,961210 | (6,1) | ba | vdC(2) | (k1)/N
19 0,968689 | (3,6) ab V1 vdC(2)
20 0,973057 | (3,22) | ac V1 {k.In2}
21 0,973929 | (2,22) | ac (k0,5)/N | {k.In2}
22 1 (1,6) | ab (k-1)/N vdC(2)
23 1,016718 | (1,19) | ac (k1)/N | {ke}

24 1,038467 | (1,22) | ac (k1)/N | {kn2}

Bdng 4. Céac chi s6 tong hop Z kém nhat

Thtt tu | Z (i,j) Dang | Day(i) Day(j

24 18,026256 | (5,17) | ab | V3 vdC(37)
23 19,345818 | (11,21) | be vdC(13) | 1k }

22 19,772996 | (18,17) | cb (ko) vdC(37)
21 19,933728 | (24,19) | Re | R kel

20 46,157529 (5,4) aa V3 V2

19 10223779 | (45) | aa | V2 V3

18 60,046864 | (5,1) | aa | V3 (k1)/N
17 69,144804 | (5,2) | aa V3 (k-0,5)/N
16 69,144896 (5,3) aa V3 V1

15 78,840910 (4,3) aa V2 V1

14 78,840014 | (4,2) | aa V2 (k0,5)/N
13 78,8%0731 | (4,1) | aa | V2 (k-1)/N
12 157,002880 | (1,4) | aa k1)/N | V2

11 157,634993 | (3,4) aa V1 V2

10 157,634996 | (2,4) | aa (k0,5)/N | V2

9 173,017215 | (2,5) | aa (k0,5)/N | V3

8 173,917217 | (3,5) aa V1 V3

7 175,466489 | (1,5) |aa | (=1)/N | V3

6 512,060214 | (1,3) | aa (k1)/N | V1

5 512,060214 | (1,2) | aa (k1)/N | (k0,5)/N
1 513,008780 | (2,1) | aa | (k0,5)/N | (k1)/N

3 513,008790 | (3,1) | aa | V1 (k-1)/N

2 513,419792 | (2,3) | aa (k-0,5)/N | V1

1 513,419793 | (3,2) | aa | V1 (k-0,5)/N
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Bdng 5. Thong ké theo dang a, b, ¢, R qua 6 thit tir xép hang

(**, * = céc gid tri 16n nhat, nhi trong cot)

Dang s6 day A s6 day t6t B Ty lé % s6 day kém D | Ty 18 %
C=100B/6A E=100D/6A

aa 5(-1)=20 | - 5 86 71,67

ab 5.12=60 9 2,50 1 0,28

ac 5.5=25 24 16,00* - -

aR 5.2=10 - - - -

ba 12.5=60 14 3,89 6 1,67

bb (day Halton) | 12.(12-1) =132 | 16 2,02 :

be 12.5=60 7 1,04 1 0.28

bR 12.2=24 1 0,69 1 0,69

ca 5.5=25 29 19,33** - -

cb 5.12=60 6 1,67 1 0,28

cc 5.(5-1)=20 1 0,83 - -

cR 5.2=10 - - 3 5,00

Ra 2.5=10 - - 1 1,67

Rb 2.12=24 1 0,69 1 0,69

Re 2.5=10 - - 4 6,67

RR 2.(2-1)=2 5 5 3 25,007

Tdng 55 | 552 —24.(241) | 108 108

Céc ty 1é C' va E cho ta thdy, da s6 cdc day tot c6 dang ca hoic ac, tirc 14 két hop gitra

mot day cdch déu va mot day Richtmyer. Con da s6 céc day kém c6 dang aa hodc RR (2 day

cach déu hodc 2 day gid-ngau nhién két hop véi nhau).
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