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PHUONG PHAP SAI PHAN GIAI XAP Xi BAI TOAN BIEN
POl V&1 PHUONG TRINH TRUYEN NHIET HE SO BIEN DOI

VU VAN HUNG

Abstract. In this paper, we propose a class of difference scheme for approximately solving the second order
boundary heat propagation problem in H space. These explicit schem=s are stable and allow an optimal
computation.

1. MO DAU

Ngay cd nhitng trudng hop don gidn nhit, viéc t6i wu héa lwgc d5 sai phin d8i véi phuong
trinh truyén nhiét cdp 2 cling khong don gidn. Lugc dd hién 8n dinh c¢6 dieu kién nhung khdi lwong
tinh todn cé thé 1 1ém, con lwge d6 4n 8n dinh tuyét d8i song ddi héi ma tran phii cé nghich dio.

Bai bdo nay 1a trinh bay mét 16p cac lwrgc do sai phan xap xi bai todn bién déi véi phuong trinh
truyén nhiét cip 2 trong khéng gian H. Céc lwoc d6 nay hién 8n dinh va cho phép £8i wu héa cong
viéc tinh todn.

Thit viy, d€ gidi bai todn vi phan

%: :—z(k(z,t)g—Z) +f(z,t), k>ko>0 (1.1)
(1) (z,t) €eG:=(0,1) x (0,T)

y(z,0) = g(z), z € (0,1) (1.2)

y(O,t) = a(t): y(l,t) = ﬁ(t), te (O’T) (1'3)

& luwéi chir nhat G, = {(z,t) : z=1h,t=37,7€ 1, N—1, j€ 1, M — 1}, ching ta 4p dung lwoc
do6 sai phan sau:

41 : 22 i1
(it -yl = TP+ e (1.4)
i+ 1 . T c 43 i+ 4 ;
J v -y =5[/\3yf L ’] i€Jp (1.5)
(H) J+1 j+i T[y5 7+% i+3 :
Y. Y = 2 [/\,-y,- + 5 ] 1€ Jp (1'6)
T L AR A TP A (1.7)

Jo={1:1€1, N-1, 7 1§}
Jy:={i:1€1, N—1, 1 chin}

AJ 1 todn t sai phin xdc dinh nhu sau: (khi k € C(G))
: 1, . o ; ;
Myp = Slalvl_ ) = (al +al, )yl + ol 41941
: o1 o1
of = k[(-g)m (+3)"]

P — 1 R —
i,qu,N—l, j)p!p+_2_611M—11
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cdn céc ditu kién ban diu vi bién theo cich sau:

y) = g(ih), i=1,2,... (1.8)
1 3
v =a(pr), p=0, = 1, 2 (1.9)
1 3
=ﬂ(p1‘),p=0, 5, 1, E, (110)

Dé dang nhin thiy lwoc dd niy bi€u dién dang hién va sai s8 cda né 1a (r + h?).

2. DANG CHINH TAC CUA LUQC PO KHAO SAT

K{ higu:
T 1 3
yp:=[y§_,)-"’y§)v_1] ) sz, E) 1) E)
AT = —hiztridiag{ai —(a + a.+1 J } eRN-IXN-1 ;1 N1,
J+3 91 i+3 J‘+% J+, ey L
f = |f +h2°‘( ) f2 yeees N-2» 1+ hzﬁ(?ﬂ) p;=J+e =0, 2;1-
Khi d6 lroc d5 khio sat (II) cé thé viét dang:
1 . T - . T ~.
(L{v*} -y + 247y} = 2L, (a)
L{y* -y + Zay i) = TR, (b)
m iy B
Ip{y’“ ¥+ —A’y”’} =L, (c)
In{yﬁ'l g 7T g = AJ J+1} — %In7j+1, ()
0 1
In=_ 1 ERN——IXN—-l, Ip= 0 ERN_IXN—I.

M3t khéc, néu t¥ (III) cdng phuwong trinh (a) véi (b) ciing nhu cdc phwong trinh (c) véi (d)
ching ta cé:

(I+ 2L a0y = (1= 2L )y + 2 (L + L), (2.1)
(I+ 2L A7)y = (I—~I w)yth 2 (L + L 7*Y). (2.2)

Ky hiéu: T

B = (I+ S LAT) (I + S 1.4%),

T

~ . T . .
B = (I- —Z-I,,A’)(I - EI"AJ)’

FI o= 2(14 T A7) (L 4 L J5) 4 (1= S 7) (I Ff + L J+3),

Khi dé tir (2.1) va (2.2) ta cé: Biyi+l = Biyi 4 rFi, , (2.3)
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Do B — B9 = 7 A7 nén t¥ (2.3) suy ra:

,yj’f'l—-yj .. . .
B’f+A’y’=FJ, 7=0,1,... M—-1

b - _ By, + Ay=F
4 {2
¥° =[gln
Ta ¢6 Vy € RV-1x1

1
y Ay = h2{41y1+zap(yp Yp-1)? +a~ Y- 1}

p=2
ko
> hz{y1+2(yp~yp )2+ yR- 1}
p=2

Bdi viy: A= A* >0, titc todn t& A tw lién hop, xac dinh duwong.

