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Abstract. The report proposes the concept of positive boolean dependency in the database model
of block form, proving equivalent theorem of three derived types, necessary and sufficient criteria of
the derived type, the member problem... In addition, some properties related to this concept in the
case of block r degenerated into relation are also expressed and demonstrated here.
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1. THE DATABASE MODEL OF BLOCK FORM

1.1. The block, slice of the block

Definition 1.1 ([1]) Let R = (id; A1, A, ..., Ay) be a finite set of elements, where id is
non-empty finite index set, A; (i = 1...n) is the attribute. Each attribute 4; (i =1...n)
there is a corresponding value domain dom (A4;). A block r on R, denoting r(R) consists of
a finite number of elements that each element is a family of mappings from the index set id
to the value domain of the attributes 4; (i =1...n).
ter(R) e t={t:id — dom(A4;)}

i=1..n"

The block denotes r(R) or r(id; Ay, As, ..., A,), sometimes without fear of confusion it
simply denotes 7.

Definition 1.2 ([1]) Let R = (id; A1, Aa, ..., Ay), 7(R) is a block over R. For each = €
id, r(R,) denotes a block with R, = ({z}; A1, Ag,..., Ay), such is:
ter(R), t ={t":id — dom(4;)}

i=1..n? i=1...n>

te €7(Ry) & t, = {tL =1 }

where ti(z) = t'(z), i =1...n.
Then r(R;) is called a slice of block r(R) at point x.
1.2. Functional dependencies

Here for simplicity, the following notation is used:
@ (z €id, i =1...n) is called an index attribute of the block.
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Definition 1.3 ([1]) Let R = (id; A1, A, ..., Ay), #(R) is a block over R, X,Y C U id®,
X—Y is a notation of functional dependency. A block r satisfies X — Y if for any tl, tg er
such is t1(X) = to(X) then t1(Y) = t2(Y).

Definition 1.4 ([3])
Let R = (id; Ay, Ag, ..., Ay), F is the set of functional dependencies over R. Then, the
closure of F denoting F'T is defined as follows:

Ft={X->Y|F=X->Y}

If X = {z(™} C id™, Y = {y®} C id® then functional dependency X — Y denotes
simply (™) — y(#).
The block 7 satisfies (™ — y*) if for any t1, to € r such is t1(x(™) = to(2("™)) then
t1(y®) = to(y*®), where:
t1(z(™) =t1(2; Ap), t2(2™) = ta(5 Ap),

t1(y®)) =t1(y; Ap), t2(y™) = ta(y; Ap).

Let R = (id; Ay, Ag, ..., Ay), the subsets of functional dependency over R denote:

Fp={X->YX=J29v=)2D 4BC{1,2,...,n} and z € id},
i€A JjEB

Fy, =F =
hx h CJ ()
i=1

n
X%YG&WYQU&%.
=1

Let R = (id; A1, Aa, ..., Ay), F is the set of functional dependencies over R. Then a = (R, F)
is called a block scheme, if ' = () then the notation R is used.
ay = (Ry, F;) is called a slice scheme at point z, F, = F’ L,LJ . if F, = () then the notation
i=1

R, is used.

Definition 1.5 ([3]) Let block scheme a = (R, F},), R = (id; Ay, Aa,...., Ay), then Fj is
called the complete set of functional dependencies over R if F}, is the same for all z € id.

A more specific way:
F},, is the same for all x € id, i.e. Yo,y €id: M — N € F, & M' — N' € Fl,y with M,
N’, respectively formed from M, N by replacing = by v.

1.3. Closure of the index sets attributes

Definition 1.6 ([4]) Let block scheme a = (R, F'), R = (id; A1, Aa, ..., Ap), F is a set of
functional dependencies over R.
n .
For each X C [J id®, it is to define the closure of X for F denoting X+ as follows:
i=1

Xt={zW zecid, i=1...nX -2 e Fr}.
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n .
The set of all subsets of | J id)] denotes a subset (
i=1 i
n

Let ®, & C SubSet (| id®?) and M, P € SubSet

=1 7

id®).

ICs

id®), then operations @ on the

e

n

SubSet (| id®) is defined as follows:
i=1
M@®P=MP, (MP=MUP),
MaeR={MX|X R},
RESI={XY|X eR, Y €S}.

