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CHU TRINH HAMILTON TRONG DO TH| o3 > N
vU DINH HOA!, NGUYEN HUU XUAN TRUONG?

L Khoa Cong nghé thong tin, Truong Dai hoc Sw pham Ha ngi
2Khoa He thong thong tin kinh té, Hoc viéen tai chinh

Tém t&t. Cho truéec mot dd thi don vo huéng véi n dinh, ta ky hieu o9 1a téng bac bé nhat cia cac
cap dinh khong ké nhau trong G va o 1a tong bac bé nhét clia cac cip dinh cach nhau khoang cach
2.

Bai toan HC' xéac dinh chu trinh Hamilton (chu trinh di qua tat ci cac dinh trong do thi) van
dugc biét 1a bai toan N PC'. Ching toi khdo sat bai toan HC' cho 16p cac dd thi théa man g9 > tn
va 16p cac do thi théa man o3 > tn, v6i t 1a hing s6 cho trude. Trong bai bao nay ching toi xay
dyng thuat toan véi thoi gian da thiic xéc dinh chu trinh Hamilton khi ¢ > 1 v& chiing minh ring
bai toan HC' van con 1a bai toan N PC trong truong hop ¢t < 1.

Abstract. Given a undirected and simple graph with n vertices, we denote by o2 the minimum of
degree sum of the pair of nonadjacent vertices in G and by ¢35 the minimum of degree sum of the
pair of nonadjacent vertices with distance 2.

The problem HC to determine the Hamilton cycle (cycle passing all the vertices of the graph) is
well-known a [N PC-problem. We consider the problem HC for the class of graphs satisfying o9 > tn
and for the class of graphs satisfying 05 > tn, with given constant ¢. In this paper we give polynomial
algorithm to estimate Hamilton cycle for the case ¢ > 1 and prove that the problem HC' remains a
N PC problem for the case t < 1.

1. MO DAU

Trong bai béo nay ching ta sit dung khéi niém va céc ky hieu vé do thi nhu trong [3],
rieng do thi day du v6i n dinh thi ky hiéu 1a K,,. Ta chi khao sét cac do thi don vo hudng,
lien thong. Mot do thi dugc goi 1a nia Hamilton néu né c6 mot duong di qua tat cad cic dinh
ctia do thi (duong Hamilton). Twong tu, do thi dugce goi 1a do thi Hamilton néu né c¢6 chu
trinh Hamilton (chu trinh chita tat c& cdc dinh ctia do thi). Cho truée do6 thi G = (V, E) véi
n dinh, trong d6 V' 1& tap dinh va E la tap canh, ta dinh nghia

02(G) == min{d(z) + d(y)| =,y € V(G) va zy & E(G)},
03(G) := min{d(z) + d(y)| =,y € V(G) va d(z,y) = 2},
khi G khong phéi 1 dd thi diy dit, vi dit 02(G) = 0o va 03(G) = oo khi G Ia dd thi diy di.
Doi khi ta c6 thé viét o9 va o} thay cho 02(G) va 03 (G) néu khong xay ra nham lan.
Véi s6 nguyén duong k va do thi G cho trudc, ta ky hieu G* 13 d6 thi lay thira bac k véi
tap dinh 14 V(G), hai dinh trong G* ké nhau khi va chi khi ching cé khoéng cach trong G
khong vudt qua la k. Nhuvay, G =G c G2 Cc G C ...G*.
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V6i hai do thi roi nhau Gy va G, ta ky hieu Gy *Go 1a d6 thi c6 tap dinh 1a V(G1)UV (G2)
va tap canh 1a E(G1) U E(Ga) U {zy|lz € V(G1),y € V(G2)}. Chang han, Ky x K3 = Ks,
K, * Kpy, = Ky, n,. Luu § 1a phép két noi x khong c6 tinh két hop. Chéng han, véi m > 1
1a 56 tu nhien thi do thi K K, * K,  K; 1a dd thi dugc biéu dién trong hinh

9
K Ky

&

K, K,

Hinh 1.1. Do thi K * K,,, x K, * K.

Bai toan HC xac dinh chu trinh Hamilton cing nhu bai toan H P x4c dinh duong Hamilton
trong do thi da dugce chiing minh trong [1] 1& cac bai toan NPC. Trong [6], Ore chiing minh
s ton tai ctia chu trinh Hamilton trong do thi thdéa man oo > n. Gan day, mot s6 tac gia
[5, 7, 8] da khao sat bai toan chu trinh Hamilton trong cac 16p do thi dac biet. O day ching
ta khao sat bai toan HC trong cac 16p do thi sau.

