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XAC DINH GRADIENT CUA MOT HAM. . .
BANG PHU'O'NG PHAP MONTE-CARLO

TRAN CANH

Abstract. In the work the gradient: grad f(x) = (iJ£t1, ... , iJ£tl) of a differentiable function f(x)
is determined by random model. The construction of an unbiassed estimator dx) = (~l(x), ... , ~n(x)) of
grad f (x) is established successfully.

T' >$ Tr " 'h' di df()-(iJ/(x1 D/(x1)., "th' kha i d u: 'om tat. ong cong trm nay gra lent: gra x - iJx,' ... , iJxn cua mo am. a. VJ uo'c xac

djnh b5.ng mot mo hinh ng&u nhien . Vi~c thiet l~p mot u'o'c hro'ng khong chech dx) = (~dx), ... '~n(x))
du'o'c xac l~p th anh congo

1. M()"DAU

Liroc do do tlm ngiu nhien da d uo'c s11:dung mi?t each hiru hieu doi vo i mot loai bai to an di'eu
khign co' Ian d~ cho lo'i giai toi uu toan cue (xem [1]). 0' day su' hi?i tu cua lo'i giai gan d ung ve IO'i
giai dung (theo quan digm xac suilt) va vi~c danh gia "sai so" thee so phep l~p No ciing dtro'c chi
ra.

Tuy nhien , nhieu bai toan di"eu khi~n loai nay, nhat la cac bai toan C1rC tr] t oan cue (xem [3]) d oi
hoi mot di? chin h xac cao hon, bui?c chung t a phai cai tien mo hlnh da neu de' lam tang toc di? hi?i
tu. Mo hinh phfii hop giira phuong ph ap do tirn ngiu nhien vo i pluro'ng ph ap bien ph an d ia phtro'ng
la mot hurmg dang d iro'c nghien ciru trong vi~c cai tien mo hirih. Cling vo i hu'cng nay cluing toi se
de ng hi mfit huong di tien khac do la mo hlnh phdi ho-p giira phirong ph ap do tlm ngiu nhien voi
phiro'ng ph ap gradient ng5:u nhien.

Nh am muc dich k~ tren, trong bai nay mot loai iro'c hrong khong chech cu a vec to' gradient
d uo'c thiet l~p tren CO' so' cac ket qua cu a mo hlnh ng5:u nhien tinh t&ng cil a chu6i va gio'i h an cua
day so.

2. MO HINH NGAU NHIEN TiNH TONG CD-A CHUGI vA GIO"IH4-N
, - "CUA DAY SO

2.1. Xet mdt chu6i so hi?i tu co to'ng la s:
00

LSi = S.
i=O

( 1)

C· , ,.... . d- "{} hia suo ton tai ay so qi i>O, sac c 0:

00

L qi = 1, qi > 0 (Vi ~ 0),
i=O

(2)

(3)

VO'i nh iing dieu kieri nay ro rang chuoi (1) la hi?i tu tuy~t doi .

• Corig trlnh d troc suohii t ro cua ae U,i KT 04-115 thuoc chuang trlnh Nghien ciru Co' ban Nh a rnro'c
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G9i v E {O,1, 2, ... } la d ai hro'ng ngh nhien ro'i rac vo'i ph an b5 xac suat:

P{v = i} = qi (Vi;::: 0). (4)

G9i ~ E [0, 2ella d ai hro.ng ngiu nhien ph an b5 deu voi m~t de?xac suat:
1

p(x) = 2eX10,2C](X), (5)

trang do X10,2cl (x) la ham d~c trung (chi thi] cu a t~p [0; 2el.
Gitn voi cac d ai hro ng ngh nhien v , ~ d tro'c t ao ra tren may t.inh (xem [2]), ta I~p d ai hro'ng

ngh nhien ro'i r<).c17 = 17(V,~) thea cong thirc sau:

{

e khi ~ < '!..JL + e
17 = qv

-e khi C> '!..JL + e
l:. - 'Iv

(6)

B5 de 1. VO'i girl. thiet (2), (3) dq.i lu oviq ngdu nhien 17 co kif vqng va ph.ua iiq sai hii:u han:
00

E{17} = LSi = S, (7)
i=O

D{17} = e2 - S2. (8)

