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NGUYEN LY KE THUA VA MOT SO BAI TOAN DAY Bl CHAN"

HOANG CHI THANH

Truong Dai hoc Khoa hoc Ty nhién, Dai hoc Quoc gia Ha Noi

Tém tét. Bai bao dé xudt nguyen 1y ké thita trong viec thiét ké cac thuat toan té hop. Dua tren
nguyén 1y ké thira phat trién bai toan day bi chin dugc dé xuat trong [5] thanh mot s6 bai toan day
bi chiin dang dic biet v gidi quyét ching bing cac thuat toan ngin gon. Ap dung cac thuat toan
nay cho céc bai toan t6 hop c¢6 nhiéu tng dung nhu: bai toan tap con, bai toan tap con boi, bai toan
tap con k-phan t va bai toan phan hoach tap hop.

Tit khéa. Nguyen 1y ké thita, bai toan day bi chan, bai toan t6 hgp.

Abstract. In this paper, we propose an inheritance principle for combinatorial algorithm design.
Based on the principle we extend the bounded sequence problem presented in [4] to some special
bounded sequence problems and solve them by shorter algorithms. Then we apply these algorithms
to solve some well-known combinatorial problems, such as subset problem, multi-subset problem,
k-element subset problem and partition problem.

Key words. Inheritance principle, bounded sequence problems, combinatorial problems.

1. MO bAU

Cac khai niém tap con, tap con boi, phan hoach... dugc ting dung nhiéu trong tinh toan
khoa hoc va x1t Iy thong tin, dac biét 1a trong cic bai toan mang tinh “vét can”. Do vay, viéc
xay dung cac thuat toan hitu hiéu dé sinh ra cac tap con ctia mot tap hgp, cac tap con boi
clia mot tap boi, cac phan hoach clia mot tap hogp... van duge nhiéu ngudi quan tam.

Da c6 mot s6 thuat toan giai bai toan tap con clia tap hgp, bai toan tap con boi ciia tap
boi, bai todn tap con k-phan ti, bai toan phan hoach [1, 2, 4]. Nhitng bai todn nay c6 nhiéu
tng dung trong thuec té. D. Singh et al. da tong quan mot sb ting dung ctia tap boi trong toan
hoc va cong nghé thong tin [3]...

Trong [5] tac gid da dé xuat va gidi quyét bai toan ddy bi chin bang mot thuat toan ngén
gon. Cac nghiém ctia bai toan dugc sap xép mang tinh “ké thita” nén do phtc tap tinh toan
ctia thuat toan 1a kha nhd. Duya trén bai toan nay ching toi phét trién viec thiét ké cac thuat
toan t6 hop thanh nguyen 1y ké thita va 4p dung n6 cho mot s6 dang dic biét clia bai toan
day bi chan va cac bai toan t6 hop cu thé. Nhitng thuat todn mdi duge xay dung gép phan
phét trién tinh toan t6 hop va c6 thé ting dung tot trong thuc té. Hon nita, nhing két qua
nay con chi ra ring, nhiéu bai toan t6 hop khac nhau c6 chung mot ngon ngit thé hien, dé 1a
bai toan day bi chan.

*Bai bao dudc thyc hién véi su hd trg tit Trung tam H& tr¢ Nghién ciu Chau A & Quy Gigo duc Cao hoc
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B6 cuc bai bao gom: Muc 2 trinh bay nguyén 1y ké thita khi gidi quyét mot bai toan, dic
biét 1a bai toan to hop. Muc 3 nhic lai bai toan day bi chan va trinh bay thuat toan giai né
dua trén nguyén ly ké thita va mot s6 tng dung. Hai dang diic biét ciia bai toan day bi chan
duge dé xuat trong cac phan tiép theo. Muc 4 danh cho bai toan day don diéu bi chin. Muc
5 trinh bay bai toan day bi chin véi rang budc. Cudi mdi phan déu co cac ing dung cu thé.
Cubi ciing 1a két luan néu mot sé6 huéng phét trién vé Iy thuyét va ing dung ciia bai toan day
bi chin.

2. NGUYEN LY KE THUA

Bai toan t6 hop la bai toan ma cac rang budc ciia noé la sy két néi cia nhidu dieu kien.
Bai toan liet ke, bai toan dém, bai toan chon,... 1a nhitng vi du dién hinh cho bai toan 6 hop.

Mot bai todn to hgp thuong cé nhiéu nghiem. Dé tim cac nghiém nay ta sip xép ching
thanh mot day theo moét thi tu nao do, sao cho:

(1) Nghiem dau tién rat dé tim.

