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eOI VOl PHU'ONG TRINH TRUYEN NHI~T H~ SO BIEN eOI

vUVANHUNG

Abstract. In this paper, we propose a class of difference scheme for approximately solving the second order
boundary heat propagation problem in H space. These explicit schem=s ~t'e stable and allow an optimal
computation.

1. MO'DAU

Ngay d. nhimg trircng hop don gian nhat, vi~c toi U'U h6a hroc do sai phan doi v6i. phirong
trlnh truyen nhiet cap 2 ciing khOng dcrn gian. Lircc do hien 5n dinh c6 di'eu ki~n nhirng khdi hro'ng
tfnh toan c6 th~ la l&n, con IU'<?,cdo ;in 5n dinh tuy~t doi song doi hoi ma tr~n phai co nghich dao.

Bai bao nay la trlnh bay m9t lap cac hrcc do sai phan xap xi bai toan bien doi vai phircrng trlnh
truyen nhiet cap 2 trong khong gian H. Cac hro'c do nay hi~n 5n dinh va cho phep toi U'U h6a cong
vi~c tinh toano

Th~t v~y, d~ giai bai toan vi ph an

(I)

ay a ( ay)at = ax k(x, t) ax + I(x, t), k? ko > a
(x, t) E G := (0,1) x (0, T)

y(x, 0) = g(x), x E (0,1)
y(O, t) = a(t), y(l, t) = .B(t), t E (0, T)

(1.1)

(1.2)
(1.3)

Cthroi chir nh~t GhT = {(x, t) : x = ih, t = it, i E 1, N - 1, j E 1, M - 1}, chung ta ap dung hroc
do sai phan sau:

i+t _ i _ ~[)J i+/+t] i E In (1.4)Yi Yi - 2 i Yi i

i+t _ i _ ~[)J i+t +/+t] 'E J (1.5)Yi Yi - 2 i Yi i t p
(II) <, '1 r [ , '1 '+1]yf+l -'- y;+. = "2 .>.:y;+. + If 2 i E i; (1.6)

i +1_ i+t _ r [)/ yJ' +1+ Ii+ t] i E In (1. 7)v; v, - '2 ii, i

voi j = 0, 1, ... ,M - 1, Ctday
In := {i : i E 1, N - 1, i Ie}

Jp := {i : i E 1, N - 1, i ch~n}

A{ la toan tu: sai ph an xac dinh nhir sau: (khi k E G(O))

Ai p _ 1 [ i p . ( i + i ) p + i p ]iYq - h2 aiYq-l - ai - ai+1 Yq ai+1Yq+l'

a:' := k [(i - ~)h, (j + ~) r],
1

i, q E 1, N - 1, i. p, p + "2 E 1, M - 1,
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con cac dieu ki~n ban d~u va. bien theo each sau:

y? = g(ih), i = 1,2,...
p_ () _ 1 3

Yo - 0: pT, P - 0, 2' 1, 2' ...
P _ R( ) _ 1 3

Yn - fJ pr ,p - 0, 2' 1, 2' ...

(1.8)

(1.9)

(1.10)

D~ dang nh~n tha:y hroc dt nay bi~u di~n dang hi~n va sai se) ciia n6 Ill. (T + h2).

2. D~NG eHiNH TAe enA Luge DO KHAO skI'
Ki hi~u:

T 1 3
YP:=[Yi, .. ·,y~-l]' P=0'2,1'2''''

Ai .- 1 idi {i _( i i) i } RN-IXN-l . 1 N 1.- - h2 tn lag ai' ai + ai+1 ,ai+1 E , t E, -,

~, [i+! a{ i+ 1 'i+! i+1 ak] 1
jPJ:= fl 2 + h2O:(PiT), 12 2" ••• 1 IN-~' IN_21 + h2"{3(PiT) , Pi = j + 10, 10 = 0, 2' 1.