1.4. Key of the block scheme a = (R, F)

Definition 1.7 ([4]) Let block scheme a = (R, F'), R = (id; A1, Aa, ..., Ay), F is a set of

n .
functional dependencies over R,K C | id®. K called a key of block schema « if it satisfies
i=1
two conditions:

a) K—z(i)e Ft,Vxeid,i=1...n.
b) VK’ C K then K’ has no properties a).
If K is a key and K C K” then K" called a super key of block scheme R for F.

2. BOOLEAN FORMULAS

2.1. Boolean formula

Definition 2.1 ([2]) Let U = {x1,22,...,2,} be a finite set of Boolean variables, B is
Boolean value set, B = {0,1}. Then the Boolean formulas, also known as logic formulas are
constructed as follows:

(i) Each value 0/1 in B is a Boolean formula.

(ii) Each variable taking the value of U is a Boolean formula.

(iii) If a is a Boolean formula, then (a) is a Boolean formula.

(iv) If a and b are the Boolean formulas, then a A b, ~a and a — b is a Boolean formula.
)

(v) Only the formula created by the rules from (i) - (iv) is Boolean formula.

L(U) denotes the set of Boolean formulas built on a set of variables U.

Definition 2.2 ([2]) Each vector of the elements 0/1, v = {v1,v2,...,v,} in the space
B" = B x B x...x B is called a value assignment. Thus, with each Boolean formula
fe LU), it yields f(v) = f(vi,v2,...,vy) as the value of the formula f for value assignment
v.

In case of confusion, it is understood that the symbols X performances are for the following
subjects:

- A set of the attributes in U.

- A set of the logical variables in U.

- A Boolean formula is a logical association of the variables in X.
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On the other hand, if X = {By, Ba,..., B} C U, it denotes:
AX = B1A B2A ... A By, and called the opportunity form.

VX = B1V BaV ... V B, and called the recruitment form.
The formula f : Z — V is called as:

- Derived formula if Z and V have the opportunity form, i.e. f: AZ — AV.

Strong derived formula if Z have the recruitment form and V' have the opportunity form:

f:VvZ = AV.

- Weak derived formula if Z have the opportunity form and V have the recruitment form:

FiAZ = V.

Duality derived formula if Z and V have the recruitment form:

f:VvZ = VvV

For every finite set of Boolean formula F' = {f1, fa,..., fm} in L(U), F is seen as a formula
F=fiNfaA...A fin. Then it results in:

F(v) = fi(v) A fa(0) Ao A f ().

2.2. Value table and truth table

For each formula f on U, the value table of f, denoting Vy contains 1 4 1 column, with n the first
column contains the values of the variables in U, and the last column contains the value of f for each
value assignment of the respective line. Thus, the value table contains 2" line, n is the number of
elements of U.

Definition 2.3 ([2]) Truth table of f, denoting Ty is the set of value assignment v such
that f(v) takes the value 1:
Ty ={veB"|f(v)=1}

Also, truth table Tr of a finite set of formulas F' on U, is the intersection of the truth
table of each member formulas in F'.

Tp = () Ty.
fer

Yields: v € Tp if and only if Vf € F': f(v) = 1.

2.3. Logic derived

Definition 2.4 ([2]) Let f, g be two Boolean formulas, said formula g derives from formula
[ logic, and symbols f F g if Ty C T,. It is to say that f is equivalent to g and notation
f=gifTy =T,

With F and G in L(U), said G logic derives from f, denoting that F' F G if Tp C Tg.
Furthermore, it is to say F' and G are equivalent, denoting F' = G if Tp = 1.



SOME PROPERTIES OF THE POSITIVE BOOLEAN DEPENDENCIES IN THE DATABASE MODEL ... 163

2.4. Positive Boolean formula

Definition 2.5 ([2]) The formula f € L(U) is called positive Boolean formulas if f(e) =1
with e = (1,1, ..., 1), and the set of all positive Boolean formulas over U denoting P(U).

