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VE MOT KHIiA CANH ANH HUONG CUA THAM SO
PEN BAI TOAN XAP Xi DU LIEU TAN XA
SU' DUNG HAM €O’ SO BAN KiNH MULTIQUADRIC

VU THAI LUAN, PANG QUANG A

Vién Cong nghé thong tin, Vién Khoa hoc va Cong nghé Viel Nam

Abstract. In this paper, we study an aspect of influence of parameter p in scattered data approxi-
mation problems using multiquadric radial basic function (MQ), ¢ (r) = /72 + p?. We prove that
the condition number cond(A ) of the coefficient matrix A of the problem is an increasing function
of the variable p. This surprising result leads to the fact that the choice of p > 1 will cause the

numerical instability of the system of equations of the problem.

Tém tAt. Trong bai bdo nay, chiing téi nghién cttu moét khia canh dnh hudng cia tham sé p khi
xap xi ham véi dir liéu tan xa bang phuong phap st dung ham co s& ban kinh multiquadric (MQ),
©(r) = y/r? + p?. Chiing t6i chi ra rang ma tran hé s6 A cia hé phirrong trinh thu dwoc ¢é s6 diéu
kién cond(A) 13 ham s6 dong bién theo bién 14 tham s6 p. Két qua ngac nhién nay néi lén rang néu
chon tham s6 p > 1 thi sé mat di tinh 6n dinh khi gidi s6 hé thu duroc.

1. GIOT THIEU

Gan day phwong phap RBF (radial basis functions) dwoc biét dén nhu mot phwong phap
khong luwéi (xem [3], [1], [13]), dwoc nghién citu rong rai va ¢é nhiéu ing dung hiéu qua cho
céc bai todn xdp xi hodc noi suy dir lieu tan xa (ndi chung la cdc bai toan khoi phuc lai mot
ham chua biét tir tap dir liéu tdn xa cho truéc). Do dé mot cdch tu nhién né ¢é nhiéu tng
dung trong céc linh vuc nhu: giai s6 phuwong trinh dao ham riéng (PDEs), xtt Iy dnh, xt Iy
tin hiéu, diéu khién, khéi phuc bé mat 2D, 3D,... Loi ich 16n nhét cia phwong phip RBF 13
c6 thé gidi quyét cac bai toan véi tap dir lieu 16m véi s6 chieu khong gian tuy y. Tuy nhién,
str dung phwong phap RBF dé gidi cic 16p bai todn nay thuong dwa ve gidi mot hé dai s6
tuyén tinh ¢ 16m Ax = b, ma & dé ma tran A thudong 1a ma tran day va cé diéu kién xau
(cond(A) > 1) (xem [11]). DPic biét vi nhiéu dang ham RBF thong dung thuong chira mot
tham s6 p nhue MQ (p(r) = /72 +p2 ) , IMQ ((r) = ———), Gaussian (e ?"") nén do

v Ve

chinh xé4c cla phuwong phap xip xi néi chung phu thudéc chi yéu vao cich chon p. Cé nhieu

thuat toan chon gia tri tham s6 p nham cai thién doé chinh xdc cia xap xi dwgce dwa ra nhw
trong [10], [5], [4]. Tuy nhién nhirng thuat toan nay tiy thuoc vao tirng tmg dung cu thé. Va
cho dén nay bai toan chon tham s6 t6i wu van 1a bai todn mé. Trong bai bdo nay ching toi
khong dé cap dén van de nay.