Bai toan HC2.
Instance: Cho truéc sb thuc ¢ va do thi G théoa man o9 > tn.
Question: G ¢6 chu trinh Hamilton hay khong?

Va 16p do thi sau day rong hon 16p trén:
Bai toan HC2*.
Instance: Cho trude sb thyc ¢ va do thi G théa méan o} > tn.
Question: G ¢6 chu trinh Hamilton hay khong?

Trong truong hop ¢ < 0 thi bai todn HC2 va bai toan HC?2* chinh la bai toan HC trong
truong hgp tong quat. Trong phan sau, sé xay dyng thuat todn véi thoi gian da thic xac dinh
chu trinh Hamilton khi ¢ > 1 va chitng minh réng bai toan HC2 va HC?2* 1a bai toan N PC
trong truong hgp ¢ < 1.

2. KET QUA

Trong [6], Ore da ching minh.
Dinh ly 2.1. Néu o3(G) > n > 3, thi G la do thi Hamilton.
V6i Dinh 1y 2.1] ta hién nhien c6:
Dinh 1y 2.2. HC2 (t > 1) la bai toan thuéc ldp P.
Ciing trong [6], Ore chiing minh ménh dé manh hon:

Dinh ly 2.3. Cho u va v la 2 dinh khéong ké nhau trong G théa man d(u) + d(v) > n. Khi
do, do thi G la Hamilton khi va chi khi do thi G + uv la Hamilton.
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Theo Dinh 1y [2.1] thi bai todan HC2 (¢ > 1) thuoc 16p P. Nguge lai, khi ¢ < 1 thi bai todn
HC?2 van thuoc 16p NPC.

Dinh 1y 2.4. HC2 (t < 1) la bai todn NPC.

Chiing minh. Bai toan HC?2 1a bai todn HC trong l6p do thi dac biét, nen HC2 thuoc N P.
Dé chiing minh HC?2 (¢ < 1) 1 bai toan NPC, ta xay dung mot phép dan thai gian da thitc
dan bai toan HP vé né.
V6i dd thi G; bat ky ¢6 ny dinh tuy § ta chon s6 tu nhién
t(n1 — 1)
m > b
— 2(1—1¢)
diém {p1,p2,...Pm} U {q1,q2,..-Gm—1} VA céc canh ndi tat ci cac dinh ctia {p1,p2,...pm}
vGi tat cd cac dinh con lai. Bing cach dé ta thu duge do thi Go = (G1 U K1) * K, (hinh
. Phép xay dung niy cé thé tién hanh v6i may tinh Turing trong thoi gian da thiec.

(ton tai do t < 1). Ta xay dung G bang cach bd sung them vio G tap

N
o
e
g |

'R

Gl I""’ﬂ'l Fﬂl—l
Hinh 2.2. D6 thi Gy = (Gl Ufm_l) x K.

t(n1 — 1)

D6 thi G 1a do thi ¢ s6 dinh ny = ny +2m — 1 dinh va 03(G2) = 2m. Do m > m

1
nén m > Qt(m +2m — 1) va do d6 o2(G2) > tna.

Bay gio ta chitng minh do thi Go ¢6 chu trinh Hamilton khi vA chi khi G; ¢6 duong
Hamilton. That vay, néu G; ¢6 duong Hamilton H thi C = (Hp1q1p2q2 - - - Pm—1Gm—1Pm) 1a
mot chu trinh Hamilton trong Ga.

Nguge lai, néu Gy ¢6 mot chu trinh Hamilton C. Do cac dinh ¢; chi c¢6 lang giéng 1a
p;j, cho nén trén C, cic dinh ctia tap hop {q1,q2, ... ¢m—1} ching chi ké v6i cic dinh thuoc
{p1,p2,--.,pm}- Vi vay, néu b6 di cac dinh {p1,pa,...,pm} thi ta c6 ding m thanh phan
lien thong gom {q1,q2,...gm—1} va G; mdi thanh phan lien thong nay phai ¢6 mot duong
Hamilton (phan con lai c¢ia chu trinh C sau khi b6 {p1,p2,...,pm}). Nhu vay G phai cé
duong Hamilton.