. TINH ON PINH CUA LUQC DO

Chung ta c6 thé vi€t lugc db sai phan khio sit trén & dang:

J+1 _ .7
u+A?y =FJ’

trong dé 1 1,
B=1+ —'rA+ -r I AL A,

A = h—trldlag{ a;, a'l. +a1+1) _a’+1}1 0?

a; > ko >0 dsivéi :=0,1,...,N.

Do A = AT va 2T Az > 0, Vz # 0, va dwa vio dinh If cda Samarski [3] v& sy 8n dinh ta cé:

Diéu kién cin cda s dn dinh 1
:ET[B - %TA].’E >0, Vz e RV
con diéu dd 13 tdn tai e € (0, 1) sao cho:
z7 [B — %TA]::; > s;r:T:z:, Vz € RY

Né&u ky higu C := h*I, AL, A thi tir (e) va (f) ching ta cé:

h* zT Cz
—4— < inf
72 ~ zerV zTz

s(1—e) ht < inf zTCxz
= = B ln
72 ~ zerN zT2z

T céc vé€ phdi cda (¢’), (f’) ta ¢é dinh 1y sau:

Pinh 1y 1. Néu h%4A = { —ai—16i—1,;+ (@i-1 + a;)bi; — ;b4 5 }‘ e
thi:
2 2 zTCz 2 2
A < f < — a
i ﬁamax = GI;QN oy 1+\/g max ’

d ddy a = max a;
y max 0<1<N

(e)

vaa; >00vd11=0,1,...,

(2.4)

N
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Chiéng minh. Ky hiéu my :=max{r: 1€ Z,20< N -1} viny :=max{t: 1 € Z, 20 < N} (Z la

tap hop céc s8 tw nhién). Ta x4c dinh cic ma trin P, Q, D, H nhu sau:

m N T. n o
P = (eg‘i)i:h(’) € Rimat1)xN, Q:= (ezi—1)i!1 e RMAN, v&i o = (60,7561,

D := hZQAQT ER”NXHN, i thAPTERnN(mN+1),
Do PTP =1, @¥¢ =L, chomnén
C = h*I,AI,A=h*PTPAQTQA(PTP + Q7 Q)
=h*PTPAQTQAPTP + h*PTPAQTQAQTQ

= PEHT P + P* XD,
Tu dé cé:
¢ zTCz o (Pz)THT H(Pz) + (Pz)T HT D(Qz)
i = in
s€RN 2T ceRM (Pz)T Pz + (Q2)T Qs

i STHTHE—F&THTDU

= in :
ger™N +1 FE+nty
nER™N

Tu (3,1) va bat ding thic:
I HE|? — | DHE||Inl| _ ¢THTHE + €T HT Dn

e+ = [eE+ e
suy ra ) a2(§) - B(&)t . T Cz
een';‘£+1 1+ t2 < zggN Tz
vl G _ |pHE|
=" PO=Tg

Tuwong tu tr (3.1) véin =tDHE ta cé:
T Cz a— a?(€) +tp2(¢€)

zielg“' 2Ty — EE}“::H 1+ t282(¢)
Do e 8 - B9 _ —#29)
£>0 14 ¢2 2[a2(§)+ at(€) + p2(¢)
vi g L8 B —F*(¢)

teR 1+ t242(¢€) N 2[a2(£)+ at(€) + p2(¢)
nén tir (3.2) va (3.4l) ta cé:
HETEL A :
zeR zTz cermn +1 2[a2(€) + 1/at(€) + B2(€)

M3t khac, véi mbi ¢:

A() <IIDlla(€), (&) <[IDHA(8)

1
va ky hiéu d:=|D|, 6 := ——
D), &= 5oy

, ta cé:

- 8a() < B(¢) < da(g),
52 B2(&) d?

A

<
2[14 /14 2]~ 2RO+ Ve @A) 214 11

)5N—1,K]!

(3.1)
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Pong thoi véi amax =

sup «(€) ta nhin dwoc:
2 R 2
6 | cup B(€) =
2[4 i+ o]  cenmnes 2[o2(O) + V'@ T 2]
2 T 2
B d < inf & TC’::: <= 6 :
Y e I R [ESVIRE

VU VAN HUNG

d2

Néu ching ta dwa vao cac ky hiéu:

3 4 [1+,/1+—-—ai’“|

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

Qi o= Og}ian Gy Bras i= Olsrl%xN G;i; Gr =Qmax 0L r< N
thi
2 ¢THTHE
« = gup ———=
max ¢ERmN +1 £T€
1 ﬂlq—l
- = ﬁ[ Z (G'?l'—l&_l - a2i€i)2 -+ (a2nN—1£nN—l + 6mNnNa2nN€nN )2 )
(ER™N T i=1
o mN
con véi &= [6;1;(%)] thi
i=0 o .
J ETHTHE [ 9p(5) + %p(g)n Khi B(5) S nw -1
a > = .
T e 935(5) khi E(3) = nn
ta cé: .
s a’?na.x S arzna.x S 4a?nax *
Ta nhin thiy ring:
' d=|D|= max (azi-1+ a2,
1<i<npy
nghia la:
¢ @max + Gmin < d < 2amax
va 1 i} ‘
D77 =  max —————
<i<ny Ggi—1 + @2
tic 1a 1
<D~ <
2amax 2amin
h
= 2a'min S 6 S 2a'max-
Ap dung céc dénh gii (3.8), (3.9), (3.10) dén (3.6) ta dwoc:
82 > dad;y _ 203n ’
2[1+y/1+ 8] 21+ /14 S 1+v5
e ‘

