Tap chi Tin hoc va Diéu khién hoc, T.17, S. 2 (2001), 45-50

XAC DINH GRADIENT CUA MOT HAM
BANG PHUONG PHAP MONTE-CARLO

TRAN CANH

Abstract. In the work the gradient: grad f(z) = (M . Mﬂ) of a differentiable function f(z)

dzy '°° ") Oz,
is determined by random model. The construction of an unbiassed estimator ¢(z) = (¢1(z),..., ¢ (z)) of
grad f(z) is established successfully.

Tém t&t. Trong cdng trinh niy gradient: grad f(z) = (%(%l, ey %(ﬂ) cda mdt ham khd vi dwoc xic
dinh bing mét md hinh ngiu nhién. Viéc thi€t 1dp mét wéc lwgng khéng chéch ¢(z) = (¢1(z), ..., ¢n(2))

duwoc xdc lap thanh céng.

1. MO DAU

Lugc d5 do tim ngiu nhién di dwoc st dung mét cich hiru hidu d8i véi mét loai bii todn didu
khién c& 16n d@€ cho 1o gidi t8i wu toan cuc (xem [1]). J day su hoi tu cia 161 gidi gin ddng vé 1oi
gidi ding (theo quan di€m xac suit) va viéc ddnh gid “sai s&” theo s& phép lip Ny ciing dwoc chi
ra.

Tuy nhién, nhigu bai todn diéu khién loai nay, nhit 1a cic bai todn cuc tri toan cuc (xem [3]) ddi
héi mét @6 chinh xdc cao hon, budc ching ta phdi cdi tién mé hinh di néu d€ lam ting tdc dd hoi
tu. M hinh phéi hop gifra phwong phdp do tim ngiu nhién véi phwong phap bi€n phian dia phuong
12 mét huéng dang duwoc nghién cliru trong viéc cdi ti€n mé hinh. Clung véi huéng nay ching toi sé
dé nghi mét huéng cdi tién khac d6 1a mé hinh phdi hop gitra phuong phap do tim ngiu nhién véi
phuong phip gradient ngiu nhién.

Nhim muc dich k€ trén, trong bai niy mot loai wéc lwong khong chéch cda véc to gradient
dwoc thi€t 1ip trén co s& cic két qud cia md hinh ngiu nhién tinh tdng cda chudi va giéi han cda
day sd.

2. MO HINH NGAU NHIEN TiNH TONG CUA CHUOI VA GIOT HAN
CUA DAY SO

2.1. Xét mét chudi s8 hdi tu cé tong la s:
(o]
S s ()
i=0

Gid st ton tai day s8 {q;}i>0, sao cho:

da=1 ¢>0 (Vi>0), (2)
1=0

|si| < cg: v61 ¢ =const > 0. (3)

Véi nhirng diéu kién nay ré rang chudi (1) 1a hdi tu tuyét doi.

* Cong trinh duoc su hd tro cda d@ tai KT 04-115 thudc chuong trinh Nghién ctru Co ban Nha nuéc
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Goi v €{0,1,2,...} 1a dai lwvong ngiu nhién roi rac véi phan bé xdc suit:
P{v=1}=gq (¥ >0). (4)
Goi € € [0,2¢] 1a dai lugng ngiu nhién phan b déu véi mat d6 xac sudt:
1
p(z) = 5-X[0,2)(2) (5)
c

trong d6 X[0,2¢)(z) 12 ham ddc trung (chi thi) cda tap [0, 2¢].
Gén véi cdc dai lwong ngiu nhién v, € dwoc tao ra trén mdy tinh (xem [2]), ta lap dai luwong
ngiu nhién roi rac n = n(v, €) theo coéng thic sau:
{ ¢ khi €< +4¢
- a

—c  khi EZ%‘L+C

(6)

Bo6 deé 1. Vi gid thiét (2), (3) dat lwgng ngdu nhién n cd ky vong vd phwong sai hiu han:

(0]