Té6m lai, phép xay dyng trén 13 mot phép dan thoi gian da thitc bién mdi dit kien cla
bai todn HP thanh mot di kién cia bai todn HC2 (¢t < 1). Do HC2 (t < 1) € NP va
HP € NPC, ta c6 HC2 (t < 1) € NPC.

Tuong tu nhu Dinh 1y ta c6 dinh Iy sau:
Dinh 1y 2.5. HC2* (t < 1) la bai toan NPC.
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Ngugce lai, véi t > 1, ta ching t6 bai todn HC2* (¢t > 1) 1a bai toan thugc 16p P. Ta ching
minh diéu nay béng céch dya vao két qué ctia Fleischner [4] vé tinh Hamilton trong do thi liy
thira.

Dinh 1y 2.6. Néu G la do thi 2-lien thong thi G2 la do thi Hamilton.
Duta vao Dinh 1y ta c6 két qua sau.
Dinh 1y 2.7. Néu G la do thi lien thong va 03(G) > n, thi G la do thi Hamilton.

Chiing minh. Trudc hét ta ching minh ring G 13 d6 thi 2-lien thong. Gid st nguge lai 1a G
khong phai 1a do thi 2-lien thong. Khi d6 G ¢6 mot dinh cit 2. Goi G va Go 1a 2 thanh
phan lién thong ciia d6 thi G—{x}. Vi G lién thong nén ton tai y € Gy va z € G déu 1 lang
giéng clia . D& thiy ring d(y,z) = 2, nén d(y) + d(z) > o} > n. Mat khac ¢6 d(y) < |G4|
va d(z) < |Gal, do d6 cd d(y) +d(z) < |Gi|+|G2| < n—1, mau thuan. Mau thuan dé6 ching
t6 G 1a do thi 2-lién thong.

Ap dung Dinh ly cho do thi 2-lien thong G, ta c6 G? 13 dd thi Hamilton. Theo dinh
NG ap dung cho titng budc bd sung cac cip canh xy ndi hai dinh 2 va y c¢6 khoang cach
2 thi tit G? la dd thi Hamilton ta ¢6 G la do thi Hamilton.

Dinh ly la mé rong cia Dinh 1y vi hién nhién mot do thi G théa man diéu kien ciia
Dinh 1y ciing théa man diéu kien Dinh ly . Ngudc lai, ¢6 nhidu do thi, chang han céc
6 thi Ky * K, * Ky, * K1, thoa man didu kién ctia Dinh 1y 2.7 ma khong théa man diéu kien

cia Dinh 1y |

3. XAY DUNG THUAT TOAN DA THUC XAC DINH CHU TRINH
HAMILTON

Bai toan xac dinh chu trinh Hamilton HC 13 bai toan N PC, cho nén ta khong thé co giai
thuat tot (thuce hien duge trong thai gian da thitc) gidi né. Trén co s6 cac bai todan HCy (t > 1)
va HC (t > 1) thuoc 16p P, ta c6 thé xay dung thuat toan véi thoi gian da thice dé xac
dinh chu trinh Hamilton trong cac 16p do thi tuong ting. Tuy nhién cic Dinh 1y va Dinh
Iy déu chi & dinh 1y ton tai, cac chiing minh khong dya trén sy thiét ké ra mot chu trinh
Hamilton. Trong phan nay ta xay dyng thuat toan x4c dinh chu trinh Hamilton trong céc 16p
do thi trén. Luu ¥ 1a trong khi tinh todn cac chi s6 ctia cac dinh duge danh thit ty trén mot
hoén vi ho#ic mot chu trinh do dai k ta luon st dung céc chi s6 theo mod k.

3.1. Thuat toan cho 16p dd thi théa man oy > n

8.1.1. Y tudng

Gia st do thi G v6i n dinh 1a: vg, v1, ... v,—1; thoa man o9(G) > n. Thuat todn sau day
sé xac dinh mot chu trinh Hamilton C ctia G trong thoi gian da thiic.

Y tuéng cia thuat toan 14 ta xuAt phat tt mot hoan  vi
C = (V0,V1,--,Vn_1,V, = Vo) tly ¥, ta goi (vi,v41) 12 mot 16 hong clia C néu v; v viyq
khong ké nhau (hinh . Néu v;v; vA vi41vj41 1a canh thi ching duge néi 1a bit chéo nhau
(hinh .Ta sé bién doi C lién tuc sao cho trong mdi budc diéu chinh sb cac 16 hong thu dugc
giam di it nhat 1. Nhu vay sau hitu han budc ta sé thu duge mot hoan vi khong cé 16 hong
nao. Hoan vi nay 1a mot chu trinh Hamilton.
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Vi Vi+1

Vi1 Y5

Hinh 8.3. Ld hong va cung bat chéo

Bude 1: Khéi tao mot hoan vi C' céc dinh mot cach ngau nhién.

