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NGON NGU NHOM ABEN

LE QUOC HAN

Abstract. On languages having an Abellian group as syntatic mononid. Languages mentioned in the title
are considered. We describe automates of such language and when they are regular we provide different
characterisations in terms of automates, syntatic monoids and so on.

Tém tdt. Trong bai bdo nay, ching t6i khdo sit cidc ngdn ngir cé vi nhém cid phép 12 nhém Aben va di mé
td dwoc 6témat cda 16p ngdn ngir nay. Trong truwdng hop ching 13 ngdn ng® nhém chinh qui, ching t6i da
thiét 1dp dwoc méi lién hé gita cdp cda vi nhém cd phép vi s8 trang thai cda 6tdmat dodn nhin 1é6p ngdn
ngi d6.

1. MO PAU

Khéi niém ngén ngi nhém dwoc dwa ra béi Anixinov [1] vao ndm 1971. D46 1a nhitng ngén ngir
12 nghich dnh cda don vi qua déng cu cda vi nhém céc tir hiru han vao mét nhém. Trong [5], ching
t6i da thay “don vi nhém” bédi “tip con rdi rac” cda nhém. Lép ngén ngir trong [5] thuc su chira
16p ngdn nglr nhém trong [1].

Gid st X 13 mot bang chit hitu han vd X* 1d vi nhém tuw do sinh bdi X véi don vi 1 tir A. Khi
dé moi tip con bat ky L cda X* dwoc goi 14 mét ngén ngw.

Gid st S 12 mdt vi nhém va H 13 tip con cda S. Ta xét quan hé Py C S X S nhv sau:

Py ={(z,y) €S x S|uzve H & uyv € H, Yu,v € S}.

Khi d6 Py dwoc goi 1a twong ddng chink hay twong ddng cd phdp cda H va vi nhém thuwong S/ py,
dwgce goi 14 vi nhém cié phdp cda H trong S. Tap con H dwgc goi ld ro7 rac trong S néu twong ding
Py 14 twong ddng dong nhit.
Ta con xét twong ding mét phia trén S nhu sau:
R ={(z,y) €S xS|zue H& yue H Yue S}.

Khi d6 Ry 1a twong ddng phdi trén s va dwoc goi 1a twong ddng chinh phdi Duybrdy sinh bdi H
trong S.

Gid st L 13 ngdn ngir trén X. Khi d6 vi nhém ct phdp cda L trong X* sé dugc goi don gidn la
vi nhém cid phdp cda L va dwoc ki hiéu 13 u(L). Ngén ngt L dwoc goi 1a ngén ngé nhém néu p(L)
12 mdt nhém. Ngén ngir L dugc goi 12 ngén ngw nhém Aben néu pu(L) 13 nhém giao hodn.

Ngén ngit L trén X dwgc goi 14 ngén ng@ chinh qui néu né 1a ngdn ngdr hitu han hodc thu
dwgc tir cac tip con hitu han cia X* bing ciach 4p dung mot s8 hitu han cic phép todn hop, tich
va 13p [4]. Moi ngdn ngit chinh qui déu dwgc dodn nhin bdi 6témat tit dinh 4 = (A, X, ao, 6, A")
ndo dé, & diy A 1 tip hitu han trang thai, ag 13 trang thai ban diu vd A’ 13 tip trang théi két
thic, X 13 bing chir c4i va § 13 ham chuyén trang thai. Otémat t8% ti¢'v dodn nhin ngdn ngir L sé
dwoc ki hidu 13 w(L) = (4, X, a9, 6, A’), trong d6 A = X" /R, ao 12 16p twong ding (theo R) chira
t¥ A, A’ = {u|u € L} va ham chuyén trang thii dwoc x4c dinh nhu sau: §(u,z) = uz, Yu,z € X*.

diy u 13 16p twong ding (theo Ry) chira tir u.