3. RESEARCH RESULTS

3.1. Truth block of the block

(R)isa block on R, u,v € r. au,v) is called

Definition 3.1. Let R = (id; A1, Aa, .. .,A ), T
0.z, ag(u.z® v.z®), . an (™ v.2™) i,

as value assignment: a(u,v) = (o (u.z(

in which:
oi(uw.z® v.r®) =1 if u.z® = .20 and
ai(u.z® v.2®) = 0 if otherwise, i = 1...n, = € id.
Then, with each block r, the truth block of r denotes T}

T, = {a(u,v)u,v € r}.

From the definition it can be seen that the truth block of 7 is a binary block.

In the case id = {x}, then the block 7 is degenerated into relation and the truth block of the
block 7 becomes the truth table of the relations in the relational data model. In other words, the
truth block of the block is expanded concept of the truth table of relations in the relational data
model.

3.2. Positive Boolean dependencies on the block
Definition 3.2. Let R = (id; Ay, Ao, ..., A,), 7(R) areablockon R, U = {zM),z® ... 20|z €

id}, each positive Boolean formula in P(U) is called as a positive Boolean dependency.

It is to say the block r satisfies positive Boolean dependency f denoting r(f) if T, C Ty.
The block 7 satisfies the set of positive Boolean dependencies F' denoting r(F) if the block
satisfies any positive Boolean dependency f in F":

r(F)eVfeF :r(f)e T, CTk.

Example:

Let R = ({1,2}; A1, A, A3, Ay), with the block 7 satisfies:
(1MW) =1,¢,(1 2>) =1,t:(18) =0,6,(1W) =0, t,(2M) =1, £;(2@)) =1, £, (2B)) = 1, t,(2W) = 1
to(1M) =1, 1(13)) = 0, £, (14)) = 1, (1MW) = 1, £5(2M) = 1, £5(23)) = 1, 1,(23)) = 0, t,(2W) =1
t3(1M) =1, t5(1?)) =1, t3(14)) = 1, t3(1®) = 0, t3(2M) = 1, t5(2?)) = 0, t3(24)) = 1, t3(2W) = 0
ts(1M) =0, t,(1®) = 0, t4(13)) = 0, t4(1W) = 1, £,(2M) = 0, £4(2)) = 0, t4(23)) = 0, t,(2W) =1
t5(11) =0, t5(1)) = 0, t5(14) = 0, t5(1W) = 0, t5(21) = 0, t5(2)) = 0, t5(2®)) = 0, t5(2W) =1

where 1: Saturday, 2: Sunday, A: Bread, Ag: Milk, Az: Butter, A4: Egg.

Then, it results in a positive Boolean dependency (1(M2(1)) — ((122) v (13)20))): this
means that, in the Saturday and Sunday who buy bread also buy milk or butter.

Although it does not have: (1(M2(1)) — (1(22(2)13)203))
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For the set of positive Boolean dependencies F' and a positive Boolean dependency f:
- It is said that f derives from F' according to block and denotes F' - f if:
Vr: v (F) =1 (f).

- Tt is to say that f derives from F' according to block having not more than 2 elements and symbols

F o fif Vrg: T’Q(F) = T‘Q(f).
It yields the following equivalence theorem:

Theorem 3.1. For the set of positive Boolean dependencies F' and a positive Boolean depen-
dency f, R = (id; Ay, Ag, ..., Ay), 7(R) is a block on R. Then the following three statements
are equivalent:

i) FE f (logic derived),
(ii) F'F f (derived from the block),
(iii) F ko f (derived from the block has no more than 2 elements).

Proof. (i) = (ii): By assumption it has F' F f = Tr C Ty (1), Suppose r is any block
satisfying F, then by definition: 7, C T ). From (1) and (2) it deduces that: T, C T, so
resulting in: r(f).

(ii) = (iii): Obviously, because the derived from block having not more than 2 elements
is a special case of the derived from the block.

(iii) = (i): Suppose t = (1), 22 ... (M), 4, t € Tk, it is needed to prove t € T}.

Indeed, if t = e, it has t € T} because it is known that f is a positive Boolean formula.
If t # e, block r consists of two element v and v as follows: u = (y(),y?), ... ,y("))yeid,
v= (21,2 2, 4 such that a(u,v) =t. Thus r is the block having 2 elements and
T, ={e,t} C Tr, where e is the element of the block that all values are equal to 1.