Buéce 2: Lap.

Danh s6 dinh trén C lan lugt C = (v, v1, ..., Upn_1,Vn = ¥0).
Tim s6 4 nhé nhat sao cho v; khong ké v;;1.

Néu C khong c6 16 hong nao thi dimg.

Tim j nhé nhat sao cho canh ViV bit chéo canh Vit 1Vj41-
C .= (Uﬂ}j’l)j_l <o Ui 105410542 - - - vi_lvi).

Quay lai buéc 2.

3.1.2. Thudt toan

Thuat toan duge viét bang ngon ngit tya Pascal nhu sau:
Procedure Hamitonl;
BEGIN
C hoén vi tity ¥ cac dinh do thi G
While HUZ"UZ'_;,_l ¢ E(G) do
begin
Danh s6 cac dinh cta C lan lugt C := (vg,v1, ..., V51)
Tim cung bat chéo v;v; VA V410415
C .= (Q}ﬂ}j’Uj_l < Vi1V 410542 - - Ui—lvi)
end;
END.

3.1.8. Chatng minh tinh ding ddn cia thudt todn

Ta chiing minh ring v6i mot 16 hong v;v;4+1 thi sé luon ton tai v; dé: v;v; bat chéo viy1vj41.
That vay:

Dat S = {vg :vp ké v;} va T = {vg, : vpr1 ké vig1}.

Khi d6: d(v;) = |S| v& d(vit1) = |T|. Vi v; khong ké v; 41 nén theo gia thiét ban dau c6
d(v;)+d(vit1) > 02 > n, do d6 |S|+|T| > n. Vi v; khong thudc tap TUS nén [TUS| < n—1.

Tu|TNS|=|T|+|S|—|TUS|>n—(n—1)=1suyraT NS #0. Chon v; € TNS, ta
co (% ké Vj va, Vi+1 ké Vj+1-

Sau budc diéu chinh lai hoan vi C' & budc 2 thi s6 16 hong ctia C' sé giam di it nhat 1, sau
khong qua n budc lip thi C sé khong con 16 hong nao, hay khi d6 C' 1 chu trinh Hamilton,
thuat toan sé dung.
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3.1.4. Ddnh gid s6 budc thuc hién thuat toan

Do s6 16 hong ctia mot hodn vi khong qua n cho nén s vong lap ciia budc 2 13 khong qui
n. Viec tim chi 86 ¢ va j (xac dinh cung chéo nhau) budc 2 déu khong qua n phép toan. Diéu
chinh hoén vi C' 6 muyc buéc 2 va viéc dong nhét chi s6 ciing khong can qua O(n) phép toan.
Do d6, thuat toan sé két thic sau khong qua O(n?) phép toan.

3.2. Thuat toan cho 16p do thi théa méan o3 > n

Xét mot do thi G véi n dinh théa méan o > n. Trong 16p do thi nay thi thuat todn 1 &
trén khong ap dung dudc vi ¢6 nhiéu 16p do thi thdéa man oo > n nhung khong thoa man
oy >mn, vi du nhu 16p do thi G = K % K, * K, % K1 v6i m > 2.

Thuat toan sau day sé xac dinh mot chu trinh Hamilton C' cia G trong thai gian da thitc.
Y tudng cia thuat toén 1a ta xay dyng mot chu trinh C' tiy ¥ trong G véi thoi gian da thic,
sau d6 md rong C dén khi thu duge chu trinh Hamilton.

Cé6 thé mo ta thuat toan nhu sau:

Budc 1: Xay dyng mot chu trinh C clia G bang tim kiém theo chiéu sau.

Buée 2: Lap.
Néu |C| = n thi ding.
Danh s6 cac dinh doc theo C lan lugt 1a vg, vy, ..., vk

Tim H 13 mot thanh phan lién thong cia G — C.

Lap danh sach N¢(H) tap hop cac lang giéng cia cac dinh ctia H trén C.
Truong hop 1. Néu ton tai v;, vi41 € No(H).

Tim z,y € H tuong ting ké v6i v; va v;1 (y c6 thé tring ).