Y twdng trong bai bdo nay la xuat phat tir sw quan sat sau. Ta biét rang khi cho p mot
gid tri ¢ dinh thi cé thé coi cond(A) nhirr mot ham “nghich bién” theo khoang céch téch biét
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gitra cac tam RBF,

1
qx = 51};]1,1”& —x;],

Xj, Xj 1a cdc tam RBF thuoc tap dir liéu X. Theo d6 néu ta gidm gx (titc tang s6 tam RBF
st dung) thi s6 diéu kién ma tran A sé ting, tham chi theo t6c do ham mu (xem [3]). Vi thé,
mot cau hoi tw nhién dit ra la néu ta ¢6 dinh gy (tic ¢6 dinh s6 tam RBF dwgc chon) va
cho gid tri tham s6 p thay doi khi d6 cond(A) la ham cida p sé thay doi nhuw thé nao khi sir
dung ham MQ cho bai todn xap xi dir liéu tdn xa cling mot s6 két qua da biét vé ham MQ?
Cau tra 1o1 & nam trong Muc 3 ctia bai bdo.

Trong Muc 2 cia bai bdo sé mo ta lai bai todn xap xi dir liéu tan xa véi cdc ham co s&
ban kinh. Mot két qua thé hién sw dnh hwdng cia tham s6 dén s6 dieu kién ma tran hé s
cla hé dai s6 tuyén tinh thu dwoc khi xap xi dir liéu tédn xa véi MQ dwoc dwa ra trong Muc
3. Va cudi cung, Muc 4 1a mot s6 vi du minh hoa cho két qua 1y thuyét.

2. BAI TOAN XAP XI DU LIEU TAN XA VOT HAM CO SO BAN KiNH

Cho truéc mét tap hop cic diém tén xa X = {x,X2,...,xy} C Q C R, trong dé Q 1a
mién bi chan, x; 1a cdc diém phan biét, s = 1,2, ..., N, va céc gia tri thue twong trng clia mot
ham y nao dé tai cac diem tén xa ctia tap X 1a y1, yo, ..., yn (trong thure té cic s6 lieu thuong
cho & dang xap xi). Bai toan dit ra la xay dung mot ham f : © — R thuoc mot 16p khong
gian ham S nao dé, xap xi ham géc y, hay f ~ y trén Q (f(x;) ~ y;). Bai todn nay duwoc goi
1a bai todn xzdp i di liéu tdn xa (xem [13]).

Vian dé chon khoéng gian ham S va dang ham f

Trong bai bdo nay ching t6i theo cdch xay dung trong [12], & A6 Schaback da chi ra khong
gian ham S chon 14 khong gian tuyén tinh, v phai phu thuoc vao tap dir lieu X. Su phu
thudc ciia S vao tap dir lieu X cé thé dwoc gidi thich béi dinh 1y cia Mairhuber va Curtis
(xem [13], trang 19). Nhuw vay cé thé bicu dién S nhuw sau:

S=Sx={ Zwi{)(x, xD) :w; € R}, (1)
i=1

& day m 1 s6 chieu khong gian S, va ®(x,x(?) 1a ham bién x € R? phu thuode dir liéu
x() = [xgl), xél), ceey x&l)]T e RY, véi
P:OQxOQ—R.

Mot két qud 1y thi dwoc biét dén 14 khi rang budc ham @ cé céc tinh chat bat bién tinh tién
(gid tri ham khong thay déi khi tinh tién hé truc toa do) va bat bién quay (gia tri ham khong
thay doi khi quay hé truc toa do) thi ton tai ham ¢ sao cho ® ¢ dang dic biét sau (xem [12])

¢<X7Y>:90<||X_y||2>7 2 [O7OO> __>R7 <2>
ll.|l2 - ki hiéu chuan BEuclid trong R? . Ham & nhu vay dwoc goi 1a ham bdn kinh. C6 thé
thay ngay loi ich ciia ham ban kinh 1a thay vi chiing ta phai ldm viéc véi ham nhiéu bién &
ta chi phai lam viéc véi ham mot bién ¢ véi s6 chiéu khong gian d tuy y. Diéu nay tranh
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dwoc nhieu khé khan gap phai khi s6 chiéu khong gian 16n. Nhu vay néu chon khong gian
ham S la khong gian tuyén tinh c¢6 co s& la cdc ham ban kinh (goi tat 14 cdc ham co s& ban
kinh RBFs (radial basis functions)) thi sé rdt thich hop cho bai todn xap xi véi cdc diem dix
lieu nam rai rdc va khéng cé cdu tric trong mién hinh hoc phitc tap € (xem Hinh 1). Dé
cing 13 1f do ma phwong phép st dung cdc ham co s& ban kinh gidi bai toan xap xi, hodc noi
suy dir liéu tdn xa dwoc xem nhw mot phwong phdp khong lwéi (xem [3]).

