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TOI UU HOA CAY NHI PHAN MOT CHIEU V&I THONG TIN
CHUA O CAC PINH TRONG TREN TAP KHOA HU'U HAN

PO PUC GIAO, DPANG THI NGA, VA VU LE TU -

Abstract. The notion of search tree plays an impotant role in computer science, especially in the theory of
data structures. The efforts to optimize one dimensional binary search tree as introduced in this paper quite
useful for practical applications, especially for the representation of range queries, where the information
about secondary keys defined on range are organized as a binary tree.

In this paper we intend to further develop the conception of the binary search tree in [3], [5] and prove a

theorem which shows that each binary search tree can be uniquely transformed into optimal binary search
tree in the finite set of keys.

1. PAT VAN PE
Trong (5] Thiele da dwa ra dinh nghia ciy nhi phin mdt chiéu cac thdng itn chtra cac dinh trong
cda ciy trén tip khéa vé han N gom céc phin t& thda man quan hé so sdnh, dong thoi dwa ra mét
thuit todn dé khing dinh hai ciy bat ky c6 twong dwong véi nhau hay khong trén tip khéa N.

Dua vao thudt todn d6 cda Thiele trong [5], cic tac gid trong [3] phét trién thém thuit todn tim
ciy t8i wu cia mot ciy bat ky cho truéc trén tdp khéa vé6 han N.

Trong bai bdo nay, ching to1 trinh bay viéc xiy dung thuit todn twong dwong va thuit toin
t81 wu trén 16p ciy nhi phin mét chiéu véi cdc théng tin chira & cdc dinh trong trén tap khéa hiru
han bt ky K € N. Thuc chat ndi dung cda bai nay 1a co s& xay dung thuit todn phan ri dé tdi
wu héa ciy nhi phin véi cac thong tin chia & cédc dinh trong. Chiing t6i sé dé cip dén thuit todn
phén ri trong moét bai bdo khdc.

2. SU TUONG PUONG CUA CAY NHI PHAN TREN TAP KHOA HU'U HAN K
2.1. Dinh nghia cay nhi phan

Gid st I 13 t3p hiru han khéng rdng cdc phin td nio d6. I duwogc goi l1d tip céc théng tin . N
12 tip khong réng cic phin ti trén né thda man quan hé so sianh. Goi N 1a tap khéa, mdi phin ti
k € N goi la mét khéda (key).

bit It = Tu{r}, & day 7 la ky hiéu théng tin rong (khdng cé théng tin).
Pinh nghia 1.

1. 7 la mot cay.

2. Néu Ty, T, 13 hai cay thi ddy ky hidu [k,i|(T, T), véi k € N, i € I, Ia mét cay.

Tap tdt cd cac ciy dinh nghia nhu trén ta ky hiéu TREE va goi 1a tdp tdt cd cdc ciy nhi phén
mét chiéu véi théng tin chira & dinh trong. D€ cho ta goi TREE 14 t3p cic ciy nhi phén.
Dinh nghia 2. Liy T € TREE va 1 € N. Ta dinh nghia ham lam viéc (hay ham két qud)
f: TREE x N — It 13 m&t 4nh xa tir tap tich D& cic TREE x N vao tip I nhu sau:

1. Néu T € TREE ma T c6 dang ciy réng 7 thl f(r,l) =7 véiVlie N.

2. Néu T € TREE ma T c¢é dang |k,:|(Ty, To) thi
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f(T1,!) néul<k
F(lk, T Ta), ) = { 6 ndu l =k
f(T2,l) néul>k
Ta dwa vao ky hidu Ty = T, (Ty # T2) c6 nghia 1 cay T) dong nhét bing ciy T (ciy T; khong
ddng nhit bing ciy Ty).

Pinh nghia 3. Ta néi ciy T; tuwong dwong ciy T trén tdp N (ky hiéu Ty = (N)7T2) khi va chi khi
f(T1,1) = f(Ta, f) véi Vi€ N.

2.2. Quy t3c din xuidt va hé tién dé cia TREE -

Gid st T1,T, € TREE va = 132 mét ky hiéu méi khéng ndm trong tap IT U N U {[,],(,)}, khi
dé day ky hiéu Ty = T, duoc goi 13 mét phwong trinh cay. Tap tdt cd cdc phwong trinh ciy tuwong
ing véi TREE ta ki hiéu 14 EQU va dwgc dinh nghia nhu sau: EQU = {T} = T»|T, T> € TREE}.
2.2.1. Quy tic din xuit cia TREE

Gid st X CEQU va Ty = T, € EQU. Phuong trinh cidy 71 = T5 13 din dwoc tr 1dp X (ky higu
X+ Ty =T3) khi va chi khi T} = T3 € X hodc T = T» nhén duwoc tir cdc phin t& cda X bing cich
4p dung s6 hiru han Iin cic quy tic din xuit sau day:

Quy tic 1 (R;): Néu T € TREE thi X+ T =T véi moi T € TREE.

