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CHlrA a cAc aiNH TRaNG TREN T~P KHOA HlrU HJ;\N

BO nrrc GIAo, BANG THI NGA, v A VU LE TU .

Abstract. The notion of search tree plays an impotant role in computer science, especially in the theory of
data structures. The efforts to optimize one dimensional binary search tree as introduced in this paper quite
useful for practical applications, especially for the representation of range queries, where the information
about secondary keys defined on range are organized as a binary tree.

In this paper we intend to further develop the conception of the binary search tree in [3], [5] and prove a
theorem which shows that each binary search tree can be uniquely transformed into optimal binary search
tree in the finite set of keys.

1. D~T VAN DE

Trong [5] Thiele da dua ra dinh nghia cay nhi phan m9t chieu cac thong itn clnra cac dinh trong
cua cay tren t~p khoa vo han N gom cac phan tti· thoa man quan h~ so sanh , dong thOi. dira ra mot
thu~t toan M kh11ng dinh hai cay bat ky co tiro'ng diro'ng vo'i nhau hay khOng tren t~p khoa N.

Dua vao thuat toan do cu a Thiele trong [5], cac t ac gii trong [3] ph at trie'n them thuat toan trm
cay toi U'U cua mot cay bat ky eho truo'c tren t~p khoa vo han N.

Trong bai bao nay, ch ung toi trlnh bay viec xay dung thuat toan tucrng duong va thu~t toan
toi uu tren lo-p cay nhi ph an m9t chieu v6i. cac thong tin clnra & cac dinh trong tr en t~p khoa hiru
h an bat ky KeN. Thirc chat n9i dung cu a bai nay la CO" s6' xay dung thuat toan ph an ra M toi
u'u hoa cay nhi ph an voi cac thong tin chira 6' cac dlnh trong. Chung toi se de e~p den thuat toan
phfin ra trong m9t bai bao khac.

2. SV· TUO·NG DU'O·NG CUA CAy NH~ pHAN TREN T~P KHOA mrn H~N K

2.1. Dinh nghia cay nh] phan

Gie\. sti· I la t~p hiru han khong r6ng cac phan tti· n ao do. I diro'c goi la t~p cac thOng tin .N
la t~p khong rong cac phan tli' tren no tho a man quan h~ so sanh. G9i N la t~p khoa, moi phan ttr
kEN goi la m9t khoa (key).

D~t I+ = I u {7}, C)' day 7 la ky hieu thOng tin rong (khcng co thOng tin).

Dirih nghia 1.

1. 7 la mot cay.

2. Neu Ti , T2 la hai cay thi day ky hieu [k, i](T1, T2), vo'i kEN, i E I, la m9t cay.

T~p tat d. cac cay dinh nghia nhir tren ta ky hieu TREE va goi la t~p tat d. cac cay nhi ph an
mot chie u vo i thong tin chira & dinh trong. De' eho ta goi TREE la t~p cac cay nhi ph an.

D!nh nghia 2. Lay T E TREE va 1 E N. Ta dinh nghia ham lam viec (hay ham ket qua]
f : TREE x N -+ I+ la mot anh Xi!- tu: t~p tfch De cac TREE x N vao t~p I+ nh ir sau:

1. Neu T E TREE ma T co dang cay rong 7 thl f(7, i) = 7 vo'i Vi EN.

2. Neu T E TREE ma T co dang [k,i](Tj, T2) thl
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{

f(Tl,i) neu i < k
f([k, i](Tlo T2), i) = i neu i = k

J(T2' i) neu i » k

Ta dtra vao ky hi~u Tl == T2 (Tl -t T2) co nghia Ia cay Tl dong nhat b~ng cay T2 (cay Tl khOng
dong nbat bbg cay T2).

Dmh nghia 3. Ta noi cay Tl ttro'ng dircng cay T2 tren t~p N (ky hi~u Tl ~ (N)T2) khi va chi khi
f(Tl, i) = f(T2, J) voi Vi EN.