E{n} = Zsi =s, (7)
D{n} =c* - s (8)

Chirng mainh. T (4), (6) va cong thic tinh ky vong c¢6 diéu kién ta cé:
E{n} = E{E(q/v)} = >  P{v=i}E{n/v =1}
i=0
:ZQi[CP{€<£+C}ch{§Z§+C] (9)
q: :

1=0 i

T (3) tasuy ra 0 < Lo 2¢, do @6 dwa vao tinh phan bs déu cida € ta thu duoc:

1

S5 ate 1 1 /3s;
. — — — =2 10
P{¢ < qi—i—c} /(; 2Cda: 2c(qi+c>’ (10)
2¢
Sq 1 1 Sq
> 2R - —dr=—c——). 14
P{¢> . +c} /;hﬂ 29 = 5 (c Qi) (11)
Thay (10), (11) vao (9) ta thu dugc (7):
— 1 /s 1 s e
E{U}ZE Qi[c2—c<;+c)—02—c(c“a)]— _S_ §; = 8§ < 00

D& ching minh (E8) ta tinh:

E{n®} = E{E(n*/v)} = ) _a:E{n*/v =1}

1=0
:iqil:(:ZP{ﬁ < Z—i—c} +62P{§Z %—}-C}}

1

[l
(e
B

)
v
——
s

<S—i'+c}+P{€Z§+c}}
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cho nén
D{n} = E{n*} — (E{n})*=¢* - &> O

Vi du 1. Nghiém lai t&ng cida chudi sau:

> 1
S=) (-1)"—— =e"1/? ~ 0,606

n=0 nl2"
Ta chon v 13 dai lwong ngdu nhién roi rac ¢ phan bd Poisson: ¢,, = e_A/\—r: va chon ¢ = e* > (Ze;)n
véi A > 0,5. Biy gid ta phdi so sanh € € [0, 2¢*] véi dai lugng ;—U + ¢*. Sau khi rit gon bi€u thic
y A
ta chi phai so sanh 2¢; véi dai luong 1+ ((;Tl)):, trong dé &; phan bd d€u trén [0, 1]. K&t quad tinh
trén mdy véi A = 0,8. (Xem trong badng 1, cdt “tdng cda chudi”).
Bdng 1. K&t qua tinh trén mdy
S8 Iin 1ip Tdng cia chudi Giéi han cda day Téng chudi Fourier
Két qud | Saisé | Két qud | Saisd | Két qud Sai s8
2560 0,606 0,004 0,448 0,115 0,890 0,010
3840 0,618 | 0012 | 0311 | 0,022 | 0,897 0,003
5120 0,634 | 0,028 | 0398 | 0,065 | 0,899 0,001
6400 0,649 0,043 0,307 0,026 0,920 0,020
7680 0,554 | 0,052 | 0,38 | 0051 | 0,883 0,017
8960 0,616 0,010 0,435 0,120 0,873 0,027
10240 0,592 0,014 0,386 0,053 0,922 0,022
11520 0603 | 0,003 | 0,348 | 0,015 | 0,898 0,002
12800 0576 | 0,030 | 0,349 | 0016 | 0,911 0,011
14080 0601 | 0,005 | 0,315 | 0,018 | 0,909 0,009
15360 0,600 | 0,006 | 00256 | 0077 | 0,919 0,019
16640 0616 | 0010 | 0,348 0,015 0,880 0,020 -
17920 0602 | 0004 | 0319 0,014 | 0,907 0,007
19200 0,627 0,021 0,386 0,053 0,874 0,026
20480 0,620 0,014 0,336 0,003 0,885 0,015
21760 0602 | 0004 | 0,353 | 0,020 | 0,910 0,010
23040 0,592 | 0,014 | 0338 | 0,005 | 0,919 0,019
24320 0,610 0,004 0,323 0,010 0,897 0,003
25600 0,600 0,006 0,340 0,007 0,893 0,007