Qlly ti’Lc 2 (Rg): Né'u XF T1 = T2 thi X T2 = T1 véi m()l T11T2 S TREE.

Quy tic 3 (R3): Néu X+ Ty =To va X + T = T3 thi X + Ty = T3 vé6i moi Ty, T2, Ts € TREE.

Quy tic 4 (Re): Néu X F Ty = T! th X F [k,3)(Ty, To) = [k,i)(T, T2) véi moi Ty, Tz, T) €
TREE, ke K vai eIt

Quy t:‘—ic 5 (R5): Néu XF T2 = T2' thi X + []C,Z](Tl,T;;) = []C,'L](Tl,Tz') véi m01 Tl,Tz,Tzl (o
TREE, k€ Kvai eIt
2.2.2. Hé cac tién dé cda TREE trén tap khéa hitu han K

Gid st K C N 13 mét tip hitu han cic khéa. Do K C K nén thda min quan hé so sinh va
trong K c6 ton tai phin ti bé nhit vi phin td lém nhit ma ta ky hiéu twong ing 13 kmin, kmax-
Trong cic phuong trinh ciy EQU ta chon ra 5 phwong trinh ciy sau diy lam hé tién dé cda TREE
tré tip hiru han K:

Tién d& 1 (ax1): Phwong trinh cay [k, <|([l, j](T1, T2), T3)) = [k,2|(T1, Ts) hay

(k,i] = (K, 1]

7 N

[I:J ] T3 T‘l T3

N

T T2
T Bt Gitn @8 8. bty Tl 1L oy
Tién d& 2 (axz): Phwong trinh ciy |k,z|([l, 7|(T1, T2), T5)) = (I, 7)(T1, [k, ¢])(T2, T5)) hay
(k,i] = (Li]

/N

13 mét tién d€ néu ko >k > 12> kpiy -
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Tién d€ 3 (axs): Phwong trinh cdy [k,:](Ty, [{, 7](T2, Ts)) = [k, t](T1, Ts) hay

(k,i) = (k,i)
" 2%
T, [Li] i T,

A
2 T3

12 mdt tién d€ néu kmax > k > 1 > kmin -

Tién d& 4 (ax4): Phwong trinh cdy [k,:](T1, T2) = Ty hay

kil = T,
/
T, T,
13 m&t tién dé néu k > kpax .
Tién dé 5 (axs): Phuwong trinh cdy [k,1](T1, T2) = T, hay
kil = T2
T T,
la tién d€ néu k < kpyjn -
bit AX = {ax;, axp, axXs, axq4, axs} va goi 13 hé tién dé cia TREE trén tip hitu han K.
Chit y: Céc tién dé ax;, axz va axs 13 hé tién dé cda TREE trén tip khéa vd han N trong (3]

va ta dé dang ki€m tra mdi tién dé trong AX 13 mdt phuwong trinh ciy gom 2 ciy twong dwong véi
nhau trén tip khéa K.

2.3. Cay chuan tic trén tap khéa hiru han K
Dinh nghia 4. Gid st M € TREE, M duogc goi 1a ciy chuan tic trén K néu M 13 mét trong hai
dang sau day:
1. M=
2. Néu M # 7 thi M c6 dang M = [ky,21)(r, [k2,22](..., [kn,in](r,7),...) Vé1 ki € K vA k; <
IC,'+1 (’I. = 1, 2, ey 1)
‘Pinh 1y 1. (Tinh duy nhit cda dang chuin tic) Gid s¥ M;, My ld hai cdy chudn tdc. Néu
M, ~ (K)M, thi My = My.
Chitng mink. Ding phuwong phdp phén ching dwa trén dinh nghia cda ciy chuin tic M trén K.
Ta dwa vio ky hiéu §(T') := s8 cdc dinh cda cay T.
Dinh Iy 2. (v& sy ton tai dang chudn) Véi méi T € TREE ton tai duy nhdt cdy chudn tdc
M € TREE sao cho:
(a) AXF T = M,
(b) T ~ (K)M.
Chi#ng minh. Tinh duy nhit cda M dwgc suy tir Dinh 1y 1.
(b) suy t¥ (a), vi mdi tién dé trong AX 12 mét phwong trinh ciy dwgc ldp tir 2 ciy twong dwong
nhau trén K, dong thdi cic quy tic din xuit bio ton tinh twong dwong.