It follows that r(F). Under the assumption: r(F) = r(f), so T C Tp 1) .

From the inclusion (1) it deduces that ¢t € T}.

In the case id = {x}, then the block r is degenerated into relation and the equivalent
theorem above becomes the equivalent theorem of the relational data model. Specifically, it
yields the following corollary:

Corollary 3.1. For the set of positive Boolean dependencies F and a positive Boolean de-
pendency f, R = (id; A1, Aa, ..., Ayn), r(R) is a block on R. Then, if id = {x} then the block
r 1s degenerated into relation and the following three propositions are equivalent:

i) FE f (logic derived),

(ii) F'F f (derived from the block),

(iiii) F Fo f (derived from the block has no more than 2 elements).

This is proven results in the relational data model.

For dependencies on the block 7, block 7 has been defined satisfying the functional dependency
f: X =Y, denoting r(f) if: Vu,v € 7 u.X =v.X = uY =0Y

When seeing dependencies as a particular case of the positive Boolean formulas, it has adopted
the definition of the block 7 satisfies the functional dependency f : X — Y if T;. C T%.

Necessary and sufficient theorem below confirms the equivalence of two definitions:
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Theorem 3.2 (necessary and sufficient condition)
Let R = (z’d Al,Ag, .oy Ap), T(R) is a block on R, a functional dependency f : X — 'Y with

X, Y C U id®. Then: r(f) & T, C Ty.

=1

Proof. Suppose r is a block, which satisfies the functional dependency f : X — Y and t € T},
it is needed to prove ¢t € Ty. Indeed, because it has ¢t € T;. = in block existing 2 elements u
and v such that t = a(u,v). ft(X)=1=u.X =v.X I,

On the other hand, it has r(f), from ") = w.Y = v.Y. Therefore: t(Y) =1 =t € Ty.

Conversely, suppose T;. C Ty with f : X — Y, it is needed to demonstrate r to satisfy
functional dependencies f, i.e. r(f). Indeed, two arbitrary element u and v in r yield: u.X =
v.X, we set t = a(u,v) = t € T, t.X = 1. Other hand, it results in: T, C Ty =t € Ty,
more it yields t.X =1 = t.Y = 1. So it obtains: v.Y =v.Y.

Thus, from uv.X = v.X = u.Y = v.Y = r satisfies the functional dependency f, i.e.

r(f).
Corollary 3.2. Let R = (id; A1, As, ..., Ay), 7(R) is a block on R, a functional dependency
f:X = YwithX,Y C (Jid®. If id = {z} then the block r is degenerated into relation,

i=1
whereas in the relational data model, it results in: r(f.) < Tr, €T}, .

In the case F' is a set of functional dependencies on the block, then T is the intersection of
members T’y with any f in F', so there are following results:

Theorem 3.3 (necessary and sufficient condition)
Let R = (ud; Al,Ag,...,A ), 7(R) is a block on R, set of functional dependencies

F={f: X->Y|X,YC Uzd )Y, Then: 7(F) < T, C Tr.

Corollary 3.3. Let R = (id; Ay, Ag, ..., Ap), r(R) is a block on R, set of functional depen-
dencies F={f: X - Y|X,Y C U idD}. If id = {x} then the block r is degenerated into

relation, whereas in the relational data model, it results in: r(F) < T, C Tp.

Theorem 3.4 (necessary and sufficient condition) Let R = (id; A1, A, ..., Ay,), 7(R)
is a block on R, a functional dependency f : X — Y with X, Y C Jid®, X, = Xn | =@,

i=1 i=1

Yz_ymux@ f(X,) = Yx,fﬂUx = fu, Vx € id.

Then: r(f) & rp(fz), Yo € id.