Hinh 1. Dit liéu tédn xa nam trong mien hinh hoc phitc tap 2.

Phan tich & trén goi ¥ cho ching ta chon dang ham f : Q C R — R xap xi y trong
dang:

f(x) = Z w;pi (%), (3)

& a6 {p;(x) = ¢j(||x —cW) ||2)};n:1 1 tap cdc ham RBF, {c(¥) 71 goi la tap cdc tam cdc ham
RBF dwoc chon theo mot cach nao dé véi m < N va {wj};ﬂ:l goi 13 tap cdc trong s6. Mot
s6 ham RBF thong dung véi céc tinh chat ¢é gid toan cuc va do tron tiy ¥ dwoc cho trong
Béang 1.

3. KHiA CANH ANH HUGNG CUA THAM SO
PEN BAI TOAN XAP XI HAM SU DUNG HAM MQ

Ham MQ lan dau tién duoc gigi thieu béi Hardy (xem [6]), tng dung trong xap xi bé mét
hai chiéu, cling nhiéu rng dung phé bién khéc [7]. Ngoai ra cé nhieu két qua 1y thuyét todn
hoc cho MQ dwgc chitng minh bédi Micchelli [8] . Nhieu két qua thir nghiém sé cting chi ra
phuong phép stir dung ham MQ dé noi suy hoac xap xi ham ¢6 do chinh x4c t6t hon céc ham
RBF khéc. Dién hinh la trong bai bdo [5], R. Franke da xép hang MQ la phwong phap tot
nhat trong s6 29 lwoc do noi suy dit liéu tan xa dua trén cac tiéu chi nhu: doé chinh xéac, tinh
on dinh, va yéu cau vé bo nhé. Trong [9] Powell cling khang dinh nhan dinh nay. Vi vay
trong bai bdo nay ching t6i chi tap trung vao dang ham la MQ: ¢(r) = /r2 +p2 (8 = 1).
Nhuw vay khi dang cac ham RBF da dwoc chon thi cong viéc cia chiing ta la tim céc trong so
wj chua biét.
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Bdng 1. Mét s6 ham RBF ¢6 gid toan cuc véi d6 tron C®(R?), r = [|x — y||.

Tén ham Dang ham Tham s6 Do tron
Multiquadrics(MQs) o(r) = (r*+p*)P? | p>0,3c RT\2N | C®(R?)
Thin plate splines(TPSs) o(r) =rPInr 8>0,8¢€2N (R%)
Inverse multiquadrics(IMQs) | ¢(r) = (r?2+p?)?/%2 | p > 0,8 € R™\2N | C*®(RY)
Gaussian o(r) = e P B3>0 = (RY)

Nhuwr thwong 1é phwong phap binh phuwong t6i thiéu 1a mot cong cu t6t ¢ thé sit dung
trong tinh huéng nay.
Phwong phap binh phuong t&i thi€u tim cac trong s6 w;

Chiing ta can giai bai todn cuc tri tim cuc tiéu cia tong S sau

N
§ =3 [vs = FN] — min. (4)

Tir (3) ta c¢6 the viét
N

S=> [y — Y wip(x?
=1 =1

N .05 .
biéu kién cuc tri: — =0 (5 = 1,2,...,m) cho ta
8wj

Z<Zsok >wk290] Yir §=1,2,..,m. (5)

k=1

C6 thé thay (5) la mot hé gom m phuwong trinh, m an 14 cic trong s6 wg. Dua vao cic ki
hiéu ma tran
A= <¢J<X(l)>>7 (Z =1,. N;j=1,.., m),w - [wly W2, ..ey wm]Ty y — [yly Y2, .- yN]Ty
ki tw T chi s chuyén vi cia mot vécto hay ma tran. Khi dé hé (5) cé thé viét trong dang
ma tran
(ATA)w = ATy, (6)