(2) Nghiem sau 1a “td hgp” mot phan 16n nhat c6 thé ctia nghiem trude dé va mot phan
mai.

Céc tinh chat (1)-(2) & trén chinh 1a “nguyén Iy ké thia”, mot nguyeén ly chi dao quan
trong trong viec thiét ké cac thuat toan to hop.

.
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Hinh 2.1. Sy ké thita clia cac nghiém

Trong mdi budc lip dé tim nghiem, truée hét ta tim vi trf thay doi. Phan bén trai ctia vi
trf thay doi sé la phan ké thita. Ta chi viéc sao chép phan nay sang cho nghiém mdi. Phan bén
phéi tit vi trf thay ddi tré di 1a phan mdi can tim. Thong thudng, phan ké thita cang 16n thi
phan méi can tim cang nhoé. Do vay, khéi lugng tinh toan dé tim nghiém ctia bai toan ciing
nho theo. So véi cac thuat toan khéc, thuat toan t6 hgp duya trén nguyén ly ké thita thusng
1a t6i wu.

Thit ty hay duge ding dé sip xép day cac nghiem la thi tuy tit dién hodic thi ti tir dién
nguoc.

Céu tric chung ctia mot thuat toan té hop duge xay dung dua trén nguyen 1y ké thita nhu
sau:

1) Nhap dit lieu dau vao.

2) Chon nghiém dau tien.

3) Vong lap:

- Tim vi tri thay doi
_ Thay déi
4) Lap lai 3) cho dén khi hét nghiem.
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Trong bai bao nay, nguyeén Iy ké thita duge ting dung dé xay dung thuat toan cho mot sb

bai toan t6 hop quen thudc va cé nhiéu ting dung.

3. BAI TOAN DAY BI CHAN

Ky hieu Z 1a tap cac s6 nguyén. Cho n 1a mot sé nguyen duong nao dé. Gia st p va ¢ 1a
hai ddy sd nguyen do dai n, véi:

p = (p1p2...pn) V& ¢ = (q1q2...qn), Vi € {1,2,...,n} : p;,q; € Z.

Dinh nghia 3.1. Ta néi rang,
1) p < ¢ khi va chi khi Vi € {1,2,...,n} : p; < q;.
2) p < g khi va chi khi Vi € {1,2,...,n} :p; < ¢ va3j e {1,2,...,n}:p; <g;.

3.1. Bai toan day bi chan

Ta nhéc lai bai todn day bi chin da duge dua ra trong [5] nhu sau:

Cho hai day s6 nguyén s va g do dai n, ma s < g. Hay tim tat cd cac day s6 nguyen ¢ do
dai n sao cho s <t <g.

Gid st s = (5182...8,,) V& g = (g192-..9n ). Hai day s6 nay dugc goi 1a cac day bien. Céc day
can tim ¢t = (t1to...t,) phai théa man

Vi=1,2,..,n:t; € ZNs; <t; <g. (31)

Vi du 3.2. Cho hai day bien s = (21 0 3) va g = (3 1 1 5). Tat ca cac ddy s6 nguyen ¢ thoa
man s < t < g dugc sip tiang dan theo thit tu tit dién trong bang dudi day

No | Cac diy bi chin

1 2103 7 3103
2 2104 8 3104
3 2105 9 3105
4 2113 10 3113
5 2114 11 3114
6 2115 12 3115

Thanh phan t; ctia ddy can tim c6 thé nhan mot trong cac gia tri s1,s1 + 1,51 +2,..., g1
Vay né ¢6 (g1 — s1 + 1) cach chon.

Thanh phan to c6 thé nhan mot trong cac gia tri so,s9 + 1,80 + 2,...,¢2. Vay né cé
(g2 — s2 + 1) cach chon,...

Tuong tu, thanh phan ¢, c6 thé nhan mot trong cac gia tri s,, Sn + 1, 8n + 2, ..., gn. Vay
n6 ¢6 (gn — sp + 1) cach chon.

Suy ra s6 céc day bi chan can tim 1a: [ (g — si + 1).

Bay gio ta tim cac day s6 nguyén nay.



82 HOANG CHI THANH
3.2. Thuat toan sinh cac day bi chan

M&i day s6 nguyén t = (t1 ty ... t,) do dai n c6 thé xem nhu mot tit c6 do dai n trén bang
chit cai Z. Vay ta c6 thé sip xép céc tit nay tang dan theo thit ty tit dién:

- Tt dau tien (nhé nhat) sé 1a sy sg ... sy, tuong tng véi day so s,

- T cudi cung (16n nhat) sé 14 g1 g2 ... gn, tuong ting véi day sb g.