ChU'ng minh. Tu: (4), (6) va corig th irc tinh ky v9ng co di'eu ki~n t a co:
00

E{17} = E{E(rJ/v)} = LP{v = i}E{17/V = i}
i=O

00

= LqdeP{~ < Si +e} - eP{~;::: Si +e}]
i=O qi qi

(9)

S·
Tu: (3) ta suy ra 0::::: -.2.+ e :::::2e, do do dua vao t inh ph an b5 deu cii a ~ t a thu d tro'c:

qi ~

{ s; } 1qi +c 1 1 (Si )P ~ < - + e = -dx = - - + e ,
qi 0 2e 2e qi
S· j2C 1 1 ( s, )p{~;:::-.2.+e}=, -dx=- c--.2..
q, :cL+c 2e 2e q,

'Ii

(10)

(11)

Thay (10), (11) vao (9) t a thu du'o'c (7):

E {17} = f qi [e 2
1

eC' + c) - e 2
1

e(e - .S, ) ] =f Si =: S < 00

i=O q, q, i=o

D~ cmrng minh (E8) ta tinh:
00

E{172} = E{E(172/V)} = LqiE{rJ2 /v = i}
i=o

00 [ ]2 s, 2 s,
= ~ qi e P { ~ < qi + e } + e P { ~ ;:::qi + c }

=fe2qi[p{~< s, +e}+P{~;::: s, +e}]
i=O q, q,

00

2'" 2
C Lqi e,

i=O
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cho nen

Vi du 1.
D{1]} = E{1]2} - (E{1]})2= c2 - s2.

Nghiern lai t5ng cda chu6i sau:
00 1

S = "(_1)"_ = e-1/2:::::! ° 606
L n!2n '
n=O

o

T h 1, 3 ·1 "h·" . 'h' b" P . AAn , h A e
A

a c on v a o ai rrang ngau n ien ro i rac co p an 0 Olsson: q., = e" - va c on c = e >--. ... n! . - (2A)n

vo'i A :::::0,5. Bay gio· ta ph ai so sanh ~ E [0, 2eAI vo i dai hrong Sv + eA. Sau khi rut gon bie'u thirc
qv •

h' h'· 'h2C '·3·1 1 (-I)V 3'C hf b"3" '[ I K" ,ta c 1 p at so san <"1 V01 c ai rrqng + (2A)V' trong uO c i p an 0 ueu tren 0, 1. et qua tfnh

tren may v6i. A = 0,8. (Xem trong bang 1, C9t "t5ng cua chu6i").

Bdng 1. Ket qui tfnh tren may

So ran l~p T5ng cii a chu6i Gi6i. han cua day T5ng chu6i Fourier

Ket qua. Sai so Ket qua. Sai so Ket qui Sai so

2560 0,606 0,004 0,448 0,115 0,890 0,010

3840 0,618 0,012 0,311 0,022 0,897 0,003

5120 0,634 0,028 0,398 0,065 0,899 0,001 I
6400 0,649 0,043 0,307 0,026 0,920 0,020

7680 0,554 0,052 0,384 0,051 0,883 0,017

8960 0,616 0,010 0,435 0,120 0,873 0,027

10240 0,592 0,014 0,386 0,053 0,922 0,022

11520 0,603 0,003 0,348 0,015 0,898 0,002

12800 0,576 0,030 0,349 0,016 0,911 0,011

14080 0,601 0,005 0,315 0,018 0,909 0,009

15360 0,600 0,006 0,256 0,077 0,919 0,019

16640 0,616 0,010 0,348 0,015 0,880 0,020

17920 0,602 0,004 0,319 0,014 0,907 0,007

19200 0,627 0,021 0,386 0,053 0,874 0,026

20480 0,620 0,014 0,336 0,003 0,885 0,015

21760 0,602 0,004 0,353 0,020 0,910 0,010

23040 0,592 0,014 0,338 0,005 0,919 0,019

24320 0,610 0,004 0,323 0,010 0,897 0,003

25600 0,600 0,006 0,340 0,007 0,893 0,007

Vi du 2. Tfnh t5ng cua chu6i
8 00 sin ~7I"X

S--"(-I)n 2 (0<x<2)
- 71"2 ~ (2n + 1)2 - - •

Chu6i nay chinh la khai trie'n Fourier cii a ham so:
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{

X khi 0 < x < 1I(x) = - -
2 - x khi 1 < x ::;2

Khi chon qn = ( )\ ) ta co ISnl::; 2 (8 )2 < 2 (Vn ;::0), v~y co the' chon c = 2. Ket
n + 1 n + 2 qn tt qn 2n + 1

qua t.in h tren mriy irng vo i x = 1,1. (Xem trong bang 1, C9t "t5ng cu a chu6i Fourier").