Khi giadi hé (6) chiing t6i quan tam dén hai khia canh: tinh gidi dwoc (ton tai duy nhat
nghiém) va tinh 6n dinh khi gidi s6, trong d6 ¢6 anh hwdng 16n bdi s6 dieu kién clia ma tran
ATA.
Tinh gidi dwoc cda hé (6) véi ham MQ

Tinh gidi dwoc khi gidi hé (6) dwoc quyét dinh béi tinh chat kha nghich ciia ma tran
ATA. Do d6 né sé phu thuéc vao dang ham RBF dwoc lira chon, cu thé & day 1a dang ham

MQ: ¢j(x) = g(lx — e]|2) = \/(IIX —cWl|2)? + p7

O day ching toi chi tap trung vao xét trtrfmg hop tép cac tam RBFs dugc chon trung
véi tap dir lieu X, tice la ¢\ = x() vi tham s6 p = p% ¥j =1,2,...,N. Khi d6 ta luén cé
(—1)N~1det A > 0 (dwgc chirng minh béi Nllcchelh (xem [8], trang 14)) Do vay trong truong
hop nay (6) luon giai dugc.
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Sy dnh hwdng cda tham s dén sy 6n dinh khi gidi s8 hé (6)

Dé thdy khi sit dung ham MQ thi ma tran hé s6 AT A sé phu thudc vao tham s6 p. Hon
ntra khi gidi s6 hé (6) yéu t6 déng vai tro quan trong la s6 diéu kién cia ma tran hé s6. Do
dé chiing toi xét dén mot khia canh dnh hudng cia p dén s6 diéu kién cia ma tran hé so.
Truéde hét chiing toi gidi thieu mot két qua da biét, chang han xem trong [8].

B8 dé 3.1. Gid st A = (aij)gjzl la ma tran thwe, d01 xing cip N X N wva hdu xdc dinh
am. Dong thoi ton tai vécto d € RY : dTAd > 0. Khi d6 A ¢ diing 1 gid tri riéng dwong
va N — 1 qud tri riéng am.

O day ma tran thuc dsi xing A dwoc goi 1a hiu xdc dinh am néu cTAc < 0, Ve =
[c1,...,en]t € RV . Zf\il ¢; = 0, va dang thitc xay ra khi va chi khic; = ... = ey = 0 (xem
[2]). Tir B& dé 3.1 chiing téi riit ra nhan xét sau:

Nhan xét 3.1. Néu ma tran A néi trong Bé dé 3.1 ¢é vét 1a s6 duong (tire trace(A) > 0)
thi gia tri riéng dwong cida né phdi c¢é gia tri tuyét doi 16n nhat trong cdc gid tri riéng cia
A. That vay, néu goi Ai, Aa, ..., Ay 1& N gid tri rieng cia A. Khong maét tinh tong quat ta
gid st céc gid tri rieng cla A dwoc sap xép theo thit tr A\ < X < ... < Ay_1 < 0 < Ay.
Mit khéc theo mot két qua da biét trong dai s6 tuyén tinh néu A 13 ma tran thwe vuong, doi
xing thi trace(A) = =N 4 = SN M. Do d6 néu trace(A) > 0 thita c6 0 < N X =
M+ oo Avo1) F A = = (M| + ...+ [ An_a]) + An. T day de dang suy ra

An| = max |X| va |[Ay_1| = min |A;].

Al = me M v [l = min [
Dua vao bo dé trén, ching t6i duwa ra két qua sau néi lén anh hwdng cia tham sé p khi

xap xi ham véi MQ.