Xuat phét tit day dau tién (s s3 ... s,) ta xay dung vong lap dé sinh ra cic day con lai.
Gid sttt = (t to ... t,) 1a mot day s6 do dai n thoa man (3.1) vira tim duge. Ta can phai tim
day s6 t' = (t} t}, ... t,) thoa man (3.1) ké tiép sau day so trén trong day dugdc sdp tang.

/
/t!
]
\
\t
\
. \

Hinh 3.1. Sip xép tang theo thit ty tit dién clia cac day bi chin

Theo tht tu tit dién, day s6 t’ dudce ké thita phan bén trai nhicu nhat c6 thé cta day so t
tir thanh phan dau tién dén thanh phan thit i — 1, véi

i = max(jlt; < g;).
Khi d6, cac thanh phan tit dau tien dén thit ¢ — 1 sé dugce gitt nguyéen

th=tj, j=1,2,..,i—1.
Céc thanh phan tit vi tri thay ddi ¢ dén thanh phan cubi ciing duge xac dinh nhu sau
th=t;+1, Vat;» =sj, j=1+1L1+2,..,n

Qué trinh sinh céc day s6 két thic khi da sinh ra tat ca cac ddy s6 thoa man (3.1). Nghia
1a khi day s6 16n nhat (g1 g2 ... g) dudc sinh ra. Khi d6 thi s = 0. Day ciing la diéu kien két
thic cta thuat toan.

Tt nhitng 1y luan trén ta xay dung thuat toan chi tiét sinh cac diy bi chan nhu sau.
Thuat toan 3.1. Sinh cic day bi chin

Dau vao: S6 nguyén duong n, hai day s6 bién (s1 s2 ... s,) va (g1 g2 ... gn)

Dau ra: Day cac day s6 (t1,to, ..., t,) thoa man (3.1) duge sip tang theo thit tu tir dién
1 Begin

2 input n; S[i] «— s;, G[i| +— gi, i =1,2,...,n;
3 T[l..n] «— S[l..n];

4 repeat

5 print day s6 T'[1..n];

6 14— 1
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7 while T'[i] = G[i] do

8 {Ti] «— S[i]; i «— i —1};

9 if ¢ > 1 then T7[i] «— T[i] + 1;
10 until ¢ = 0;

11 End.

Do phic tap cia Thudt todn 3.1:
Céac cau lenh 5-9 sinh ra mot day s6 méi véi do phiic tap O(n). Vay do phiic tap tong thé
ctia thuat toan 1a O(n x [, (g — si +1)).
Do phiic tap tong thé clia thuat todn xap xi bang O(n.a™), v6i
a=max(g1 —$1+ 1,92 —s2+1,...,9n — $p + 1).

3.3. Mot sd ting dung ciia bai toan day bi chian

Mot s6 bai toan td hop c6 thé dua vé bai toan day bi chan. Do vay, ta c6 thé ap dung
Thuat toan 3.1 dé tim nghiém cho cac bai toan nay mot cach nhanh chéng. Trong phan nay,
sé ap dung thuat toan trén cho bai todn tap con cia tap hgp va bai toan tap con boi ciia tap
boi.

1) Bai todn tap con cia tap hop

Gia stt X 1a mot tap hop n-phan tit. Hay tim tat cd cac tap con cta tap X.

Ky hieu X = {x1, 22, ...,2,}. Mdi tap con A C X c6 thé biéu dién biang mot day nhi phan
df) dai n, <bl, bz...bn>, voi:

b — 1, néux; € A
' 0, ngugc lai.

S6 tat ca cac tap con cua tap X 1a 2". Viéc tim tat cd cac tap con ctia tap X dua vé viéc
tim tat ca cac day nhi phan do dai n.
Cac day (by, be...b,) can tim phai thoa man:

0<b <1, b €{0,1}. (3.2)

Vay bai toan tim céc day nhi phan do dai n co thé dua vé bai toan day bi chan v6i hai
day bienla s = (00 ... 0) va g = (1 1 ... 1). Khi d6, ta c6 thuat toan don gian tim cac day
nhi phan nhu sau:

Thuat toan 3.2. Sinh cac tap con cia tap hgp
Dau vao: S6 nguyén duong n
Dau ra: Day cac day nhi phan do dai n biéu dién cac tap con clia tap n phan ti duge sip
tang theo thit tu tir dién
Begin
input n;
BJ[1..n] <— 0;
repeat
print Bl[1..n];
14— 1
while B[i| =1 do {B[i] +— 0; i «— i —1};

N O Ot W N
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8 if i > 1 then B[i] +— 1;
9 until ¢ = 0;
10 End.