2.2. Quy t~c dan xuat va h~ W~n de ciia TREE

GiA sli- Ts, T2 E TREE va = Ia m9t ky hi~u moi khOng n~m trong t~p 1+ uN u {[,],(,)}, khi
(to day ky hi~u Tl = T2 diro'c goi Ia m9t phtro'ng trlnh cay. T~p tat d. cac phuong trinh cay tircmg
irng vo'i TREE ta ki hieu Ia EQU va dircc dinh nghia nhtr sau: EQU = {Tl = T2ITl' T2 E TREE}.

2.2.1. Quy t~c dan xufft cua TREE

GiA sli- X <;;; EQU va Tl = T2 E EQU. Phuong trlnh cay Tl = T2 Ia dh diro'c tIT I~p X (ky hi~u
X f- Tl = T2) khi va chi khi Tl = T2 E X ho~e Tl = T2 nh~ drroc tu: cac pUn tli- cu a X bbg each
ap dung so hiru han ran cac quy d.e dan xuat sau day:

Quy t~e 1 (Rt}: Neu T E TREE thi X f- T = T v&i moi T E TREE.
Quy t~e 2 (R2): Neu X f- r, = T2 thl X f- T2 = r, voi moi r., T2 E TREE.

Quy tlte 3 (R3): Neu X f- T, = T2 va X f- T2 = T3 thi X f- Ts = T3 vo'i moi Tl, T2, T3 E TREE.
Quy tlte 4 (R4): Neu X f- Tl = T{ thl X f- [k,i](Tl,T2) = [k,i](T{,T2) vo'i moi Tl,T2,T{ E

TREE, k E K va i E 1+.
Quy tlte 5 (Rs): Neu X f- T2 = T~ thl X f- [k, i](Tl, T2) = [k, i](Tl, T~) vo'i moi T1, T2, T~ E

TREE, k E K va i E 1+ .

2.2.2. H~ cac tien de cua TREE tren t~p kh6a hiru han K

GiA sli- KeN Ia m9t t~p hiru han cac khoa. Do K c K nen thoa man quan h~ so sinh va
trong K co ton t~i phan tli- be nhat va phan tli- I&n nhat rna ta ky 'hieu tirong ling Ia kmin, kmax·

Trong cac phirong trlnh cay EQU ta chon ra 5 phiro'ng trlnh cay sau day lam h~ tien de cua TREE
tre t~p hiru han K:

Tien de 1 [axj]: Phuong trlnh cay [k, i]([i, j](T1, T2), T3)) = [k, i](T1, T3) hay

[k,i]

/"'"
un T3

/""

[k, iJr-:
T, T3

T, Tz
Ia m9t tien de neu kmin :::; k :::; i :::;kmax .

Tisn de 2 (ax2): Phuong trinh cay [k,i]([i, j](Tl, T2), T3)) = [i,j](Tl' [k, i](T2, T3)) hay

lk,i) = [~,jJ

»<. r-:
un T3 T, [k,iJr-. r-.

T1 Tz T2. T3

Ia m9t tien de neu kmax 2: k > i 2: kmin .
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la mi?t tien de neu kmax ~ k ~ l ~ kmin .

Tien de 4 (ax4): Phirong trinh cay [k,i](T1, T2) = Tl hay

la mi?t tien de neu k > kmax.

Tien de 5 [axg]: Phuong trinh cay [k, i](T1, T2) = T2 hay

[k,ij T2/,
T1 T2

la tien de neu k < kmin.

£)~t AX = {axj , ax2, a.X3, axa , axs} va goi la h~ tien de ciia TREE tren t~p hiru han K.

Clni y: Cac tien de axj , ax2 va aX3 la h~ tien de cua TREE tren t~p khoa vo han N trong [3]
va ta d~ dang ki~m tra m6i tien de trong AX la m9t phtrong trlnh cay gam 2 cay ttrcrng dtro'ng vo'i
nhau tren t~p khoa K.

