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ON THE BOYCE-CODD NORMAL FORM FOR RELATION SCHEME

VU DUC THI, LUONG CAO SON

Abstract. The Boyce- Codd normal form (BCNF) is an essential normal form for relation schemes
in the relational database. This normal form has been used in designing database systems. Keys and
minimal keys are the important concepts of the relational datamodel. The set of minimal keys of
relation scheme is Sperner system. In this paper we show a new necessary and sufficient conditions for
an arbitrary relation scheme is in BCNF and its set of minimal keys is a given Sperner system.

1. INTRODUCTION
Now we start with some necessary definitions, and in the next sections we formulate our results.

Definition 1. Let R = {hy,...,h,} be a relation over U, and A,B C U. Then we say that B
functionally depends on A in R (denoted A %» B) iff

(Vhs, hj € R)(Ya € A)(hi(a) = hj(a)) = (Vb € B)(hs(b) = h;(b)).

Let Fr = {(4,B): A,BCU, A % B}. Fg is called the full family of functional dependencies
of R. Where we write (A, B) or A — B for A f/R B when R, f are clear from the context.

Definition 2. A functional dependency (FD) over U is a statement of the form A — B, where
A,B CU. The FD A — B holds in a relation R if A —;—» B. We also'say that R satisfies the FD
A — B.
Definition 3. Let U be a finite set, and denotes P(U) its power set. Let Y C P(U) x P( ). We say
that Y is an f family over U iff for all A,B,C,DCU
(1) (4,4) €
(2] (A, B)EY (B,C)eY = (4,C) €Y,
(3) (A,B)eY, ACC,DCB=(C,D) €Y,
(4) (A,B)€Y, (C,D)eY = (AUC,BUD)eY.

Clearly, Fg is an f-family over U.

It is known [1] that if Y is an arbitrary f-family, then there is a relation R over U such that
Fp=Y.

Definition 4. A relation scheme S is pair (U, F), where U is a set of attributes, and F is a set of

FDs over U. Let F* be a set of all FDs that can be derived from F by the rules in Definition 3.
Clearly, in [1] if § = (U, F) is a relation scheme, then there is a relation R over U such that

Fr = F*. Such a relation is called an Armstrong relation of S.

Definition 5. Let R be a relation over U, S = (U, F) be a relation scheme, Y be an f-family over U,

and A C U. Then A is a key of R (a key of S, a key of Y) if A J—» U(A—-UeFt, (AU)eY).

A is a minimal key of R(S,Y) if A is a key of R(S,Y) and any proper subset of A is not a key of
R(S,Y). Denote Kg,(Ks, Ky) the set of all minimal keys of R(S,Y).

Clearly, Kr, Ks, Ky are Sperner systems over U.

Definition 6. Let K be a Sperner system over U. We define the set of antikeys of K, denote by
K1, as follows:
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K'={AcU: (BeK)= (B¢ A) and (Ac C) = (3B e K)(BC C)}.

It is easy to see that K ! is also a Sperner system over U.

It is known [4] that if K is an arbitrary Sperner system plays the role of the set of minimal keys
(antikeys), then this Sperner system is not empty (does’t contain U). We also regard the comparison
of two attributes to be the elementary step of algorithms. Thus, if we assume that subsets of U are
represented as sorted list of attributes, then a Boolean operation on two subsets of requires at most
|U| elementary steps.

Definitions 7. Let ] C P(U), U € I, and A,B€ I = ANB € I. Le¢t M C P(U). Denote
Mt = {nM': M' C M}. We say that M is a generator of I iff Mt = I. Note that U € Mt but
not in M, since it is the intersection of the empty collection of sets.

Denote N={Aecl: A#n{A' €l: AcC A'}}.

In [6] it is proved that N is the unique minimal generator of I. Thus, for any generator N’ of
I we obtain N C N'.

Definition 8. Let R be a relation over U, and Ef the equality set of R, i.e. Eg ={E;;: 1 <1 <37 <
|R|}, where E;; = {a € U : hi(a) = hj(a)}. Let Tr = {A€ P(U): 3E;; = A,no 3E,, : A C E,.}.
Then Ty is called the maximal equality system of R.

Definition 9. Let R be a relation, and K a Sperner system over U. We say that R represents K if
Kr =K.

The following theorem is known in [8].
Theorem 1. Let K be a relation, and K a Sperner system over U. We say that R presents K iff
K~! = Tg, where Tg is the mazimal equality system of R.

Let s = (U, F) be a relation scheme over U. From s we construct Z(s) = {X* : X C U}, and
compute the minimal generator N, of Z(s). We put T, = {A: A€ N,,no3B€ N, : AC B}. In [8]
we presented the following result.

Proposition 1. Let s = (U, F) be a relation scheme over U. Then
K =T,
Definition 10. Let s = (R, F) be a relation scheme over R. We say that an attribute a is prime if

it belong to a minimal key of s, and nonprime otherwise. s = (R, F) is in the Boyce - Codd normal
form if A — {a} & F* for AT # R, a & A. v

If a relation scheme is changed to a relation we have the definition of BCNF for relation.

2. RESULTS

In this secsion we show the following result. It is a new necessary and sufficient condition for
an arbitrary rellation scheme is in BCNF and its set of minimal keys is given Sperner system.

First we denote some following concepts. ’

Let K be a Sperner over U. Denote T(K') ={: 3B e K': AC B}. K, =
{a € Ulno 34 € K, a € A}. K, is called the set of nonprime attributes of K. Then we have

Theorem 1. Let s = (U, F) be .a relation scheme, K a Sperner system over U. Denote K~! =
{B-a:a€B,BeEK '} and M*={C: Ce K ,C#n{B: B€E K~!,C C B}}. Then s is in
BCNF and K, = K if and only if

{UbuK 'uM* C {U}JUT(K™Y). (*)

Proof. Assume that s is in BCNF and K = K,. By Proposition 1 and from definitions of Z(s),
T(K~*') we have the right-hand side of (*). Based on Proposition 1 we can see that {U} U K~1 C
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Zis) cording to definition of BCNF, if s is in BCNEY then for every B € K-, B — a £ Z{s]j
C yuently, we obtain Af* C Z{s}.

Assume that we have (). By Proposition 1 and according to definitions of Z(s), T(K ™1},
K™% we obtain K, = K. If there exists an A — {a} € F* and A" # R and a é A. According

{~% such that AT C B. Cleuarly, a € B and A C B — a hold.
B. This is a contradiction. fhus, s is in BCNF. The proof is

to Proposition 1 there exists a B
Conseguently, we have (B —a)™

I m

complete.
Clearly, the right-hand side and the left-hand side of (*) don’t depend on s.
Note that if s; = (R, F;) and s, = (R, F») are in BCNF then K,, = K,, holds iff F| = FJ
fiolds. i

From definition of Z(s) and according tc Proposition 1 and Theorem 1 the following corollary
1z obvious.

Corollary 1. Let s = (R, F) be a relation scheme. Then s 1is in BCNF 1f VB € K7', a € B :
(B—a)t =B —a.
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