Trong (5], ching 61 43 mé t4 cic ngdén ngir nhém chinh qui, tdc 13 cdc ngdn ngit ¢ vi nhém ci
phédp 13 cic nhém hiru han. Trong bai bdo ndy, ching t6i mé td cdc ngdn nglr nhém Aben (khdng
nh&t thi€t chinh qui). Trong trudng hop L 13 ngdn ngir nhém chinh qui, ching t8i thi€t 14p mdi lién
hé giira cip cda vi nhém ci phap p(L) va luc lwong cda 6tdmat t5i ti€u w(L) dodn nhin L.
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2. OTOMAT POAN NHAN NGON NGU NHOM ABEN

Gid st L 13 ngdn ngir trén X. Khi dé6 L dwgc goi 1A ngén ng@& nhém Aben néu vi nhém ca phip
cda L 13 mdt nhém giao hodn.

Otdmat t8i ti€u w(L) = (A, X, Ao, §,A") dwgc goi 13 lién théng manh néu Va,a' € A, Ju,v € X*
sao cho §(a,u) = d', §(a’,v) = a.

Otomat t3i tidu w(L) dwgc goi 1a hodn vinéu tir a = 6(ag, u), b = &(ao, v) suy ra 6(a, v) = 6(b, u)

Dinh 1y 1. Gid s L ld ngon ngw trén X. Khi 6 cdc ménh d€ sau ddy ld twong dwong:
(1) L la ngon ngw nhém Aben.
(i1) Ton tar nhém giao hodn G, mét tép con ro1 rac H cda G va mdt toan cdu o t& X* lén G sao

cho L = o~ (H).

(iii) Otémat t6i ti€u w(L) = (A, X, ao, 6, A') dodn nhin ngén ngié L ld lién thong manh vd hodn vi.
Chitng manh. (i) = (ii). Gid st L 13 ngdn ngtr nhém Aben. Ki hiéu G := u(L) va
p:=n:X" — u(L)
u— [u]
trong d6 [u] 13 16p twong ding (theo P) chtra tir u. Thé thi ¢ 13 d6ng cdu chinh tdc t& X* 1én vi
nhém thuong X*/p, := pu(L). Gid s& H = p(L). Vi P bao hda L (t&c 1a chira tron ven mét s8
16p twong duwong Pr) nén L = o~ !(H). Ta hiy chimg minh H 13 tip con r&i rac cda G.

Thét vy, gid st u,v € G, u # v. Khi d6 ton tai z,y € X* sao cho p(z) = u, p(y) = v va
©(z,y) & PL vi u # v. Do dé ton tai p,g € X* d€ chidng han pzq € L, nhung pyg ¢ L. Ki hiéu
©(p) =r, ©(q) =s. Ta cé rus € H nhung rvs & H. Suy ra (u,v) & Pr.

(i) = (i). Ta chirng minh (L) = G, khi d6 vi G 1a nhém giao hodn nén u(L) 13 nhém giao
hodn, va do d6 L 13 ngén nglr nhém Aben.

That vay, gid st (a,b) € PL. Thé thi véimoiz,y € X* tacbd zay € L khi va chi khi zby € L, nén
©(zay) € H khi va chi khi p(zby) € H. Do d6 o(z)p(a)e(y) € H khiva chi khi p(z)p(b)e(y) € H.
Vi ¢ 13 toan cdu nén khi z,y chay khidp X* thi p(z), ¢(y) chay khip G. Do dé (p(a), p(b)) € Pau.
Suy ra p(a) = ¢(b) (Vi H 1a tip con r¥irac cda G nén Py 13 quan hé dong nhit trén G. Pdo lai,
néu p(a) = p(b) thi di nguoc qud trinh trén, ta cé (a,b) € Pr. Do d6 P = kerp. T d6 suy ra
X*/PL = G*/PH hay u(L) = G.

(1) = (i11). Gid st L 13 ngén ngit nhém Aben. Thé thiVa =w, b =v véi w,v € X*, Ju e X*
sao cho (wu,v) € P, vi u(L) 1a nhém. Vi P, C Ry nén (wu,v) € Ry. Khi dé §(a,u) =b.

Twong ty, Ju’' € X* sao cho §(b,u’) = a. Do d6 w(L) 1 lién théng manh.