Khi d6 hroc do khao sat (II) c6 th€ viet dang:

In {yl'+t - yi + ~Aiyi} = ~InP,

Ip{ yl'+! - yi + ~Aiyi+!} = ~IpP+!,

Ip{ yi+1 - yi+t + ~Aiyi+t } = ~IpP+!,

In {yi+t - yl'+t + ~Aiyi+l} = ~InP+1,

(III)

(a)

(b)

(c)

(d)

6- day, 1

1
°

°° 1

M~t khac, neu tit (III) c(?ng phirong trlnh (a) v6i. (b) cling nhtr cac phirrrng trlnh (c) v&i (d)
chiing ta c6:

(I + ~IpAi)yi+t = (I - ~InAi)yi + ~(InP + IpP+t),

(I + ~InAi)yi+1 = (I - ~IpAJ')yi+t + ~(IpP+t + InP+1).

(2.1)
(2.2)

Ky hieu:
Bi := (I + ~IpAi)(I + ~InAi),

~ , ( T ') ( T ')BJ·= I - -I AJ I - -I AJ. 2 p 2 n ,

Fi := ~(I + ~IpAi) (IpP+t + InP+1) + ~(I - ~IpAi) (InP + Ipli+t).

Khi d6 tit (2.1) va (2.2) ta c6: (2.3)
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Do Bi - Bi = TAi nen tit (2.3) Suy ra:
i+1 _ i

Bi_Y__ -Y- + Aiyi = Fi, j = 0,1, ... ,M - 1
T

(2.4)

hay (IV) {
BYt + Ay = F
yO = [g]h

Ta co Vy E RN-1X1
n-1

yT Ay = :2 {a1Y~ +L ap(yp - yp_d2 + aN-1Y~_1}
p=2

n-1
ko {2 "{. )2 2 }~ h2 Y1+ ~ yp-yp-l +YN-1 :

p=2

Bo-i v~y: A = A* > 0, tu-c toan ttr A tl! lien hop, xac dinh diro'ng.

3. TiNH ON D~NH CUA LUgC DO

ChUng ta c6 the' viet hroc d~ sai phan khao sat tren 0- dang:
i+1 _ i

BY y + Aiyi = r',
T

trong d6 1 1 2
B = 1+ -TA + -T IpAlnA,2 4
A = :2 tridiag{ - ai, (ai + ai+d, -ai+d ;:~1,
ai ~ ko > ° doi v6-i i = 0,1, ... , N.

Do A = AT va xT Ax > 0, "Ix =1= 0, va dira vao dinh ly cua Samarski [3] v'e slf 5n dinh ta c6:
. Di'eu ki~n di.n cua slf ~n dinh lel. .

1
xT[B-2TA]x~0, VxERN (e)

con dih dti lel.t~n t~i e E (0,1) sao cho:

1
xT[B-2TA]x~exTx, VxERN

Neu ky hi~u C := h4IpAlnA thl tit (e) va (f) chiing ta co:

h4 xTCx
-4- < inf --

T2 - xERN xT X '

(f)

(e')

h4 xTCx
-4(1- e)- < inf --.

T2 - xERN xTx
(f')

Tit cac ve phai cda (e')' (f') ta c6 dinh ly sau:

D!nh If 1. Neu h2 A = {- ai-loi-l,i + (ai-1 + adoii - aiOi+1,i} ~3~~ va ai > ° vui i = 0, 1, ... , N
thi:

2 2 . xTCx 2 2
----a < inf --- < ----a1+ V2 max - xERN xT x - 1+ y'5 max j

• .- max ai.cf day amax .- OSiSN
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CMtng minh. Ky hi~u mN := max{i : i E Z, 2i :::; N - I} va nN := max{i : i E Z, 2i :::; N} (Z la.
t%p hen> cac so t\}.'nhien]. Ta xac dinh cac ma tr%n P, Q, D, H nhir sau:

P·- (T)ffiN R(ffiN+1)XN Q._ (T )nN RnNXN ,. T _ [C "'C C 1.- e2i i=O E ,.- e2i-1 i=1 E , V01. eK - UO,K, U1,K,"· ,UN-1,K ,

D:= h2QAQT E RnNxnN, H:= h2QApT E RnN(ffiN+1).

Do pT P = i: QTQ = In eho nen

C = h4IpAInA = h4pT PAQTQA(pT P + QTQ)

= h4pT PAQTQApT p+ h4pT PAQTQAQTQ

= pT HT H P + pT HT DQ.