2.3. Cay chu8?n tiic tren t~p kh6a hfru han K

Dinh nghia 4. Gii 5U-M E TREE, M dtro'c goi la cay chuan t~c tren K neu M la m9t trong hai
dang sau day:

l.M==T.
2. Neu M 1= r thl M co dang M == [kl,il](r,[k2,i2]( ... ,[kn,in](r,r), ... ) vci k; E K va k; <

ki+l (i = 1,2, ... ,n -1).

-Dinh ly 1. (Tinh duy nhat ciia dang chua:n tl{c) Gid s.J: M1, M2 ld hai cay chuin tttc. Nell,
Ml ~ (K)M2 thi M, == M2.

Chung minh. Dung phirong phap phan chirng dtra tren dinh nghia cua cay chuin t~c M tren K.

Ta dtra vao ky hi~u 5(T) := 5e) cac dinh ciia cay T.

Dirih Iy 2. (ve 5l! tan t~i dang chua:n) V6-i mJi T E TREE ton tq,i duy nhat cay chuin tttc
M E TREE sao cho:

(a) AX ~ T = M,
(b) T ~ (K)M.

Chung minh. TInh duy nhat cua M diro'c suy tu- Dinh Iy 1.

(b) suy tu- (a), vi m6i tien de trong AX la mi?t plnrong trlnh cay diro'c l~p tir 2 cay ttrong dirong
nhau tren K, dang theri cac quy t~c d1i.nxuat bao tan tinh tirong dirong.

(a) dtro'c chimg minh du a tren dinh nghia d~ quy cua T vai Sl! ap dung cac W;n de trong AX
va cac quy t~c d~n xufit,
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D!nh ly 3. Neu M u cay chua!n titc thi 8(M) = min{8(T)1 T E TREE va T RJ (K)M}.
Chung minh. Theo phlin (b) ciia Dinh Iy 2 thl. til' cay T dira v"ecay M phai xuitt hi~n cac cay trung
gian T; thoa man cac di"eu ki~n: T == Tl RJ (K)T2 RJ T3 ... RJ (K)Tn-1 RJ (K)Tn == M, CJday T;+1
nh~n diro'c tir T; bhg each ap dung m9t tien dE;nao d6 trong AX.

Do each chon cac tien de ax, ma ta luon e6 8(T;+d ~ 8(T;) (i = 0,1, ... , n - 1). 'I'ir d6
8(T) = 8(Td ~ 8(T2) ~ ... ~ 8(Tn-d ~ 8(Tn) = 8(M). Cia. srl: e6 ton tai cay T' E TREE ma
T' RJ (K)M nhirng T' tf {Tl' T2, ... , Tn}. D~ dang suy ra 8(T') ~ 8(M) Mng phtrcrig phap phan
irng. Ttr d6 8(M) = min{8(T) IT E TREE va T RJ (K)M}.

D!nh Iy 4. Gid sJ T1, T2 E TREE. T, RJ (K)T2 khi va cM khi AX f- Tl = T2.
Chung minh. Tu.- AX f- Tl = T2 suy ra Tl RJ (K)T2 do Dinh Iy 2.

Chien ngU"<?,elai chimg minh nhtr sau: V&i T; e6 ton tai duy nhat cay ehuin d.e M, sac eho
AX f- T; = M, va T; RJ (K)Mi (i = 1,2). VI. Ti RJ (K)T2 nen M, RJ (K)M2' Theo Dinh Iy 1 thl
Ml == M2, ap dung quy d.e Rl ta e6 AX f- Ml = M2. 'I'ir cac ket qua tren ta suy ra AX f- Tl = T2.
D6 Ia di"eu can clnrng minh.