Pinh ly 3.1. Xét hé phuwong trinh (6) véi m = N, si dung ham MQ vdi p]2- = p?,Vj =
1,2,..., N. Khi @6 cond(A) la ham déng bién cia tham sé p.
Proof. Tir gia thiét, theo phan trén ta c¢é6 A la ma tran vuéng kha nghich. Do dé hé (6) tré
thanh

Aw =1y. (7)
Ngoai ra vi ¢j(x) = /(lx —xW]]2)2 +p2 nén ¢;(x?) = ;(x1)). Do d6 ta c6 A 1a ma
tran doi xitng. Mat khéc cé thé thay tinh chit hiu xdc dinh am cia A ciing dwoc thda man
(xem [1], trang 15). Nhan thay 1TA1 = 37N ¢;(xD) >0, v6i1 = [1,1,..,1]T € RY. Vay
A théa man bo dé 3.1. Do @6 A cé 1 gid trjjriéng dwong va N — 1 gid tri rieng am. Vi A doi

xing nén tat ca cdc gia tri riéng Ay, Az, ..., Ay cia A phai 1 céc s6 thue (phu thude tham s6
p). Khong mat tinh tong quat ta gid sir céc gid tri riéng cia A dwoc sap xép theo thit tir
A < A2 <. < Ay1 <0< Ay. DE yrang & day trace(A) = Zf\il goi(x(i)) =N.p>0,do
dé theo nhan xét 3.1 ta ¢6

IAn| = 11%11_%(\[ I va [An_1] = 1I§r%1§nN|)\i|.
Tir tinh chat déi ximg cia A ta cé
maxi<i<n [Ail  [Ap] AN

cond(A) = = . (8)

minj<i<y [Ni] [ Avo1] —Anoa
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L4y dao ham hai vé cia (8) theo p ta cé

d(cond(A)) 1 [dANn OAN-—1
= — ANZ1 — AN .
op AS L Op N N op (9)

Ching ta can chimg minh a(c%i(A)) > 0. Tt (9) goi y di chitng minh ag_};\, >0 va maLp’l >0
la xong. Thay vay, goi Aa 1 mot gid tri rieng cia A, khi dé vi A déi xing nén sé ton tai

T

vécto rieng trirc chuan xa (||xall2 = 1 hay xa7xa = 1) sao cho Axp = Aaxa. Tir d6 suy

ra Aa — xal Axa vaxal A = daxal. Do vay

OAA 3XAT T7OA 7. OXA
orA A g ARA
Bp Bp XA T XA Bp XA + XA Bp
Oxal 0A 0

- XA )\AXAWLXAT—XAWL)\AXAT&

Op Op Op (10)

oxaT 7OXA 7 OA
— >\ JE—— _

A< ap XA + XA ap + XA ap XA
T A A

_ )\Aa(xA XA) v 0 70

T
X —XA — X —XA.
8p A 8p A A 8p A

b]
O day céc ki hiéu dao ham cda ma tran % hay dao ham cua véc to ag—};* dwoc hiéu 1 dao

s SR = ) A . , OA . (0o (xD)y »
ham cua tirng phan tir trong ma tran hay véc to dé theo p, e ( jap ) = (%(i(i))). be
v rang % = pB, v6i B 1= (m) chinh 13 ma tran hé s6 cia bai todn xap xi dir liéu tan

J
xa st dung ham IMQ. Do d6 B la ma tran xdc dinh dwong (xem [8], trang 19). Do d6 tir (10)
1) ag‘—; - XAT%XA = p.xaBxa > 0. Ap dung véi Ay, Ay_1 ta cé ag_}i\, > 0, aAaJ\;;l > 0.

T (9) cho ta thay duoc a(c%i(A))

> 0. |

Nhan xét 3.2. Két qua nay giai thich néu chon tham s6 p > 1 thi cond(A) > 1, hay ma
tran A 13 ma tran diéu kién xau, khi dé viéc xap xi hodc noi suy sé khong con ¥ nghia. Cung
cé thé thay khi gidi (6) v6i cdc ham RBF ban kinh thong dung con lai ma tran A khong thoéa
méan Bo dé 3.1, do vay sé& khong thé c¢é két qua twong tu nhw Binh 1y 3.1.