Do phite tap cia Thudt todan 3.2:

Dé thay ring, do phiic tap tong thé clia thuat todn 1a O(n.2").

Thuat todn nay don gidn, ngan gon va la mot trong cac thuat toan sinh cac tap con c6
do phiic tap nhé nhat. Thuat toan sinh cac tap con thuong dude sit dung trong cac bai toan
chon, mat ma va xt Iy anh [1, 2]...

2) Bai todn tap con boi cia tap boi

Tap boi (multi-set) 1a tap hop, ma né cho phép céc phan ti xuat hién nhiéu hon mot
lan. Chang han, tap gia tri ciia cac bién trong mot chuong trinh, bo danh dau trong mot hé
mang...

Tap boi duge viét dudi dang téng quéat nhu sau:

X = (k1 X 21, ko X 29y ooy by X ), trong d6 k; >0, i =1,2,...,n.

Cac phan tit x1, 2, ..., z, dudc goi la co sd clia tap boi, con kq, ko, ..., k, 14 boi clia cac
phan ti tuong tng.

Tap con boi clia mot tap boi 1a mot tap boi ma boi ctia moéi phan tit co sd trong tap con
khong vugt qua boi clia phan tit nay trong tap me.

Gia si, tap boi A = (t1 X x1,t2 X T, ..., bty X Tp).

A§X<:>Vi:1,2,...,n, 0<t; <k. (33)

Ngudi ta thuong biéu dién tap boi A bang day s6 nguyen (¢ to ... t,) do dai n bao gom
boi clia cic phan tit co s§ trong tap nay. Chang han, tap boi A = (3x 21,4 X 29,1 X 23,5 X 14)
c6 thé biéu dién bdi day s6 (3 4 1 5).

Bai toan. Cho tap boi X = (k1 X @1,k X T2, ..., kn X x,). Hay tim tat ca cic tap con boi
cua tap nay.

V6i cach biéu dién tap con boi nhu trén, bai toan tap con boi ctia tap boi co thé dua vé
bai todn day bi chan véi hai day s6 bien 1a s = (00 ... 0) va g = (k1 ko ... ky).

S6 tap con boi clia tap boi X la: [ (k1 + 1). Viée tim tat ca cac tap con boi A clia tap
boi X dua vé viec tim tat cd cac diy s6 (t1 to ... t,) thda man (3.3) biéu dién cac tap con boi
can tim.

Ap dung Thuat toan 3.1 ta ¢6 thuat toan tim cac tap con boi cia tap boi nhu sau.

Thuat toan 3.3. Sinh cac tap con boi

Dau vao: Cac s6 nguyén duong n, ki, ks, ..., ky,.
Dau ra: Day cac tap con boi ma cac biéu dién day s (t1ts...t,,) clia chiing dudc sap tang theo
thit tu tir dién.
Begin
input n, K[i] «— ki, i =1,2,...,n;
T[l.n] <— 0;
repeat
print T[1..n};
14— 1

O T W N~
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7 while T'[i| = K[i] do {T[i] +— 0; i +— i — 1};
9 if i > 1 then T[i| +— T[] + 1;

10 until i = 0;

11  End.

Do phitc tap cia thudt todn:

D6 phtic tap tong thé ctia thuat todn trén 1a O(([Ti2, (ki + 1)).n). Do phiic tap ctia thuat
toan xap xi bang O(n.I"), véi | = max{ky, ko, ..., kn}.

Thuat toan nay ngan gon va don gian hon nhiéu so véi Thuat toan dé quy 1.14 trinh bay
trong [2] dé sinh céc tap con boi clia mot tap boi. Ta xét vi du ting dung sau day.

Vi du 3.3. Bai toan xép ba 1o

Gia stt ta c6 n loai do vat quy va mot ba 16 ¢6 dung tich c. Loai do vat thi i ¢6 s6 lugng
1a k; va mdi do vat loai nay c6 gia tri la p; va dung lugng 1a s; (i = 1,2,...,n). Hay chon va
xép cac do vat vao ba 16 sao cho tong gia tri cadc do vat xép trong ba 16 1a 16n nhat cé thé.

Ky hiéu d6 vat loai thit nhat 1a x1, loai thit hai 1a xs, ... v& loai thit n 1a x,. Tap cac do
vat trén c6 thé biéu dién bang tap boi: X = (k1 x o1, ko X T2, ..., kn X x,). Mbi phuong 4n
chon cac do vat dé xép vao ba 16 chinh 1a mot tap con boi A ctia tap boi trén, sao cho

n
A= (tl X .’El,tQ X X2, ...,tn X .’En), A - X va Zti.si <ec.
i=1
Phuong 4n t01 uu 1a phuong an ma " ¢;.p; dat gia tri 16n nhat.
Két hgp Thuat toan 3.3 sinh cac tap con boi va thuat toan tim s6 16n nhat ta sé nhan
duge nghiém t6i wu clia bai todn mot cach nhanh chéng.
Chang han, xét bai toan trén véi dit licu duge cho trong bang dudi day.