2.4. Thu~t toan ve sv tirong dircrng cua cac diy nh] phan tren t~p kh6a K

Input: T1, T2 E TREE va t~p kh6a K.
Output: T, RJ (K)T2 hay T1 ¢ (K)T2.
BU'&e 1: xs, dung cay ehuin tll.e M1 cii a Tl va M2 cua T2 tren K.
Buxrc 2: So sinh M1 v&i M2.
a) Neu M1 == M2 thl r, RJ (K)T2.

b) Neu Ml '¥= M2 thl. T1 ¢ (K)T2.

3. CAY NH~ PHAN TOl UU TREN T~P KHOA mru H~N K

3.1. Ciiy hoan chinh tren t~p kh6a hiru han K

Cia. su' cay T E TREE Ia m9t cay bat ky, De' phan bi~t vi trf cac Ii trong T ta ky hi~u
T1, T2, ... , Tn Ia cac thong tin r5ng (y cac Ii cii a T (vai gia. thiet T c6 n la]. Ngoai ra ta d~t Deep (Ti)
Ia s() cac eung cua dirong di trr g()e den Ii chtra Ti trong cay T va h(T) la ky hi~u ehi'eu eao ctia T
dtro'c dinh nghia nhir sau: h(T) = max{Deep (Ti)/Ti Ia Ii trong cay}.

Djnh nghia 6. Cay B ETREE diro'c goi Ia cay hoan chinh tren t~p khoa hiru han K neu B Ia m9t
trong hai dang sau:

1. B == T.

2. Neu B '¥= T thl. B phdi thoa man cac di'eu ki~n sau:
a) Kh6a cua dinh eha bitt ky cua cay eong trong B nho hou kh6a cii a dinh con ben phai va Ian

hen kh6a cua dinh con ben tr ai.
b) Neu Ti, Tj Ia 2 Ii bitt ky trong B thl: [Deep (Ti) - Deep (Tj)1 ~ 1 vo'i moi i f. j.

Dlnh Iy 5. Vch moi T E TREE bao gio' ciing ton tq.i mqt cay hoan. chinh B E TREE tren t4p kh6a
hii:u hq.n K sao cho:

(a) AXf-T=B.
(b) T RJ (K)B.
(c) 8(B) = min{8(T) IT E TREE va T RJ (K)B}.
(d) h(B) = min{h(T) IT E TREE va T RJ (K)B}.

ChV:ng minh. (a) Theo Dinh ly 1 trr cay T bao gi0' cling t13n t~i duy nhitt m9t cay ehu[n tll.e M
cua T tren t~p him han K sac eho AX f- T = M. Trr cay M nay ap dung m9t so him han fan tien
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de aX2 ta se dtro'c cay hoan chinh B thoa man AX f- M = B. Theo quy tl{c R3 ta c6 AX f- T = B.
(b) Suy tir phan (a) nhu Dinh 1:9' 2.

(c) Tir cay chu[iJ. tltc M ap dung m9t so hiru han Ian tien de aX2 ta diroc cay hoan chinh B tren
t~p khoa hfru han K. Vi m~i Ian ap dung aX2 so dinh trong cay khong thay d5i nen 6(B) = 6(M).
Hay 6(B) = min{6(T) IT E TREE va T ~ (K)B}.

(d) Chu-ng minh dtra vao tfnh chat cda cay hoan chinh (xem [3]).

3.2. Cay nh] phan toi U'U tren t~p kh6a hiru han K

D!nh nghia 7. Cay To E TREE diro'c coi la cay toi iru tren t~p kh6a hiru han K neu To thoa man
dong thai cac di'eu ki~n sau:

1. 6(To) = min{6(T) IT E TREE.va T ~ (K)To}.
2. h(To) = min{h(T) IT E TREE va T ~ (K)To}.
3. Kh6a cua dinh cha bat ky cua cay con trong To nho ho'n cda dinh con ben phai km hon kh6a

cua dinh con ben trai.