(a) dwgc chirng minh dua trén dinh nghia dé quy cda T véi su 4p dung céc tién dé trong AX
va cic quy tic din xuit.
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Dinh Iy 8. Néu M ld cdy chudn tdc thi §(M) = min{6(T)|T € TREE va T ~ (K)M}.

Chitng minh. Theo phin (b) cda Dinh Iy 2 thi tir ciy T dwa vé cdy M phdi xuit hién cc ciy trung
gian T; théa min cdc dieu kién: T =Ty » (K)o 8 T ... ~ (K)T-1 ~ (K)T, = M, & day Tiqy
nhin dugc tir T; bing cich 4p dung mét tién dé ndo dé trong AX.

Do céch chon céc tién dé ax; ma ta ludn ¢6 6(Ti41) < 6(Ti) (¢ = 0,1,...,n — 1). T¥ d6
6(T) = 6(Ty) > 6(Tz) > -+ > 6(Tn—1) > 6(T,) = 6(M). Gid st cé ton tai ciy T/ € TREE ma
T" ~ (K)M nhung T' ¢ {T1,T>,...,T,}. D& dang suy ra §(T') > §(M) bing phwong phép phin
éng. Tir 6 6(M) = min{§(T) |T € TREE v T ~ (K)M}.

Dinh Iy 4. Gid st Ty, T, € TREE. T, ~ (K)T, khi vd chi khi AXF Ty = T,
Ching minh. Tt AX T, =T, suy ra T = (K)T> do Dinh ly 2.

Chiéu ngwoc lai chitng minh nhu sau: Véi T; cé ton tai duy nhit ciy chuin tic M; sao cho
AXFTo= M; va T, ~ (K)M; (i = 1,2). Vi Ty ~ (K)T; nén M ~ (K)M,. Theo Dinh Iy 1 thi
M, = M,, 4p dung quy tic R; ta cé AX F M; = M,. Tir cic két qud trén ta suy ra AX - Ty = T.
bé 1a ditu cin chirng minh.

2.4. Thuit todn vé su tuwong duong cda cic ciy nhi phin trén tap khéa K

Input: Ty, T, € TREE va tip khéa K.
Output: Ty =~ (K)T, hay Ty % (K)T.
Buéc 1: Xay dung ciy chuin tic My cda Ty vi My cda Th trén K.
Buéc 2: So sdnh My véi M.
a) Néu My = M, thi T =~ (K)T5.
b) Néu M; # M, thi T\ # (K)T>.

3. CAY NHI PHAN TOI UU TREN TAP KHOA HUU HAN K

3.1. Cay hoan chinh trén tip khéa hiru han K

Gid st cdy T € TREE lad mdt ciy bit ky. DE phan biét vi tri cic 14 trong T ta ky hiéu
T1,72y...,Tn 12 c4c théng tin réng & céc 14 cda T (véi gid thiét T cb n 13). Ngodi ra ta dit Deep ('r,)
13 s8 c4c cung cda dudng di tir g8c dén 14 chiéa 7 trong cdy T va h(T) 1a ky hiéu chiu cao cda T
dugc dinh nghia nhw sau: A(T) = max{Deep (r;)/7: 13 14 trong ciy}.

Dinh nghia 6. Ciy B € TREE duwogc goi 14 ciy hoan chinh trén tip khoa hiru han K néu B 13 mét
trong hai dang sau:

1. B=r.

2. Néu B # 7 thi B phdi thda man cic diéu kién sau:

a) Khéa cida dinh cha bit ky cda ciy cong trong B nhd hon khéa cda dinh con bén phdi va 16n
hon khéa cida dinh con bén trai.

b) Néu 7;, 7; 12 2 14 bat ky trong B thi: |Deep (r;) — Deep (r,)| < 1 véimoi ¢ # j.
Pinh 1y 5. V&1 moi T € TREE bao gio* ciing ton tai mét cdy hodn chinh B € TREE trén tdp khéa
h#u han K sao cho:
(a) AXF T = B.
(b) T~ (K)B
(¢) 6(B) = min{6(T) |T € TREE va T ~ (K)B}.
(d) h(B) = min{h(T)|T € TREE vd T ~ (K)B}.

Chitng mink. (a) Theo Dinh Iy 1 tir ciy T bao gid ciing ton tai duy nhit mot ciy chuin tic M
cda T trén tip hiru han K sao cho AX T = M. T cdy M ndy 4p dung mot s8 hitu han lin tién
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dé axy ta sé dwoc cidy hoan chinh B thda man AX - M = B. Theo quy tic R3 tacé AX - T = B.