Loaidovat | @ | b | ¢ | d | e
S6 lugng 31512146
Gia tri 25 128 120|121 15
Dung luwgng | 10 | 11| 8 | 5 | 6

va ba 16 ¢6 dung lugng 1a 100.

Tinh toan theo cac thuat toan trén, ta nhan dudc phuong an xép ba 1o téi wu la A =
(0x a,b xb,2x¢c,1xd,4x e) v6i tong dung lugng 1a 100 (day ba 16) va tong gia tri 16n nhat
la 252.

Bai toan xép ba 16 dugc ting dung nhiéu trong cic hé thong truyen tin va mang may tinh.

4. BAI TOAN DAY DON DIEU BI CHAN

Khi thém mot s6 rang buoc trén cac day bi chin ta sé nhan dude bai toan day bi chan
dang dac biét.
4.1. Bai toan day don diéu bi chan

Trong Bai toan 3.1 day bi chan, néu doi héi hai day bién s, g va cac day bi chan ¢ 1a don
diéu tang thi ta c6 bai toan day don diéu bi chan.
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Xuat phat tit ddy s6 don dicu tang dau tien (s1 s ... s,) ta xay dung vong lap dé sinh ra
cac day s6 don di¢u tang con lai. Gid st t = (t1 ta ... t,) 12 mot day s6 don diéu tang do dai
n thoa man (3.1) vita tim duge. Ta can phai tim day s6 ¢’ = (¢} t}, ... t/,) don diéu tang thoa
man (3.1), ké tiép sau day s6 trén trong day dugc sap tang.

Theo thit tu tit dién, day s6 ¢’ dugc ké thita phan bén trai nhiéu nhat c6 thé ctia day so ¢
tit thanh phan dau tién dén thanh phan thit i — 1, véi

i = max{j[t; < g;}.

Khi d6, cac thanh phan tit dau tién dén thit i — 1 sé dude giit nguyen:

th=tj, j=1,2,..,i—1.

Céc thanh phan tit vi tri thay ddi ¢ dén thanh phan cubi cting duge xac dinh nhu sau:

ti=1ti+1, vat; =max(t;_; +1,85) v6i j =i+ 1,0+ 2,...,n.

T do, ta c6 thuat toan sinh cac day don diéu bi chin nhu sau.

Thuat toan 4.1. Sinh cac day don diéu bi chin
Dau vao: S6 nguyén duong n, hai day s6 bién don di¢u tang (s1 sg ... Sp) va (g1 g2 ... Gn)-
Dau ra: Day cac day so6 don di¢u tang (tq,to, ..., t,) thoa man (3.1) duge sip tang theo thi tu
tir dien.
Begin
input n, S[i] +— s;, Gli] «— ¢i, 1 =1,2,...,n;
T[l..n] «+— S[l..n];
repeat
print T'[1..n};
14— 1
while T[i] = G[i] do i «+— i —1;
if i > 1 then for j «— n downto ¢ do A[j] +— max(A[i|+j — i+ 1,S[j]);
10 until i = 0;
11  End.

Do phic tap cia Thudt todn 4.1:

0 3 O UL = W N+~

Tuong tiy nhu Thuat toan 3.1, Thuat toan 4.1 c¢6 do phiic tap tong thé 1a
O(n.[Iiz1(gi — si + 1))

4.2. Ung dung cho bai toan tap con k-phan ti

Gia stt X 1a mot tap hop n phan tit va k 14 mot s6 nguyén khong am.

Bai toan dat ra 1a tim tat ci cac tap con k-phan ti ciia tap X.

Dong nhat tap n-phan tit X véi tap cac sd nguyen duong {1,2,...,n}. Khi d6, mdi tap con
k-phan ti clia tap X tuong ting 1-1 v6i mot day cac s6 nguyen duong don diéu tang do dai k.
M&i day nhu thé c6 thé xem nhu la mot tit trén bang chit cai {1,2,...,n}.

S&p xép cac tit trén theo thit tu tit dién. Tit dau tien (nhé nhat) 1a (12 ... k — 1 k) va tit
cudi cung (16n nhat) la (n —k+1n—k+2..n—1n).
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Vay bai toan tim cac tap con k-phan tit clia tap n phan tit c6 thé dua vé bai toan tim cac
day don diéu bi chan v6i hai day bienla (12 ... k—1k)va(n—k+1n—k+2..n—1n).
Ap dung Thuat toan 4.1, ta ¢6 thuat toan ngdn gon sau day sinh cac tap con k-phan tit clia
tap n phan tu.