Proof. Suppose r is a block, which satisfies the functional dependency f : X — Y, from the
Theorem 3.2 yields:
r(f)e T, CTye T, CTy,,Vrcid (1)

On the other hand, from the corollary 3.2 results in:
T, €Ty, < 1o(fe), Vo €id (2)

Thus, from (1) and (2) it deduces that: r(f) < r.(f.), V& € id.
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From here onwards it is understood that the set F' in block schema « = (R, F') is the set
of positive Boolean dependencies in R.

n .
Suppose X C |J id®, v € B"™™ (m = |id|) then, it results in:
i=1

AXw)=1eVzW e X vz® =1,
VX)) =1 32W e X :va® =1,

and

AX@W) =0« 32 e X :v.2® =0,
VX)) =0eVzW e X :vz® =0,

Applying the above results the following theorem is proven:

Theorem 3.5. Let R = (id; Ay, Aa,..., Ayp), r (R) is a block on R, F is the set of positive
Boolean dependencies in R; X, Y C. U id® . Then:

i) F]=AX =AY &V e Tp: (2@ € X :0.2® =0) v (Vg € Y :vyl) = 1))
i) F|=AX - VY &VYoeTp: ((EI:U()EX va® =0)v (3yY) €Y :vyl) =1))
) Fl=VX 5 AY & VYo € Tp: (V2@ € X :0.2® =0) v (V) € Y : vyl = 1))
iv) Fl=vX = VY Yo eTp: ((Vx(z) € X :vz®=0)v (3 cy vyl =1))

Corollary 3.4. Let R = (id; A1, As, ...,A ), ’I“(R) is a block on R, F is the set of positive
Boolean dependencies in R; X,Y C U idW.  As such, if id = {x} then the block r is

iii

degenerated into relation and it results m

i) F|=AX > ANY oYWweTlp: (A€ X :v.A=0)V(VBeY :v.B=1))

i) F|l=NX >VY eWYWweTlp: (FAc X :v.A=0)V(IB€Y :v.B=1))
Fl=vX > ANY &eVvelr: (VA) e X:vA=0)V(VBeY  :v.B=1))

Fl=vVX VY eWweTlr: (VAe X:vA=0)V(IBeY  v.B=1)).

iii)
iv)

v

Definition 3.3. Let R = (id; A1, Ag, ..., Ayp), B ={0,1}. Then for all v € B"*"™ denoting;:

n

Set(v) = {2 € U idD|v.2® =1},

i=1

and with each block T' C B™*™ it denotes:

Set(T) = {Set(v)|v € T},

n

In addition to any X € SubSet(|] id®) it denotes: Vec(X) = v, here v € B™™,
i=1
v.2) =1if () € X and v.2(") = 0 in the opposite case (z € id, i =1...n).
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From Theorem 3.5 the following theorem is deduced:

Theorem 3.6. Let R = (id; Ay, Aa, ..., Ayn), 7(R) is a block, F' is the set of positive Boolean

n .
dependencies on R; X,Y C |J id®. Then:
i=1

F|=ANX - AY &VV € Set(Tr)
F|=NX - VY &VV € Set(Tr)
F|=VvX - AY & VYV € Set(Tr)
Fl=VvX - VY &VV € Set(Tr) :

i)
i)

11

(X CV=YCYV)
(X CV=YNV#£0D)
(XNVADI=Y CV)
(XNV#AD0=YNV #£0)
Corollary 3.5. Let R = (id; Ay, Ag, ..., Ay), 7(R) is a block, F is the set of positive Boolean
dependencies in R; XY C G id® . As such, if id = {x} then the block r is degenerated
into relation and in the Telatliz;ml database model, we have:
i) FEAX > ANY VWV e Set(Tp): (X CV=YCV)
i) FEAX VY &VV e Set(Tr): (X CV=YNV#0D)
iii) FEVX 5 ANY &VV e Set(Tp): ( XNV #AD=Y CV)
iv) FEVX VY &VV e Set(Tp): ( XNV A0=Y NV #£0)

iii)
iv)

1v

3.3. The relationship between the type of functional dependencies and positive
Boolean formulas

n .
Let R = (id; Ay, Ag, ..., A,), is a block on R; X, Y C |J id®. Then we said:
=1
- The block r satisfies strongly functional dependency fs : X —5 Y, denoted 7(fs) if: Yu,v € r:
32 € X such that u.z® = vz = wY =0.Y.

- The block 7 satisfies weak functional dependency fy, : X —, Y, denoted r(f,) if: Yu,v € r :
w.X =v.X = FyY) €Y such that u.y) = v.y),

- The block r satisfies the duality functional dependency fg : X —4 Y, denoted r(fg) if: Yu,v €
r: 32 € X such that u.z® = v.20) = Iy € Ysuchthatu.y¥) = v.yl).