(b) Suy t¥ phin (a) nhu Dinh ly 2.

(c) T cay chuin tic M 4p dung mdt s8 hiru han I3n tién dé ax; ta dwgc ciy hoin chinh B trén
tdp khda hitu han K. Vi mdi Iin 4p dung az, s8 dinh trong ciy khéng thay d8inén 6(B) = §(M).
Hay 6§(B) = min{é6(T) |T € TREE va T =~ (K)B}.

(d) Chirng minh dua vao tinh chit cda ciy hoin chinh (xem [3]).

3.2. Cay nhi phan t6i wu trén tip khéa hiru han K
Pinh nghia 7. Ciy Ty € TREE dwoc coi 1a cdy t8i wu trén tip khéa hiru han K néu T thda man
dong thot cdc diéu kién sau:

1. §(Ty) = min{6(T) |T € TREE va T ~ (K)To}.

2. h(To) = min{A(T) | T € TREE vi T ~ (K)To}.

3. Khéa cia dinh cha bit ky cda ciy con trong Ty nhd hon cda dinh con bén phdi 16n hon khéa
cia dinh con bén tréi.

Nhir viy ciy t8i wu cé s§ dinh bé nhit, A6 cao thip nhit so véi cdc cdy tuwong dwong véi né.
T dinh nghia cda ciy hoin chinh trén tip khda hiru han K ta cé cdc Dinh ly 6 va 7 sau day:

Dinh ly 6. Cdy hoan chinh chinh ld cdy t67 wu trén tip khéa hitu han K.

Dinh ly 7. Mét cdy nhi phan T € TREE ton tai cdy 167 wu Tp sao cho:
(a} AXT = T,
(b) T =~ (K)To.

Chi#tng minh. Suy ra.tir cdc Dinh ly 2, 3, 4, 5 va 6.

4. MOT s6 THU TUC TiM CAY NHI PHAN TOI UU TREN TAP
KHOA HUU HAN K

Theo Dinh 1y 7 thi cdy nhi phéin bit ky T € TREE, tim dwoc ciy t8i wu Ty € TREE sao cho
T ~ (K)T,. Viéc x3y dung T, dwgc thuc hién theo cic buwéce sau:

+ DPua cay nhi phsn bt ky T v& ciy chufn tic M trén tip khéa hiru han K.

+ T ciy chuin tic M chuyén vé ciy hoan chinh B trén tip khéa hiru han K (Tp = B).

4.1. Cdu trac cay

typedef struct tree
{ int key;
char info [n];
struct tree *left;

struct tree *right;
} TREE;
4.2. Cac ham xi 1y hé tién dé
Ham xir 1y tién d€ 1
int ax; (TREE *t) '
{ if ((*p)-key < (*(*P).left)). key && P 1 dinh trong ciy géc t)
{ (*P).left = (*((P).left)).left;

return 1; }
return O;

}
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Ham xit ly tién d€ 2
int ax; (TREE *t)
{ i((*p).key < (*(*P).left)). key && P 13 dinh trong ciy gdc t)
{ Pi1 = (*P).left;
(*P).left = (*P;).right;
(*P,).right = P;
return 1; }
return 0;

}
Ham xt 1y tién dé 3.
int ax3 (TREE *t)
{ if ((*p)-key > (*((*P).right)). key && P 1i dinh trong ciy géc t)-
(*P).right = (*((*P).right)).left;
return 1; }
return 0;
}
Ham xi 1y tién dé 4
int ax4 (TREE *t)
{ if ((*P).key > kmax && P 13 dinh trong ciy gdc t)
{ P = (*P).left;
return 1; }
return O;

}
Ham xi ly tién dé 5.
int axs (TREE *t)
{ if ((*P).key < kmin && P 13 dinh trong ciy gdc t)
{ P = (*P).right;
return 1; }
return O;

}

4.3. Thuit todn chuyén vé ciay chuin tic

Input: T € TREE, tip khéa hiru han K.
Output: M € TREE la ciy chuin tic trén tip khéa hiru han K, M =~ (K)T.

Thuat toan
{ k=1
while (k := 0)
{ 1. Ap dung ax4, néu c6 thay d8i thi k + +;
2. Ap dung axs, néu cé thay d5i thi k + +;
}
k = 0;
do { 3. Ap dung ax; n&u cé thay d8i thi k + +;
4. Ap dung ax; néu c6 thay d8i thi k + +;
5. Ap dung axs néu cé thay d8i thi k + +;
} while (k = 0)
M =~ (K)T;
}



CAY NHI PHAN MOT CHIEU VOI THONG TIN CHUA O CAC DINH TRONG 53

Véi thuat todn nay thi cdc buéc “duyét ax;, axs, axz” khong can ki€m tra cic khéa cé thudc
tdp K hay khdng vi cdc buéc “duyét axy”, “duyét axs” da loai bd todn bd nhitng khéa khong thudc
K.