M3t khic, [u][v] = [v][u] (vi (L) 12 nhém Aben) nén:

(zuvy € L © zvuy € L, Vz,y € X*) = (uvy € L & vuy € L, Vy € X*)
= 6(ag,uv) = §(ao,vu), Vu,v € X*. Suy ra 6(a,v) = §(b, u), véi a = 6(ao, u), b = 6(ag,v). Do dé
otdémat w(L) hodn vi. :

(iii) = (i). Gid st w(L) 1a 6témat lién théng manh va hodn vi. Khi dé Vu € X*, Jv € X* sao
cho §(ag, uv) = ap vi w(L) lién théng manh. Do d6 6(ag, uv) = §(ag,A) = 6(ao, uvz) = 6(ao, z) vi
Rr 6n dinh phdi = 6§(Z,uv) = Z, vi 6témat w(L) hodn vi = (zuvy € L < zy € L, Vz,y € X*) =
[u][v] = [A] = [v] 12 nghich ddo cda [u] trong u(L) = w(L) 13 mét nhém.

Hom nira, vi (L) 12 hoan vi, nén §(ao,uv) = 6(ag,vu) = §(ao, uvz) = §(ap,vuz) vi Ry on
dinh phdi = [uv] = [vu] = [u][v] = [v][u] = w(L) 13 nhém giao hodn.

Dinh ly dwoc ching minh. O



NGON NGU NHOM ABEN 67

Biy gid, ta sé nghién ciru tinh chit cda 16p ngdn ngit nhém Aben chinh qui. Trwéc hét, ta
thiy ring: l6p ngon ngit nhém Aben chink qui khép kin @6y vé1 (h&u han) cdc phép todn Bool.
Thit vdy, vi PL = Px~\r nén néu L la ngén ngir nhém Aben chinh qui thi X*\ L ciing 13 ngén ngir
nhém Aben chinh qui.

Gid st Ly, Ly 13 cidc ngdn ngir nhém Aben chinh qui thi L; N L, 13 ngdn ngir nhém chinh qui
(xem [5]). M3t khéc, zuvy € Ly N Ly & zuvy € Ly va zuvy € Ly ¢ zvuy € Ly va zvuy € Ly (vi
Ly va Ly 13 cdc ngdn nglt nhém Aben) < zvuy € Ly N Le. Do dé p(Ly N Lz) 14 nhém giao hodn,
nén L; N Ly 13 ngén ngt nhém Aben chinh qui.

Chd ¥ rang X* \ (L; U Ly) = (X*\ L1) N (X* \ Lz2), ta suy ra ring néu L;, L, la ngdn ngir
nhém Aben chinh qui thi L; U Ly cling 13 ngén nglr nhém Aben chinh qui.

3. MOI LIEN HE GITU'A CAP CUA VI NHOM CU PHAP VA LUC LUQONG CUA
OTOMAT TOI TIEU DPOAN NHAN NGON NGU' NHOM CHINH QUI
Gid st L 13 ngdn ngir trén X. Ki hiéu
Lo ={u€ X" |6(ap,u) = ap} va
Lo ={[u] € u(L) |u € Lo}.

Néu L 12 ngdn ngir chinh chinh qui thi Lo 13 ngdn ngi nhém chinh qui va ¢6 lap, hon nita R, = R,
(xem [5]).

Dinh 1y 2. Gid s¢ L ld ngén ng@ nhém chinh qui trén X. Thé thi
(1) Lo la mdt nhém con cda u(L),
(i) m = n.k, trong @6 m la cdp cda p(L), n ld s6 trang thdi cida w(L) vd k la cdp cda Lo.

Ching minh. (i) RS rang [A] € Lo. Néu [u],[v] € Lo thl 6(ao, u) = 6(ao, v) = ap nén §(ap,uv) =
6((ao, w),v) = 6(ao, v) = ap = uv € Ly = [uv]| = [u|[v] € Lo. Viy Lo 1 vi nhém con cda nhém hiru
han u(Lo), vd do d6 Lo thuc t& 14 mét nhém con cda u(L).