Thuat toan 4.2. Sinh cac tap con k-phan tit
Dau vao: Hai s6 nguyén khong am n va k
Dau ra: Day tat ca cic tap con k phan tt ctia tap hop n phan tit duge sip ting theo thi tu
tir dién
Begin
input n, k;
for i «— 1 to k do A[i] +— 3;
p<— k;
while p > 1 do

{ print A[1..k];

if A[k] <n then p<— Lk else p+—p—1;

if p > 1 then

for i «— k downto p do A[i] +— Alp|+i—p+1};

© 00 N O U = W N~

10 End.
Do phite tap cia thuat todn:

Chu trinh 5-9 sinh ra mot tap con k phan tit véi do phiic tap O(k). Vay do phiic tap tong
thé ctia Thuat toan 4.2 1a O( <Z> k).

5. BAI TOAN DAY BI CHAN VOI RANG BUOC

Trd lai v6i Bai toan 3.1, néu ta doi hdi cac day bi chin ¢ théa man rang buge (*) nao do
thi ta c6 bai toan day bi chan véi rang budc.

Rang buoc (*) thuong duge cho dudi dang mot bat bién doi véi cac day bi chan can tim.
Khi dé6, trong Thuat toan 3.1 thay cadu 1énh 5 nhu sau:

5 if Day s6 T[1..n] thoa man rang buoc (*) then print T[1..n];
ta c6 mot thuat toan don gidn sinh cac day bi chan véi rang buoc bat ky.

Ij’ng dung cho bai toan phan hoach

Bai toan phan hoach dit ra nhu sau: Cho tap n phan tt X. Hay tim tat ca cac phan hoach
cua tap nay.

Moi phan hoach ctia tap X 14 mot ho céc tap con khong rong, doi mot khong giao nhau
va hgp cac tap con nay lai phéi cho ta dung tap X.

Ky hi¢u IT(X) la tap tat ca cdc phan hoach ctia tap X. S6 lugng cac phan hoach cia tap
n phan t1t 1a 6 Bell B,, dugc xac dinh theo cong thiic dé quy sau day [2, 4]:

n—1
B, = Z (" ; 1> B, trong d6 By = 1.
=0
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Gia st m = {A1, Ao, ..., Ax} 14 mot phan hoach ctia tap X. Mdi tap con A; duge goi la
mot khoi ctia phan hoach. Dé dam bao tinh duy nhat ctia biéu dién, cac khéi trong mot phan
hoach dudc siap xép theo thit tu ting dan ctia phan tit bé nhat nam trong mdi khéi.

Phan tit € X thudc vio mot khdi A; nao dé sé co chi s6 4, nghia 1a mdi phan tit c6 thé
biéu dién bdi chi s6 ctia khoi chita né. Vay mdi phan hoach sé duge biéu dién bdéi mot day n
chi s6. Véi biéu dién day chi s6 thi s6 khéi ciia phan hoach bang chinh thanh phan lén nhat
trong day chi s6. Day nay c6 thé xem nhu 1a mot tit ¢c6 do dai n trén bang chit cai X. Ta sip
x@p cac tit nay ting dan theo thit ty tit dién. Khi d6 thi,

- T nh6 nhat (dau tien) sé la: 111 ... 1 - tuong ting véi phan hoach {{1,2,3,...,n}} chi gom
mot khoi 1a toan bo tap X.

- Tt 16n nhat (cudi ciing) sé la: 1 2 3 ... n - tuong tng v6i phan hoach {{1}, {2}, {3}, ..., {n}}
c6 n khoi, mdi khoi chi c6 mot phan ti.

Diing mang nguyén A[1..n] dé chita diy chi s6 ctia mot phan hoach trong may tinh. Phan
tit A[i] luu chi s6 ctia khdi chita phan t 4.

- Phan t1t 1 luon thuoc khoi tha nhat (A[1] = 1).

- Phan tt 2 chi ¢6 thé thuoc khéi thit nhat hodc khéi thi hai.

- Néu phan tit 2 thuoc khéi thit nhat thi phan t& 3 chi ¢ thé thuoc khéi thi nhat hoic khéi
thit hai; con néu phan tit 2 thuoc khoi thit hai thi phan tit 3 c6 thé thuoc khoi thit nhat, thi
hai ho#c tha ba.