4a?

max

2a2

= =
2 i
2[1+/1+ 2] 2[1+4/1+ $2pn ]

Tu diy suy ra:
2
1+v2

Viy dinh ly d3 duwoc ching minh.

2
Amax =

inf

zTCz 2
<

zeRN zTz

Tir k&€t qud cda dinh ly ta suy ra cidc hé qud sau:

max

1+v2

- 0.2 .
= 1+\/§ max
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Hé qud 1. Lugc d@6 khdo sdt khong 6'n dinh tuyét dén.
That vay, tir két qud cda dinh Iy va ditu kién (e’) ta cé:
h* 2
_4—2 £ = a‘rznax
T 1++/5

N
hay amaxh_z < V 2(1 + \/g)

Diéu nay thé hién két qui cda hé qui.

<0

Hé qud 2. Luogc 36 khdo sdt n dinh vdi diéu kién

r
amaxh—2=const S\/Z(l-}-\/i)(l—e) véi 0<e< 1.
That vy, két qud ndy dé ding suy ra tir dinh ly va ditu kién (f’).
D& so sanh diéu kién 6n dinh ddi véi lwge d6 hién théng thudng
T 1
amaxﬁ S 5(1 - E) [3]
tac6 Dink Iy 2.
Pinh ly 2. Gid s¢ ¢ cdc diéu kién sau:
(1) A= A*>0, _
(2) B >¢e¢E+0,57rA d8i véie € (0,1),
todn ti# A thda man diéu kién lipsic
3) (A9 — ALYy, y) <er(477 'y, y), yERY, 7=1,N,
& ddy c la hing s6 dwong khéong phu thudc vdo .
Khi @6 bas todn khdo sdt (IV) ld 6'n dinh vd ¢é ddnh gid ding sau:

1 il
i < e MM ooy + —— @
lvllas < e (I8 Lawr + =3 Al FO]

Chitng minh. Viéc chémg minh dinh ly ndy dwa vao gid thiét k(z,t) théa man diéu kién Lipsic

(ke C(G))
[k(z, t) — k(z, t — 7)] < rck(z, t —7)

ciing nhu diéu kién 6n dinh cda lugc d6

amax g < /204 VE)(1 - )

va khi dé dé dang suy ra két qud.

4. SU TOI UU HOA TINH TOAN

Dé€ x4c dinh nghiém cda bai todn trén khodng (0, T) ddi véi lugc d6 hién théng thudng, s8 phép
todn dugc thuc hién 13
2wT amax
= —0 - 4.1
ep hs(l . 6) ) ( )

& diy w 13 s8 céc tinh todn cin thi€t dé tinh A,.
~ . T ~ ol ~ . Y 1 ~ Pl ’ ’ n A
That vay, trén khodng (0,7) ta cé s8 ddi —; s8 mdc trén 1 ddila 7 Viy s6 phép toan cin thiét
T
déi véi lwge d6 hién
1 T 20T anus
N —w — .
h h?2(1—€)/2amax h3(1—¢)
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S8 phép todn d€ xic dinh nghiém d8i véi lwoc dd khio sat

1 T ax
b= 5w e . (4.2)
V20 +v2)(1—e)
~ ~ A ;7 . T i 2T ~ ~ ~ . 1 a ~ ’ z Y
That vdy, trén khodng (0,T) ta c6 s§ ddi - = —, s8 m&c trén dii 2" Viy s6 phép toan cin
2 T
thiét déi véi lwoe d6 khdo sat:
¢ T 1 1 wT amax
k= z —_— ) = 73 .
2 2h P a4 va) (L -e)

T ddy ta c6 sw so sénh kh&i lwgng cin tinh todn dé xac dinh nghiém cda bai toén, ¥ng véi hai
loai lrgc do: '

I wT agax " R3(1—€) [ 1—¢ 1 a8 véi 1
— = — ~ — doivél € = —
ZP h3\/2(1 + \/E)(l o 6) 2WTa'ma.x 1(1 + \/i) 3 2

nghia 13 céng viéc tinh todn cé thé gidm t&i 65%.

Nhu vay 1a tinh wu viét trong su t8i wu hda cdng viéc tinh todn cda lwgc dd khdo sit da duoc
gidi quyét. T4t nhién viéc t81 wu d6 phu thudc vio tirng bai todn ciing nhw cdc yéu ciu doi héi thue
té khic dé twong tng véi e dwoc chon thich hop.
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