Tir d6 e6:

(3.1)

suy ra

Tir (3,1) va ba:t dhg thti'c:

lIH~112 -IIDH~IIII1711 eHT H~ + eHT D17
Ilell + 1117112 :::; 11~112+ 1117112 '

a2(~) - f3(e)t . f xTCxinf < III
eERmN+1 1+t2 -xERN xTx

t~O

(3.2)

vo-i
IIH~II

a(~):= tmI' IIDH~II
f3(~):= II~II . (3.3)

Tiro'ng tl1' tu: (3.1) vo'i 17= tDH~ ta e6:

xTCx
inf -- < inf

xERN xT X - eERmN +1
tER

a2(~) + tf32(~)
1+t2f32(~) .

(3.4)

Do inf a2(~) - f3(~)t = _ _f32(e)
t;::o 1 + t2 2[a2(~) + va4(~) + f32(~)]

inf a2(~) + tf3(~) = _ _f32(e)
tER 1 + t2f32(~) 2[a2(~) + va4(~) + f32(~)]

nen t.ir (3.2) va (3.4) ta e6:

inf xT Cx = _ sup f32( ~) .
xER xTx €ERmN+l 2[a2(~) + va4(O + f32(~))

(3.5)

va.

M~t khac, vo'i m~i ~:

f3(~) < IIDlla(~), a(~):::; IID-111f3(~)

va ky hi~u d:= IIDII, 5:= IID~111 ' ta e6:

5a(e) :::; f3(~) :::; da(e),

P f32(e) d2

2[1+)1+ af~€)] :::; 2[a2(~)+va4(~)+f32(~)1:::; 2[1+)1+ a~(€)]'
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Dong thai v&i amax:= sup a(E) ta nhan diroc:
€ERmN+l

52 R2(~,
-;:-----;;::===.=, < suP , ,> , < -r--r===:=:==;-
2[1+\11+ af.J - €ERmN+12[a2(E)+va4(E)+,82(E)] - 2+ [1+)1+ a~'.J

d2 xTCx 52
-;:-----;;====:=:=, < inf -- < - -----r-----,:.====:=;:==;_
2 [1 + . /1 + --?-] - xERN xT X - 2 + [1 + . /1 + -4-]V Q:ma.x V ama.x

d2

(3.6)

Ne'u chung ta dira vao cac ky hieu:

amin:= rmn ai, amax:= max ai, ar = amax 0 ~ T ~ NO'5,.i'5,.N o '5,.i '5,.N

thi
2Ckmax

sup ET HT HE
€ERmN+1 ETE

[
nN-I ]

sup ; c L (a2i-IEi-1 + a2iEd2 + (a2nN-I EnN-I + 5mNnN a2nN EnN)2 ,
€ERmN+l <; <, i=1 (3.7)

o [ ] mN
con v&i ~ = 5iE(~) ._ thi . .

.-0 0 0 2 2

2 > eHT HE = { a2E(~) + a2E(f)+1
amax - 0 0 2er E a2E(~)

khi E( ~) ~ nN - 1

khi E(~)=nN

ta co: 2 <2 <4"2amax _ Qrnax _ amax' (3.8)

Ta nh an thay r~ng:
d = IIDII= max (a2i-1 + aid,

I '5,.. '5,.nN

nghia Ill.:
amax + am in ~ d ~ 2amax (3.9)

va 1
IID-III- max + a2i- l'5,.i'5,.nNa2i-1

tu-e Ill.
_1_ < liD-III ~ _1_
2amax 2amin

hay
2amin ~ 5 ~ 2amax. (3.10)

Ap dung cac danh gia (3.8)' (3.9)' (3.10) de'n (3;6) ta diroc:

p > 4a!in

2[I+Jl+ arn] - 2[I+Jl+~at:xx]

---r_--:d;=2====;-< 4a!ax < _2a_!_a_x
2[1+. /1+ -ag' ] - 2[1+· /1+ 4afin] - 1+0'V ma.x V 4ama.x

2a!in
I+VS'

Tir day suy ra:
2 2 . xTCx 2 2

-~amax~ mf -T-~-~amax'
1 + v 2 xERN X z 1 + v 2

V~y dinh Iy da diro'c chirng minh.