- Do vay, phan tit 4 chi c6 thé thuoc cac khoi: 1,2, ..., max(A[1], A[2], ..., A[i — 1]) + 1. Diéu
nay ¢6 nghia la:

1 < A[i] < max(A[1], A[2], ..., Ali — 1]) + 1 < . (5.1)

Ky hiéu ® 1a tap tat ca cac day s6 nguyén do dai n v6i thanh phan dau tién bang 1, cac
thanh phan con lai thuoc tap {1,2,...,n} va théa man (5.1). Luu y rang, mdi day trong tap
® déu chita tat ca cac so6 nguyéen tit 1 dén s6 16n nhat nam trong day.

Xay dung anh xa f : II(X) — ® nhu sau:

vV e II(X), f(m) = A[l..n],
trong d6 A[1..n] 1a biéu dién day chi s6 ctia phan hoach p dugc xac dinh nhu & trén.

Dinh 1y 5.1. Anh za f la mot song anh ti tap TI(X) cdc phan hoach lén tap ® cdc day s6
nguyén théa man (5.1).
Chitng minh:

Tru6e hét, ta ching minh rang f 12 mot don anh. Gid st 3,~ 1a hai phan hoach nao d6
cia tap X va 3 # ~. Phan hoach 8 = {B1, Bo, ..., B;} c¢6 bic¢u dién day chi s6 la B[1..n]
va phan hoach v = {C4, Cy, ..., C;} ¢6 biéu dién day chi s6 1a C[1..n]. Ta phai chi ra ring
B[l..n] # C[1..n].

Xét hai truong hop:

e k # [, hai phan hoach trén c6 s6 khoi khac nhau. Khi d6, cic s6 16n nhat trong mdi day
B[1..n] va C[1..n] la khac nhau. Vay hai day B[l..n] va C[l..n] la khac nhau.

e k = [, hai phan hoach trén c6 chung s6 khoi. Vi hai phan hoach 3, 1a khac nhau nén phai
ton tai it nhat mot phan tt i € X sao cho BJi] # C[i]. Vay thi B[l..n] # C[1..n].

Bay gio ta chi ra ring 4nh xa f 13 mot toan anh. Gia stt A[1..n] 12 mot day s6 nguyén nao
d6 thudc tap . Xay dung ho 7 cac tap con ctia tdp X nhu sau
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n={A, Ag, ..., Ax}, trong d6 k = max(A[i], i =1,2,....,n),

va Aj={ilie X, Ali] =3}, véij=12,.. k. (5.2)

Theo nhan xét trén, cic s6 nguyen 1,2, ..., k déu xuat hién trong day A[l..n], vay cic tap
con A; déu khac rong. Mdi phan tif ¢ chi ¢6 mot chi s6 Afi] nén né chi thudoe vao mot tap
con, nghia l& cac tap con trén doi mot roi nhau. Day s6 nguyén A[l..n] c¢6 do dai n nén hop
cac tap con A; lai phai cho ta tap X. Diéu nay ching t6 ho céc tap con n = {Ay, Ag, ..., A}

I3 mot phan hoach ctia tap X nhan A[l..n] 1a biéu dién day chi s6 ctia né. Anh xa f la mot
toan anh.
Vay thi, f la mot song dnh tu tap II(X) lén tap ®. [ |

Cong thitc (5.2) cho ta mot cach don gian dé xac dinh phan hoach tit day chi s6.

Dinh 1y 5.1 chi ra ring tap ® bao gom tat ci cac diy chi sd ctia cac phan hoach trong
tap II(X). Vay dé tim cac phan hoach ctia tap n phan tit X ta chi can tim tat ca cic day sb
nguyén A[l..n] thuoc tap ® duge sip tang theo thit tu tit dién.

Dimng mang nguyen Maxi[l..n] dé luu day chi s6 16n nhat c6 thé. Cu thé la:

Mazi[l] = 0; Maxi[i] = max(A[1], A]2],...,Ali —1]), i =2,3,...,n.

Hien nhién,

Mazxi[i] = max(Maxifi — 1], A[i — 1]) <1, i =2,3,...,n. (5.3)

Xuat phat tit day chi s6 dau tien 1a: 1 1 1 ... 1 ta xay dung vong lip dé sinh ra cac day
chi s6 con lai.

Gié st A[l..n] 1a mot day chi s6 vira tim dugde. Ta can phai tim day chi sé A’[1..n] ké tiép
sau day chi s6 trén trong day duge sip tang. Theo thit tu tir dién, day chi s6 A’[1..n] dugc ké
thita phan bén trai nhiéu nhat c6 thé ctia day A[l..n]tit toa do 1 dén toa do thit i — 1, véi

i = max{j|A[j] < Maxi[j]}.