Theorem 3.7. Let R = (id; Ay, Ag, ..., Ay), r(R) is a block on R; X,Y C U id®,

X =5 Y is a strongly functional dependency, gs : VX — AY is a strongly derwed formula
Then:
r(fs) if and only if r(gs).

Proof. =) Suppose it has r(fs), it is needed to demonstrate r(gs). Indeed, if t € T, =
t = afu,v)withu,v € r, assuming (VX)(t) = 1 = 3z € X such that t.z® = 1 =
wz® = v.2® and r(fs) should be inferred: u.Y = v.Y = (AY)(t) = 1. Thus, from
(VX)(t) = 1 = (AY)(t) = 1, so it yields: t € Tgs. Therefore, from the assumption,
teTl, = (teTygs) = (T, CTgs) = r(gs).

<) Conversely, suppose it has r(gs), it is needed to demonstrate r(fs). Indeed, Yu,v € r:
if 3z € X such that u.z® = v.2®, set t = a(u,v) = (VX)(t) = 1, from the assumption
r(gs) = (AY)(t) =1 = u.Y =0.Y. Hence it deduces that r(fs).
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Theorem 3.8. Let R = (id; Ay, Ag, ..., Ay), r(R) is a block on R; X, Y C U id® |

X — Y is a weak functional dependency, g, : AX — VY is a weak derived formula Then:

r(fw) if and only if r(gy).

Proof. =) Suppose it has r(f,), it is needed to demonstrate r(g, ). Indeed, if t € T, =
t = a(u,v) with u,v € r, assuming (AX)(t) =1 = u.X = v.X, r(fw) should be inferred:
Fy) €Y :uy) =0y = (VY)(t) = 1. Thus, from (AX)(t) =1 = (VY)(t) = 1, so it
yields: ¢ € T'gy,. Therefore from the assumption, t € T, = (t € T'gy) = (T € T'gy) = 7(guw)-

<) Conversely, suppose it has (g ), it is needed to demonstrate r(fy,). Indeed, Vu,v €
rifuX =v.X, set t = a(u,v) = (AX)(t) = 1, from the assumption r(g,) = (VY)(t) =
1= 3y e Y :uyl) =v.y0). Hence it deduces that r(f).

Theorem 3.9. Let R = (id; Ay, As, ..., Ay),7(R) is a block on R; X, Y C | id®, fy

i=1
X —4 Y is a dual functional dependency, gq : VX —q VY is a duality derived formula.
Then:

r(fq) if and only if r(gq).

Proof. =) Suppose it has r(fy), it is needed to demonstrate r(gq). Indeed, if t € T, =
t = afu,v)withu,v € r, assuming (VX)(t) =1 = 320 € X : t.20) =1 = w.2®) = vz,
from 7(fy), should be inferred: 3y € YV : uyl) = vyl = (VY)(t) = 1. Thus, from
(VX)(t) = 1 = (VY)(t) = 1, so it yields: t € Tgq. Therefore from the assumption,
teT, = (teTgy) = (T, CTgq) = r(gq)-

<) Conversely, suppose it has r(gg), it is needed to demonstrate r(fy). Indeed, Vu,v €
ro:osett = a(u,v),if3z® € X 1 uz® = va2® = (VX)) = 1, from the assumption
r(g9q4) = (VY)(t) =1 = Fy¥) € Y : uyl¥) = v.yU). Hence it deduces that r(fy).

4. CONCLUSION

The above results are from the concept of positive Boolean dependencies on the block; especially the
necessary and sufficient conditions show clearly that the structure of this kind of logic dependencies
in the design theory of the database model of block form. In case the index set id = {z}, block
degenerate into a relation, then these results coincided with the results of many authors has been
given to the relation in relational database model. On the basis of these results it is possible to study
the relationship between types of different logic depending on the block scheme. . .some other results
can be reviewed in the particular case of the set of functional dependencies F' as a set of functional
dependencies Fj,, set of dependencies F},. .., contributing to the more complete designed theory of
the database model of block form.
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