Tir ket qua crla dinh Iy ta suy ra cac h~ qua sau:
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H~ qua 1. Lu o c ao khdo sat kh6ng e« ainh tuy4t aoi.

Th~t v~y, tir ket qui cua dinh Iy va dieu kien (e') ta c6:
h4 2

-4- < a2 < 0
72 - 1+ v's max

hay amax :2 :S V2(1+ Vs).

Di"eu nay th€ hien ket qui cii a h~ qui.

H~ qua 2. Lu o c ao khdo sat 6'n ainh v6"i aieu ki4n

amax :2 = const :S V2(1+ V2)(1- e) vci 0 < e < 1.

Th~t v~y, ket qui nay d~ dang suy ra tir dinh If va dieu ki~n (f').

D€ so sanh dieu kien 5n dinh doi voi hro'c d<'>hien thOng thirong
7 1

amax h2 :S2(1- e) [3]

ta co Dinh If 2.

D!nh ly 2. Gid sJ: co cac aieu ki4n sau:
(1) A = A* > 0,
(2) B ~ eE + 0,57 A doi vo'i e E (0,1),
totin. tJ A tho a man itieu ki4n Lipsic
(3) ((AU) - AU-I))y, y) :S c7(Ai-1y, y), Y E RN, j = 1, N,
d· aay c Ld hfing so dUlJ"ngkhong phI!- thuqc VaG7.

Khi ito bai to-in. khdo sat (IV) Ld 5n itinh va co aanh gia itung sau :

IIYIIAi :S eCT [lly(O) IIA(O) + ~ 2: 7I1FU) II].

ChUng minh. Vi~c chimg minh dinh ly nay du a vao gii thiet k( x, t) thoa man dieu kien Lipsic
(k E C(C))

[k(x, t) - k(x, t - 7)] :S 7ck(x, t - 7)

cling nhir dieu ki~n 5n dinh cu a hrcc do

amax :2 :S V2(1 + V2)(1- e)

va khi d6 d~ dang suy ra ket qui.

4. SV TOI UTI HOA TiNH ToAN

D€ xac dinh nghiern cua bai toan tren khoang (0, T) doi voi hro'c do hi~n thong thiro'ng, so phep
toan diro-c thuc hien Ia

t _ 2wTamax

p - h3(1 - e) , (4.1)

6- day w Ia so cac tfnh toan can thiet M tinh Ay•

T 1
Th~t v~y, tren khoang (0, T) ta c6 so dai ~; so mdc tren 1 dai Ia h." V~y so phep toan can thiet

doi vci hroc d<'>hien
T 1 1 T 2wTamaxtp = - x -w ~ -w --::---:----:-:---
7 h h h2(1- e)/2amax h3(1 - e) .
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So phep toan d~ xac dinh nghiern doi vci hroc do khao sat

lk = ~w Tamax .

h
3

V2(1 + vIz)(1- e)

ThA A A kh 1 (T) ," dai T· 2T " " A dai 1~t v~y, tren oang 0, ta co so ai L = --:;:-'so moc tren ai u:
2

thiet doi v&i hro'c do khao sat:

lk = ~ ~w = -i wTamax .

2 2h h V2(1 + vIz)(1 - e)

(4.2)

V~y so phep toan din

'I'ir day ta co S1!so sanh khoi hrong ch tfnh toan M xac dinh nghiern cii a bai toan, rmg v&i hai
loai hrcc do:

lk
lp

wTamax h3(1- e)
h3V2(1 + vIz)(1 _ e) x 2wTamax

1- e 1
1(1 + vIz) Rj 3" doi vo'i e = ~2

nghia la cong vi~c tfnh toan co th€ giim t&i 65%.
Nhir v~y la tfnh iru vi~t trong s1! toi iru hoa cong vi~c tfnh toan cila hroc do khao sat dii diroc

giai quydt, Tat nhien viec toi iru do phu thuoc vao tirng bai toan cling nhir cac yeu diu doi hoi tlnrc
te khac de" ttro'ng irng v&i e diro'c chon thich hop. .
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