Khi d6, cac toa do tit toa do dau tien dén toa do thi i — 1 sé dude gitt nguyeén:

A'ljl = Alj), j=1,2,...,i — 1.

Céc toa do tit vi tri thay doi ¢ dén toa do cudi ciing duge xac dinh nhu sau:

Al =Alil+1, va Al =1, j=i+1,i+2,...,n.
Viéc sinh cac day chi s6 két thiic khi day chi s6 cudi ciing: 1 2 3 ... n — 1 n dudgc sinh ra.
Khi doé thi
Aln] = n.
Day ciing 1 diéu kién két thuc ctia thuat toan.

Dua vio cac bat bién (5.1) va (5.3) ciia céc day chi s6 va thit tu tit dién, ta xay dung thuat
toan lip sinh cac phan hoach nhu sau.

Thuat toan 5.2. Sinh cac phan hoach clia mot tap hgp
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Dau vao: S6 nguyen duong n

Dau ra: Day cac phan hoach cia tap {1,2,...,n} ma cac biéu dién chi s6 ciia chiing dugec sap
tang theo thit tu tir dién

1 Begin

2 input n;

3 All.n—1] +— 1;

4 Aln] «+— Mazi[l] <— 0;

) repeat

6 for i +— 2 to n do

7 {Mazili] +— Maxili — 1];

8 if Maxifi] < Ali — 1] then Maxili] «— Afi —1]; }
9

14— n;
10 while A[i] = Maxifi] + 1 do {A[i] «— 1; i +— i —1};
11 Ali] +— Ali] + 1;
12 print phan hoach tuong ting véi day chi s6 A[l..n];
13 until An| = n;
14 End.

Do phite tap cia thuat todn:

Céc cau lenh 2-4 trong phan khdi tao c6 do phiic tap O(n).
Madi vong ldp 6-12 sinh va in ra mot phan hoach:
- Chu trinh 6-8 xay dung méng Maxi véi do phic tap O(n).
- Cac cau lenh 9-11 tim vi trf thay ddi ¢ trén mang chi s6 va xay dyng mang chi s6 méi c6 do
phic tap O(n).
- Céac cau lenh 12 in phan hoach c¢6 do phiic tap O(n).

Vong lap 5-13 tim hét B,, phan hoach. Vay do phiic tap téng thé ctia Thuat toan 5.2 1a
O(n.By).

Thuat toan trén ngan gon va don gidn hon rat nhiéu so véi Thuat toan 1.19 trong [2] sinh
cac phan hoach bang cach di chuyén mot phan ti tit khéi nay sang khéi khac nho cac con trd
nguyen.

Thuat toan sinh céc phan hoach ciing cac thuat toan trinh bay & trén c6 thé ting dung tot
vao cac bai toan khai pha dit lieu va dac biét 1a bai todn phan 16p dit lieu. Nhiing tng dung
thuat todn sinh phan hoach tap hgp vao cac bai todn phan 16p di lidu, dic biét 1a cac bai
toan phan 16p dit lieu chudi theo thoi gian (time-series data) ciing cic ting dung trong y té,
ching khoan, moi trucng,...

6. KET LUAN

Bai bao da dé xuat nguyen 1y ké thita dé 4p dung trong viec thiét ké cac thuat toan toi
wu, dic biét 1a cac thuat toan to hgp. Tit d6 phat trién bai todn day bi chin ciing tng dung
clia n6 va dé xuat hai dang diic biét ciia bai toan trén 1a bai toan day don diéu bi chan va bai
toan day bi chan véi rang buoc. Dong thoi ciing chi ra ring bén bai toan to hop quen thuoc
va, c6 nhiéu tng dung trong thyc té 1a: Bai toan tap con, bai todn tap con bai cia tap boi, bai
toan tap con k-phan it v bai toan phan hoach déu c¢6 thé dua vé bai toan day bi chan. Ap
dung thuat toan clia bai toan day bi chin tong quat dé xay dung cac thuat todn cho bén bai
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toan t6 hop trén. Cac thuat toan nay déu co thé song song héa bing ki thuat phan doan day
nghiém nhu trinh bay trong [6, 7]. Nhitng két qua nhan duge gép phan phat trién cac thuat
toan t6 hgp va c¢6 thé ting dung trong thuc té tinh toan.

Viéc nghién citu song song héa cac thuat toan da xay dung va phat trién bai toan day bi

chin trong truong hop cac day bién thay déi va ap dung vao mot sd bai toan tinh toan khéac
12 bai toan can gidi quyét.

1]

2]
[

=

=
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