Nhir v~y cay toi U'U c6 so dlnh be nhat, d9 cao thap nhat so v6i. cac cay ttrcrng dtro'ng v6i. n6.
Tir dinh nghia cua cay hoan chinh tren t~p khoa hiru han K ta co cac Dinh 1:9' 6 va 7 sau day:

Djnh ly 6. Cay holm chinh chinh [Ii cay toi ttu trin t4p kh6a hii:u hon. K.

D'[nh ly 7. M6i cay nh; phan T E TREE ton tq,i cay toi u:u To sao cho:
(a) AXT = To,
(b) T ~ (K)To.

Chung minh. Suy ra.tfr cac Dinh 1:9' 2, 3, 4, 5 va 6.

·4. MQT s6 THO TVC TiM cAy NH~ pHAN TOI UU TRENT~P
KHOA HUu H~N K

Theo Dinh ly 7. thl· cay nhi phan bat ky T E TREE, tim diro'c cay tili U1l To E TREE sao cho
T ~ (K)To. Vi~c xay dung To diro'c thuc hien theo cac biroc sau:

+ D~a cay nhi ph an bat ky T ve cay chuan tltc M tren t~p khoa hiru han K.
+ 'I'ir cay chu[n ti{c M chuy~n ve cay hoan chlnh B tren t~p khoa hiru han K (To == B).

4.1. Cau true cay

typedef struct tree
{ int key;

char info [n]j
struct tree "left;
struct tree "right;

} TRE~j

4.2. Cac ham xU- ly h~ tien de
Ham x~ 1:9' tien de 1
int ax, (TREE *t)

{ if ((*p).key :S (*(*P).left)). key && P la dinh trong cay goc t)
{ (*P) .left = (* ((P).left) ).leftj

return r, }
return OJ

}
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Ham xli- It tien d'e 2
. int ax2 (TREE *t)

{ if((*p).key < (*(*P).left)). key && PIa. dinh trong ca.y g5c t)
{ PI = (*P).leftj

(*P).left = (*Pt}.rightj
(*Pd·right = P;
return Ij }

return OJ
}

Ham xU- It tien d'e 3.

int ax3 (TREE *t)
{ if ((*p).key ~ (*((*P).right)). key && P la dinh trong cay g5c t)

{ (*P) .right = (* ((*P) .right)) .left;
return i, }

return OJ
}

Ham xU- 1:9' tien de 4

int aX4 (TREE *t)
{ if ((*P).key > kmax && PIa dlnh trong ca.y gec t)

{ P = (*P).leftj
return i, }

return OJ
}

Ham xU- 1:9' tien de 5.

int axg (TREE *t)
{ if ((*P).key < kmin && PIa dlnh trong cay gec t)

{ P = (*P).rightj
return L; }

return OJ
}

4.3. Thu~t toan chuy~n ve city chua'n tlc

Input: T E TREE, t~p khoa hiru han K.
Output: M E TREE 111.cay chu~n tltc tren t~p khoa hiru han K, M ~ (K)T.

Thu~ttoan

{ k = 1
while (k := 0)

{ 1. Ap dung aX4, neu co thay d5i thi k + +j
2. Ap dung axg, neu co thay d5i thi k + +j

}
k = OJ
do {3. Ap dung aXI neu co thay d5i thi k + +j

4. Ap dung aX2 neu co thay d5i thi k + +j
5. Ap dung aX3 neu co thay d5i thi k + +j

} while (k = 0)
M ~ (K)Tj

}
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V&i thu~t toan nay thi cac butrc "duy~t aXI, aX2, aX3" khong can ki~m tra cac kh6a c6 thudc
t~p K hay khong vi cac btro'c "duy~t aX4", "duy~t axg" da loai be toan b9 nhirng kh6a khong thudc
K.