(ii) Vi L 12 ngén ngit nhém, nén Jp : X* — G, trong d6 ¢ 1a toan ciu tr X* 1én nhém (hiru han)
G va L = o !(H), trong d6 H 1a tip con r&irac cda G. Gid skt K = {g € G|(g.¢) € Ry}. Thé
thi K 13 mét nhém con cda G vd Ry = Rkx. Talaicé [u] € Lo ¢ u € Ly ¢ 6(ap,u) = ap &
(u,A) € Rr, © o(u) € K. Viy [u] — o(u) 13 mdt 4nh xa tr Lo vao K. Gid st g € K, thé thi
do ¢ 13 mot toan ciu tir X* 1én G, nén Ju € X* sao cho p(u) = g € K, do d6 [u] € Lo, nghia la
[u] = ©(u) 12 mdt toan 4nh tir Lo vio K. Mit khic [u] = [v] & (zuy € L & zvy € L, Vz,y € X*)
& (ple)e(u)ely) € H & p(z)p(v)e(y) € H, Vz,y € X* vi L= o~ (H)) & p(u) = p(v) vip la
todn ciu va H 1a tap con r&i rac trong G. Do d6 [u] — ¢(u) 13 song 4nh t¥r Lo 1én K. Suy ra cip
cia Ly bing cip cda K. Gid st cip cia mbi nhém con dy bing k.

Ta thiy twong tng: X*/RLO L G/k

u— K p(u)

13 mét 4nh xa. That viy, gid st & = . Thé thi do p(L) 13 mdt nhém nén Iz € X* sao cho
(uz,A) € PL € RL = 6(ao,uz) = ap = uz € Ly = wz € Lo viu = ¥ = 6(ag,zv) = ag =
é(ao, uz) = 6(ao, vz) = 6(ao,v) vi L 13 ngdn ngir nhém nén w(L) tich dwgc (xem [5]) = (uz € L &
vz € L, Vz € X*) = (p(u)p(z) € H & p(v)p(z) € H,Vz € X*) = (p(a),p(v)) € Ry = Rk vip
13 todn cdu tr X* 1én G = K p(u) = K p(v). Ta lai c6 ¢ 1a toan dnh tir X* Ién G nén twong ing
u+— K o(u) 13 mét toan d4nh tirX*/}ZLO lén G/ K. 7

Do lai, néu K p(u) = K p(v) = (p(u),e(v)) € Rk = Ry = (p(uz) € H & p(vz) € H,Vz €
X*, vi p 12 toan cdu) = (uz € L < vz € L, Yz € X* vi Ry 8n dinh phdi) = (uz € Lo ¢ vz €
Lo,V € X*) = u=7v (mod RpL,).
Néi cach khéc, vi u — K p(u) 1 mét song 4nh tir X*/}ZLO lén G/K, ma R, = Rk, nén s8 trang
thdi cda w(L) bing luc lwgng cda G/K. Vi cdp cda G bing cdp cda pu(L) (= m), cip cda K bing
cip cda Lo (= k) va luc lwong cda w(L) bdng m nén n=m : k. Suy ra m = n.k. O
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Dinh ly 3. Gid sé L ld ngon ng@ nhém chinh qui trén X vd w(L) = (4, X, ao, 6, A’) ld 6témat té
ti€u dodn nhdn ngén ng@ L. Gid sé m ld cdp cda u(L), n ld lyc lugng cda w(L), p ld s6 trang thdi,

o w1l By eds Lo = §[u|[u] € p(E), v & L}. K 8m=""
P

Chitng minhk. Trwée hét, ta chd ¥ réng: L; = {u € X*|6§(ao,u) = a;} thi lyc lwong cda L; bing luc
luong cda Lo, trong d6 L£; = {[u]]|[u] € u(L), v € L;}.

That vay, khi dé tr (u,v) € R & Hop(u) = Hp(v) vi ¢ 1a todn ciu tir X* 1én G va
L =9 '(H) & Kp(u) = K p(v). Do d6 luc lwgng cda L; bing luc lwgng cda mét 16p ghép
trong (G : K). Nhung vi ta d3 thi€t 1ip duoc song 4nh ¢ : K — gK nén luc lugng cda céc lép
ghép G theo K 1a nhw nhau, vi vy lwc lwong cda £; bing luc lwong cia Lo. Néiriéng ra, luc lwong
cda £; bing luc lwgng cia Ly v6i moi 2.