Vi du 2. Tinh t8ng cda chudi
8 [ee]
S=— -1)—=— (0<z<2).
wzz( ) (2n+1)2 (0<z<2)

> LY ’. N . A .
Chudi nay chinh 13 khai tri€n Fourier cia ham sé:
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T khi 0<z<1
flz) = :
2—-z khi l<z<2
. 1 , |snl 8 a1 y
Khi chon ¢, = ——————— ta c¢é < —————5 <2 (Yn>0), viy cé thé chon c = 2. Két
(n+ 1)(n+2) qn 72q,(2n + 1)? ’ j

qua tinh trén mdy Gng véi z = 1,1. (Xem trong bdng 1, c6t “t&ng cia chudi Fourier”).
2.2. Xét mét day s hdi tu {f,}n>o0
lim f, = f.

n— 00
Gid thiét ring ton tai mot hdng s8 ¢ > 0 va mot diy s8 {¢;}i>0, sao cho:

|fi — fi—1] <ceq (V2 >1);  |fo| < cqo, (13)

g >0 (Vi >0); qu*l (14)
1=0
Gin véi céc dai lwong ngiu nhién €, v da néu, ta lip dai lwong ngiu nhién:
{ ¢ khi ¢<fml=tgg
g "

q

—c khi Ezf.,—q%ch

B8 @ 2. Gid s cdc gid thiét (3), (14) dwoc thda man. Khi d6 gidi han (12) ton tai hiu han vd da
lwong ngdu nhién ¢ cdé ky vong vd phwong sar hivu han:

E{g} = 'LIL";O fo = (16)
Disy=e— 2 (17)

Chitng minh. Xét chudi ) o0 s, trong dé:
8p = fu= fn=i (n2=1); s0:=fo. (18)

Tir cc gid thiét (13), (14) ta suy ra cac diéu kién dang (2), (3) d8i véi chudi 3% s, duwoc théa

n=0
man, do dé chubi nay héi tu (tuyét di). Dong thai tir (18) ta cé:
oo
D su= lim (so+ - +s,) = lim fr = 1. (19)
n— oo 71— 00

n=0
Mit khéc, dua vao (18), (15) ta cé:
¢ khi € < 3‘— + e
T~ khi €2 4o

nghia 13 dai lvgng ngiu nhién ¢ c¢6 dang 7 trong (6) con cic diéu kién (13), (14) c6 dang cda
digu kién (3), (2) trong B8 dé L1. St dung bd dé nay d8i véi dai luong ngiu nhién ¢ va (19)
ta thu dwoc (16), (17). O

Vi du 3. Nghiém lai giéi han cia day
1+224324 ... 4n?

fn. — o —F = (TL-’OO)

—

w

Ta dit f_; =0, fo = @, @ 12 mét s8 tuy ¥ cho trwéce, thi gidi han trén chuyén thanh tdng cia chudi
Yoo 5 sn khita dit s, = fn — fn—1. Nhu vay ta cé:
—3n?4+n+1

sp=a, sy =1—a,vavéin>2this, = ————+—
[¢] ) ) n 6n2(n—1)2
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. x R f s Y 1 o
Ta chon v la dai lwong ngau nhién roi rac ¢6 phian bé: ¢, = ————————. S6 ¢ can tim 1a
(n+1)(n+2)
maz cia cic sd trong tip hop sau :
. — 3n? 1 1 2
{0l = gjapy 1l 2 gy g [Z30° 2 n Hn b D2 2) 5 )
90 q1 6n?(n — 1)

Két qud tinh trén mdy ng véi o =1, ¢ = 4,5. (Xem trong bdng 1, ¢t “giéi han cia diy”).

3. MO HINH NGAU NHIEN TINH GRADIENT CUA MOT HAM

Xét ham f : G(z)b — R}, G(z) € R™ la lin cin I6i va m& cia di€m x. Gii st trén G(z)
ham f khd vi lién tuc theo Lipschitz cip a(z)

of (z* af(z? )
-g(mi ) _ g(:: ) & c(:z:)”zl _x2||a(z) (20)

(Vz!, 22 € G(z); 1 =1+ m); ¢(z) >0, afz) > 0.