Tim mot duong di W trong H tit x dén y.

C = (vi:chviHng Vi1, Ui).

Trudng hop 2. Néu Vv; € No(H) = vit1 € No(H).

T oW oy

(J v 1

Hinh 3.4. Mé& rong chu trinh C' trong truong hgp 2

Tim v; trén C sao cho v; ké z € H.
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Tim vj ké y € H (y ¢6 thé tring z) v6i vj11 € Ne(vitr).
Tim mot duong di W trong H tit x dén y.

C .= (’UiﬂnyUj’Ujfl’Uj,Q < Ui 1, V41, V425 - - - Ui)-

Quay lai buéc 2.

8.2.1. Thudt toan

Procedure Hamilton2;
BEGIN
C chu trinh tuy y cua G.
While |C| < n do
Begin
Danh lai s6 cia cac dinh C' := (v, v1,. .., Vg, Vkr1 = Vo)
H 13 mot thanh phan lién thong tuy ¥ ctia G — C.
If Jvj,vi41 € No(H) va zv;, yvit1 € E(G) then
begin
Wy (x,y) ndi x v6i y trong H;
C:= (UrL'ny'U/L'+1'Ui+2 ceUi—1, ’UZ');
end;
else
begin
v; € N(x) vav; € N(y) v6i vjy1 € No(vig1) va Wr(z,y);
C = (vigWyvjvj_10j—2 . . . Vig1, Vjg1, Vjg2, - - - Vi)
end;
end;
END.

3.2.2.  Chatng minh tinh ding ddn cia thudt todn

Theo ching minh ctia Dinh Iy , néu do thi G v6i n dinh théa man o5 > n thi G
13 2-lien thong, do dé trong G ton tai chu trinh. Ta c6 thé xay dyng mot chu trinh C =
(00, V1, -+, Uk, Vg1 = Vo) VOi thoi gian da thitc bang phuong phap tim kiém theo chiéu sau.

Néu C chua phai 1a chu trinh Hamilton thi ton tai mot thanh phan lién thong, ky hiéu 1a
H ctia G—C'. Vi do thi G 2-lien thong nén [No(H)| > 2. Ta chiing t6 réang luon mdé rong duge
C cho t6i khi thu duge chu trinh Hamilton béng céch chi ra néu Vv; € N(H) thi vy & N(H)
(C khong mé rong duge theo trusng hgp 1 ctia bude 2 trong thuat todn) thi ¢ thé mé rong
H theo truong hgp 2, tham chi v6i y = x. Ta chon v; € No(H) va goi x 1a dinh ctia H ké vdi
v;. Khi d6 ¢6 vi41 € No(H), nén dg(vi+1) = 0 va do d6

dwit1) < |G — H — C| + |Nc(vit1)]
d(z) < ([H| —1) + [Nc(z)].
Suy ra

d(vi1) + d(x) < n+ [No(vip)] + [Ne (o) - [C]. (1)
Do d(z,vi+1) = 2 cho nén d(vi+1) + d(x) > n. (2)
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Tir (1) va (2) suy 1a [No(vis)| + [No(@)| > O] + 1.

Vi |N¢(z)| = [{vj+1]v; € No(z)}| cho nén thay vao ta cé

No(wu)l + Kol € Ne@d > [C] + 1 nen phii
Ne(vig1) N {vjti|v; € Ne(x)} # 0. Chu trinh C' ¢6 thé mé rong theo céch trong trudng
hop 2 dua ra.

3.2.3. Danh gid do phic tap thudt todn.

Viéc tim chu trinh C' ¢ Bude 1 can khong qué O(n?) phép toén. Budc 2 sé dimg sau khong
qua n — 3 budc 1ap, mdi budc lip ctia Bude 2 sé can khong qua O(n?) phép toan. Do d6, thuat
toan 2 sé két thiic sau khong qua O(n?) phép toan.

4. KET LUAN

Bai bdo da khao sat bai toan chu trinh Hamilton trong cac 16p do thi thda méan oo > tn
va o} > tn. Két qua dat dugc trong bai bao 1a chi ra gid tri ¢ = 1 1a ranh gidi dé bai toén
Hamilton chuyén tit 16p N PC sang 16p P. Vé6i trudng hop bai toan chu trinh Hamilton thuoc
16p P, cac giai thuat thoi gian da thic da duge xay dung cho phép xac dinh duge chu trinh
Hamilton trong thoi gian O(n?) va O(n?).
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