Gid st L = {u e X*|6(ao,u) € A"}, trong d6 A’ = {b1,b2,...,bp}, thi do nhén xét trén, ta thiy
s8 céc phin t& cda p(L) trong méi tap Ly, = {[u]|[u] € u(L), 6(ao,u) = b;} 1a nhu nhau va bing
luc lrong cda Lo. Do Pp thira nhin L, nén luc lwgng cda £ bing p|Lo|.- M3t khic, theo Dinh ly 2

k
tasuyrak:pmhaym=n—. O
n

Dinh 1y 4. Gid s¢ L ld ngon ng@& nhém chinh qui trén X, w(L) ld 6témat t65 ti€'u dodn nhdin L vé1
n trang thdi va u(L) ld vi nhém cid phdp L vét m phan tid. Khi d6 m chia hét cho n va chia hét n!.
Chi#ng minh. That vay, tir Dinh 1y 2, ta suy ra m chia nét cho n.

Véi méi tir u € X*, ta x4c dinh mét 4nh xa 4 — 4

z — Uz,

khi d6 tir réng A @ng véi dnh xa déng nhit. Tip hop tit cd cdc 4nh xa dé 12 mét vi nhém con cida
vi nhém cic phép bi€n d8i cda tip A, va dwoc ki hidu 13 T(A).

Truéc hét, ta hiy ching minh p(L) = T(A).

That vay, gid st J4 13 vi nhém céc phép bi€n d3i cda tip A. Lip twong tng

[u] — 6u.

Gid st (u,u') € P,. Ta chéng minh 6, = 6, hay au = av', Va € A, a = v. Gid thi€t phin
chirmg ring au # avu'. Khi d6 v.u # v.u' = vu # vu' = (vu,vu') € P = Jw € X* sao cho vuw € L,
nhung vu'w & L nén (u,u’) & Pr, mau thuin. Viy ¢ 13 4nh xa.

M3t khic, 4 13 toan 4nh tir u(L) 1én T(A) vi mSi phép chuyén trang thii déu do mdt 16p u cdm
sinh ra va do dé ton tai 16p [u] twong dng.

Ta lai c6 ¢ 13 don 4nh. That vay, néu [u] # [u'] = 6, # bur, Vi tlr [u] # [v'] = Fv, w € X* sao
cho vuw € L nhung vu'w € L. Ldy a € A ma a = v. Thé thi au # av’, vi néu vu = vu' = vu #
vu' = (vu,vu’) € PL = (vuw € L < vu'w € L), mau thuin. Tir d6 6, # 6, .

Cudi ciing, 9 13 dong ciu, vi ab,, = auu’ = aby by = abyy: .

Viy ¢ 13 mot ddng cdu tir u(L) 1én T(A), ta cé u(L) = T(A). Vi u(L) 13 nhém hiru han nén
T(A) cling 13 nhém hiru han, do dé T(A) 12 nhém con cda nhém céc phép thé S trén mét tip gom
n phin t¥ (va do d6 |S| = n!). Theo Dinh ly Lagrange, cip cda T(A) 13 wéc cda n!. Suy ra m chia
hét cho n!.

Dinh ly dwoc ching minh. O

4. KET LUAN

Nhu viy, ching t6i d2 mé t4 dwoc 6témat cla cac ngdn ngit nhém Aben (khéng nhit thiét
chinh qui) va tim dwgc méi lién hé gifra cdp cda vi nhém ct phap va s8 trang théi cda 6témat dodn
nhin cic ngén ngir 4y trong trudong hop ngdn ngir dang xét 13 ngdn ngir chinh qui. Viéc mé t4 vin
pham cda 16p ngdn ngir nhém Aben (khong nhit thi€t chinh qui) 13 mét bai todn mé& va hira hen
nhiéu két qud thd vi.
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