Sau day chiing t6i dwra ra mot s6 vi du dé minh hoa cho két luan cia Dinh ly 3.1.

4. Vi DU

Trong phan nay ching t6i xét 2 vi du véi 2 tap dir liéu tan xa véi s6 diem twong ing 1a
7 va 19 diém, phan bé trong hinh tron Q = {(z,y) € R*: ( — 1)? + (y — 1)? < 1}. Céc két
qué tinh todn cho thay su phtt hop véi két qua 1y thuyét.
Vidu 4.1. Xét tap dir liéu tan xa gom 7 diém cho s6 liéu & dang xap xi trong Bang 2, phan
b6 trong mién € (xem hinh 2). St dung phwong phdp xap xi dir liéu tdn xa ham MQ véi
mot s6 gia tri tang dan cia tham s6 p, ching t6i thu dwoc s6 diéu kién ciia ma tran A ciling
tang dan (xem Bdng 3).
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Bdng 2. Tap dit liéu véi 7 diém tén xa

€

Yi

1.20647753367457

0.21229496991117

0.83639882568944

0.88744689811487

0.09069547152563

0.90567289832885

-0.38624378873230

0.27942357891325

0.21017881366252

-0.45326759129942

0.80232457266146

-0.25733883755451

0.50000000000000

0.30000000000000

05

-1 -0.5 1]

0.5 1 15

Hinh 2. 7 diém tan xa phan bé trong mien = {(x,y) € R? : (x —

Tham s6 p | Cond(A)
0.0001 16.4636
0.001 16.5061
0.002 16.5535
0.01 16.9396
0.1 22.2237
0.5 87.9049
1 502.0760
10 6.9739e1+007
50 1.0562e+012
100 6.7487e+4-013
1000 1.0823e+017
10000 2.3447e+-017

1

2

)24 (y —

Bdng 3. Gi4 tri cond(A) véi mot s6 tham s6 p tdng dan.

1

2

)? <1}
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Hinh 3. 19 diém tdn xa phan bd trong mién Q = {(2,y) € R?: (x — )2 + (y — $)2 < 1}

051

Vi du 4.2. Xét tap dir liéu tdn xa gom 19 diém cho s6 lieu & dang xap xi trong Bang 4, phan
b6 trong mién 2 (xem Hinh 3). Chiing t6i ciing thu dugc két qua cond(A) tang khi tham so
p tang(xem Béng 5).

Bdng 4. Tap di liéu véi 19 dieém tén xa

€i

Yi

0.89568810134208

0.27170051896385

0.70161449108870

0.65006885656253

0.28928254917570

0.61376839841637

0.11218465047001

0.29479647814025

0.32972475729557

-0.07971594648984

0.72943779561232

-0.04201717262617

1.06806978804223

0.82711143002487

0.74380042139111

1.08426901333136

0.30022602799915

1.06412173434909

-0.10382038170413

0.85181659677916

-0.29816219638898

0.48824074034722

-0.27534327637098

0.09376702723970

-0.05661198341187

-0.26924464864837

0.26411713727159

-0.44791073542637

0.68399698704735

-0.47535490930642

1.10489110834067

-0.26420493943311

1.25914393242607

0.06919154374568

1.26680756611135

0.51350690100095

0.50000000000000

0.30000000000000
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Bdng 5. Gia tri cond(A) véi mot s6 tham s6 p tdng dan

Tham s6 p | Cond(A)
0.0001 86.8405
0.001 87.2538
0.002 87.7162

0.01 91.5355

0.1 153.7330
0.5 2.4660e-+003
1 7.5089e-+004
10 3.3506e+014
50 1.2007e+-018
100 2.3599¢+018
1000 3.3423e+018
10000 1.2452e+4-019
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