4.4. Thuit todn chuyén tir ciy chudn tic vé cidy hoan chinh

Khi dwa ciy T € TREE v& ciy chuan tic thi toin bd céc dinh trong cda ciy chuin tic cé cic
khéa déu thudc tip hitu han K. Ta chi viéc bé ddi ciy chusn tdc M mdt s& hiru han lin bing viéc
4p dung tién dé ax,. Thudt todn trén c6 thé mé t nhu sau:

Input: Cay chuin tic M trén tip khéa hitu han K cda ciy T € TREE.

Output: Ciy can biang B ~ (K)M.

Thuit toan

void Bedoi (TREE *M)
{ if (h(M) > 2)
{ Bedoi (M);
1. Bedoi ((*M).righ);
2. Bedoi ((*M).left);
}
}

5. Vi DU MINH HQA
D& don gidn ta xét tip khéa N 13 tip cic s8 tu nhién va ldy K = {5,6,7,8,9,10,11,12} C N.
Cho ciy T € TREE cé dang sau:

T = [5,i,]

/

iy [10,i5]
(614 [2s)

/\/\

N 3 T 7 7
¢ a"

el [14i]

Tim ciy t8i wu cda T trén tip khéa hiru han K = {5,6,7,8,9,10, 11,12}, trén tip khéa K cé
kain = 5, Kanax = 12:

Theo ax,4 (tién dé 4) thi tai dinh [14, i7] c6 k = 14 > kpax nén
T ~K) [5i,] = T
A (o5

6, (2.5 [7:is]/\‘[
Z/\Z‘ T/\T ’é’/\a‘

Theo axs tai dinh [4, 73] c6 khéa k = 4 < knin = 5 nén
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Theo axs tai dinh [2, 75] c6 khéa k = 2 < ki, = 5 nén
T, = (K) [5i1] = T,
T [10,i3]
(7,16l 2
7 T

Sau khi duy@t axs vd axs mdt s3 lan thi ta dwoc cidy T5 gom cic dinh c¢é khéa thude tip K.
Tiép tuc duyét axs véi 7 < 10 ta cb

T3 = [51i]] = M

/N

T (7,16

3 [1/oi3]\

3

)

Tir cidy chudn M duyét ax, (tdc 1a bé déi x4y M) ta dwoc

M = [7,i,] = B lacayhoanchinh
(5] [10/,3]\
T T T T

R& rang B ~ (K)T va B la ciy t81 wu cda T trén tip khéa hiru han K.

6. KET LUAN

Ciy nhi phin ma ta dang xét trong bai nay 13 ciy nhi phin mét chigu. Ta cé thé m& rong thanh
ciy nhi phin n chidu trén tdp khéa hiru han K(n) := K x K x K x ... x K (n lan) v6i K 1a tap
K c N duwoc dinh nghia nhu sau:

1. Ky hi¢u 7 12 mot cdy (cdy n chiéu rong).

2. Néu Ty, T 1A hai cay n chidu thi day ky hiéu [p, k, ] (T}, T»), véi k € K, < € I, p la chi s8
cda khéa (I < p < n), 12 mét cdy n chidu. Tap tt cd cdc ciy dinh nghia nhu trén dwoc ky hiéu la
TREE (n) va goi 13 tip céc ciy nhi phin n chiéu véi céc thong tin chiva & dinh trong trén tap khéa
hitu han K(n). :

Khi d6 ham lam viéc (hay ham két qud) f : TREE (n) x K(n) — It dwoc xdc dinh nhu sau:
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1. Néu T € TREE (n) ma T c6 dang ciy réng 7 thi f(r,1) = 7 v6i Vi = {k1, ka2, ..., kp, ..., kn} €
K(n).

2. Néu T € TREE ma T c6 dang [p, k, ¢](T1, T2) thi

f(Ti,l) néuk<k,
f(lp, ky2)(Ty, T2), 1) = { 2 néu k =k,
f(T2,1) néu k> k,

Ta c6 thé m& rong thuit toin twong dwong va thuit todn t3i wu cda TREE (n) trén tip hitu
han K(n) ma véi n =1 thi ta thu lai todn bd két qud trong bai bio nay.
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