4.4. Thu~t toan chuy~n tit cay chua'n t.lic ve cay holm chinh

Khi dira cay T E TREE v'e cay chuin tl{e thi toan b9 cac dinh trong ciia cay chuan tl{e e6 cac
kh6a deu thuge q.p hiru han K. Ta chi vi~e b~ doi cay ehua:n tl{e M m9t so hiru han Ian b~ng vi~e
ap dung tien de aX2' Thudt toan tren e6 th~ mo d. nhir sau:

Input: Cay ehua:n tlte M tren t~p kh6a hiru han K cua cay T E TREE.

Output: Cay can bhg B ~ (K)M.

Thu~t toan
void Bedoi (TREE *M)

{ if (h(M) > 2)
{ Bedoi (M);

1. Bedoi ((*M) .righ];
2. Bedoi ((*M).left);

}
}

5. vi DV MINH HQA

f)~ den giin ta xet t~p kh6a N Ill. t~p cac so t~· nhien va lay K = {5, 6, 7, 8, 9,10,11, 12} eN.

Cho cay T E TREE e6 dang sau:

Tim cay toi tru cua T tren t~p kh6a hiru han K = {5, 6, 7, 8,9,10,11, 12}, tren qp khoa K e6
kmin = 5, kmax = 12.

Theo aX4 (tien de 4) thl tai dinh [14, i7] co k = 14 > kmax nen

Theo axs tai dinh [4, i2] e6 kh6a k = 4 < kmin = 5 nen
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T ~ (K) (5,i1J == T2

[2,0 (10,i31r-: -:-.
t I: [7,16) I:-<:

r 6

Theo axj, tai dlnh [2, is] co khoa k = 2 < kmin = 5 nen

TZ ::::. (K) [5,i,1 == T3

~[10,i3J

l7,i~-<.
r; ~

Sau khi duyet aX4 v a ax , mot si5 l~n thi ta du'o'c cay T3 gom cac dinh co khoa thudc t%P K.
Tidp tuc duyet aX2 vo i 7 < 10 ta co

'J = MT3 zA -
6 ~

6~
(; 6

Tir cay chuiin M duyet aX2 [t.trc Iii b~ doi xay M) ta dtro'c

M "'"~ == B laCay hoan chi'nh

_~[1A
c ,,7: 7:

Ro r ang B ~ (K)T va B la city ti5i U'U cu a T tren t%p khoa hiru h an K.

6. KET LU~N

Cay nhi ph an m a ta dang xet trong bai nay la cay nhi phan mot chieu, Ta co thg mo r9ng th anh
cay nhi ph an n chie u tren t%p khoa hiru h an K(n) := K x K x K x ... x K (n ran) vo i K la t%p
KeN du'o'c dinh nghia nhir sau:

1. Ky hieu T la mot cay (cay n chieu d;ng).

2. Neu T1, T2 la hai cay n chieu thi day ky hieu [p, k, i] (Tl' T2), vo i k E K, i E I, p la chi so
cu a khoa (I ::; p ::; n), la m9t cay n chieu. T%p U;:t d. cac ca~' dinh nghia nhir tren diro'c ky hieu la
TREE (n) va goi la t%p cac cay nhi ph an n chieu vo'i cac thong tin chira 6- dinh trong tren t%p khoa
hiru han K(n).

Khi do ham lam viec (hay ham ket qua] f : TREE (n) x K(n) --> 1+ diro'c xac dinh nhir sau:
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1. Neu T E TREE (n) rna T co dang cay ding T thl f(T, I) = T vo'i VI = {kl, k2' ... , kp, ... , kn} E
K(n).

2. Neu T E TREE ma T co dang [p, k, i](T1, T2) thl

{

f(Tl, I)
f([p, k, i](T1,T2), I) = i

f(T2,1)

neu k < kp

neu k= kp

neu k » kp

Ta co thg m(y rfmg thu~t toan ttro'ng dirong va thu~t toan t5i U"U cua TREE (n) tren t~p hfru
han K(n) ma vOi n = 1 thl ta thu lai toan b9 ket qua. trong bai bao nay.
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