Chon hai diy s8 don diéu gidm {g,}n>0, {6n}n>0 thda min cic diéu kién:

1

o 1 o5
ZQi: ; 0<é,< Eqn—(f—l) (Vn>0); qo>0. (21)
1=0
Goi 6, = (—1)"6, vavéimdii =1+ mtadit: £ (z) =0, con £ 1a s8 chon tiy ¥ sao cho:
1£(z)| < e(2)qo0, (22)

truong hop con lai:

n 1
£ () = = [£(z+80es)=f(2)] (¥n 2 1). (23)
o) diy e; la vécto chi phuong tht 1 trong R™. Luu y ring do tinh m& cia G(z) nén ta cé thé chon
8y du bé sao cho:
z+6pe; € G(z) (Vi =1+ m). (24)

Dua vao cdc day {fi(")(:c)} d3 xiy dung, ta c6 thé thiét 1ap dbng thoi cdc thanh phin ¢(z)
(1 = 1+ m) cia véc to ngdu nhién ¢(z) = (¢1(2),...,¢m(z)) theo céng thic sau:

(=) {“ﬂ khi & < 2o (£ = £7)4e(o)
R —c(z) khi &> q%(fl-(u) - fi(u_l))+c(z)

trong d6 v, € 1a hai dai lwong ngau nhién ddc 13p véi phan b8 xac st nhu da néi & (4) va (5).

(25)

Dinh ly 1. Ham f(z) v67 gid thiét (20) cing vé1 cde thi€t ké (21), (22), (23), (24) va (25) ta cd:

E{s(a)) = 2L (26)

)
i

D{s (@) = () - (22)* (27)

Chitng minh. Ap dung cong thirc s gia giéi ndi vio (23) ta cé:

z (-") z 5 €;
() = L [ 1+ Bues) ~fa)] = P ENncs)

)
n al'i

(28)

trong dé: 0 < 91")(@) < 1. Tir tinh khéng ting cia diy {6,},>0 va tinh 16i cia G(z) ta cé thé duwa
vao (24) suy ra:
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T+ 6, € [z —bpe;, T+ boe;] C G(z).
Do tinh I6i cia G(z) ta con cé: =+ 01(.")5,&,; € G(z).
Trén co s& nay, tir (28), (20) ta suy ra:

alz)

17(2) = 117 (3)| < o(@) |61 () nes — 60" ()81

a(x)

= c(z)jag"’ ()8, + 07"V (2)6,_,

1

o al(z)
= o(z) (81" (26 + 01" 1)(1:)5,,_1> .

Khi d6 tr (21) ta suy ra:
n n—1
1@ - 177 (a)
Khi két hop digu kién nay véi (22) va (2) ta nhin thdy gi thiét cda B8 d& 2 duwoc thda man dsi

v6i bai todn gii han cia day s8: {£™ (2)}ns0 (i = 1+ m).
Ap dung B3 d% 2 ta thu duoc:

< c(z)(6, + 5n_1)"($) < c(z)(Z&nﬁl)”‘(z) < ¢(z)qn.

E{s(s)} = lim " (a), (20)

Di(=)y = — ( lim £ ()" (50)

Mit khac tir (21) dé dang nhin thiy ring

1 =1 .
0< lim 6, < = lim ¢ =0,

n—co 2 n—oo
nghia la: B
lim §,, = lim 6, = 0. (31)

Do su ton tai cia cidc dao ham riéng %(li)- (Vz € G(z), 1 <1 < m) nén tir (31), (23) ta suy ra

xz

im 7 (e) = lim — Faer)—f(x)) = 202
nlirrgo 7 () = nll)ngo = (f(:z: + 6ne;) f(:z))—.- Freat (32)
T (29) va (32) ta thu duoc (26) con (27) ciing thu dwoc tir (30) va (32). ]
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