2.2. Xet mdt day so hoi tu {fn}n~O

lim In = f.
fI,----"OQ

Gii\. thit1t di.ng ton t ai m9t hhg so c > 0 va mot day so {qi}i>O, sao cho:

Iii - 1i-11 < cq, (Vi;:: 1); 1/01::; cqo, (13)

00

qi > 0 (Vi ;:: 0); Lqi = 1.
i=O

(14)

Giin voi cac d ai hrong ngh nhien ~, l/ eLi neu, ta Hip d ai lu'o'ng ngh nhien:
khi ~ < Jv-Jv-1 + C

'Iv

{

c
c;=

-c khi C> Jv-Jv-1 + c
~ - (}v

(15)

B5 e 2. Gid s-d' cac gid thiet (3), (14) du'c(c tho a man. Khi do gio'i h.an. (12) ton ic: h1i:u h.ati va dq.i
IU'q'ng ngau nhien c; co ky uotiq va ph.u oiu; sai huu luui:

E{c;} = lim In = I,
n~oo

D{c;} = c2 - 12.

(16)

(17)

Chu'ng minh. xa chu6i 2:;:"=0 Sn, trong do:

Sn := In - In-1 (n;:: 1); So:= 10. (18)

T'ir c ac gii thiet (13), (14) ta suy r a c ac di'eu kien dang (2), (3) doi vo'i chu6i 2:;:"=0 Sn d iro'c t ho a
man, do do chuo i nay h9i t u (tuy~t doi). Dong thai 'tir (18) t a c6:

00

L Sn = lim (so + ... + sn) = lim In f.
n--too n-(X)

n=O
(19)

M~t kh ac, d ua v ao (18), (15) t a co:

c; = { C
-c

khi ~ < !'JL. + c
<Iv

khi C > ~ + c
~ - (Iv

nghia Ia d ai hro'ng ng5:u nhien c; co d ang 17 trong (6) con cac dieu kien (13), (14) c6 dang cua
dieu kie n (3), (2) trong B5 de L1. S11· dung b5 de nay doi vo i d ai lu'o'ng ngh nhien c; va (19)
ta thu d iro'c (16), (17). 0

Vi du 3. N gh iern lai gi&i h an cu a day
1+22+32+"'+n2 1In = .......•-

n3 3
(n .......•00).

Ta d~t 1-1 = 0, 10 = a, a la rndt so t iiy y cho tru'o'c, thl gioi h an tren chuye'n th anh t&ng cu a chu6i
I:;:"=o Sn khi t a d~t Sn = In - In-1. Nlnr vay ta c6:

, r » hi -3n2 + n + 1
So = a, S1 = 1 - a, 'fa VO'l n ;::2 t 1 Sn = 2( )2

6n n - 1
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Ta chon v Ii d ai hro'ng nga:u nhien roi r~c co ph an bo: qn = (n + l)l(n + 2)' So c can tlm Ii

max cii a cac so trong t~p hop sau :

{ l:cl = 21al; l::..U ~ 611- al; 1- 3n
2 + n + 11(n + l)(n + 2), (n 2': 2)}

qo qi 6n2(n - 1)2

Ket qua tinh tren may irng vo'i a = 1, c = 4,5, (Xem trong bang 1, C9t "gi6'i han cu a day"),

3. MO HINH NGAU NHIEN TINH GRADIENT CUA MQT HAM

Xet ham f : G(x)b --> RI, G(x) c Rm Ii Ian c~n Ioi vi mo' cua di~m x. Gilt 513: tr en G(x)
ham f kha vi lien t uc theo Lipschitz cap a(x)

l
af(x

l
) _ af(x

2
) I:,::: c(x)llxl - x211"(x) (20)

aXi aXi
(Vxl, x2 E G(x); i = 1...;-. m); c(x) > 0, a(x) > 0,

Chon hai day so d on di~u g iarn {qn}n>O, {8n}n>0 thoa man cac dieu kien:- -
00

O «s < 1 a/x) (Vn >_ 0)',
Un - zqn+1 qo > 0, (21)

i=O

Goi 6" = (-1)"8" v a vo'i m6i i = 1...;-.m ta d~t: fi(-I)(x) == 0, con f}O) Ia so chon tuy y sao cho:

IfP»)(x)1 < c(x)qO, (22)

tru'ong hop con lai:

f}n) (x) = ; [f(x + 6ne;)- f(x)] (Vn 2': 1),
n

(23)

Cr day ei Ii vecto: chi phurmg thu i trong Rm, LUll y rhg do t inh mo cu a G(x) nen t a co th~ chon
80 du be sao cho:

x ± 80ei E G(x) (Vi = 1...;-. m), (24)

Du-a vao cac day U}n) (x)} da xay dung, ta co th~ thiet I~p dong thai cac thanh phfin ~;(x)
(i = 1...;-.m) cu a vec to' nga:u nhien dx) = (~I (x)"", ~m(x)) theo cong t h trc sau:

;(x) = {C(X) khi ~ < ':v (t}v) - f}V-I))+C(X) (25)

~ -c(x) khi ~ 2': ':v (t}v) - f}V-I))+c(x)

trong do v, ~ Ii h ai d ai hro ng ngh nhien d9C lap vo'i ph an bo xac sat nhu da noi C:)' (4) vi (5),

Dirrh l~ 1. Ham f(x) vO'i gid thiet (20) cung vO'i cdc thiet ke (21), (22), (23), (24) va (25) ta co:

E{~;(x)} = a~~~) ,

D{~;(x)} = c2(x) - (a~~~)r,
(26)

(27)

Chu'ng minh, Ap dung cong thu'c so gia gio'i noi VaG (23) ta co:

f} n) (x) = _1 [f (x + '5n ei) _ f (x) ] = a f (x + eJ") (x) 6 n ei) ,
8n x, (28)

trong do: 0 < ~n) (x) < 1. Tu' t inh khOng tang cu a day {on}n2:0 v a tinh lOi cu a G(x) ta co th~ dira
VaG (24) suy ra:
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x + 5nei E [X - 50ei, X + 50ei] c G(x).

Do tinh lOi cu a G(x) t a con c6: X + B~n)5nei E G(x).
Tren w so nay, t ir (28), (20) ta suy ra:

Ifi(n) (x) - ft-1)(x)l::; e(x)IIB~n)(x)5nei - B~n-1)(x)5n_1eilla(x)

I
(n) (n-1) I"'(X)= e(x) Bi (x)5n + Bi (x)5n-1

(
(n) (n-1) )"'(X)= e(x) Bi (x)5n + Bi (x)5n-1 .

Khi d6 t ir (21) ta suy ra:

If}n)(x) - fi(n-1)(x)l::; e(x)(5n + 5n_1)"'(x) < e(x)(25n_do(x) ::; e(x)qn.

Khi ket hop dieu kien nay vo i (22) v a (2) ta nhan t hfiy gi<l.thiet cu a B5 de 2 d iro'c tho a man d5i
v6i bai toan gi&i han cu a day so: {fi(n) (x)}n;::o (i = 1-7 m).
Ap dung B5 de 2 ta thu d tro:c:

E{\;(x)} = lim f}n) (x),n-+oo

D{\;(x)} = e2 - ( lim fi(n)(x))2.n-+oo

(29)

(30)

M~t kh ac tir (21) d~ dang nhan thay rhg

0::; lim s; < ~ lim q:;/X) = 0,
n--CX) 2 n-t(X)

nghia la:
lim 5n = lim 5n = o.

n-oo n-+-CX)

(31)

Do su' ton tai cu a cac d ao ham rieng a~!~)(\Ix E G(x), 1::; i ::;m) n en tir (31), (23) ta suy ra

. (n) . 1 (( -) ) a f(x)hm fi (x) = hm =- f x + 5nei - f(x) =;: --.n-+oo n-+oo 5n ax;

T'ir (29) va (32) ta thu d u'o'c (26) con (27) cling thu d uo c t ir (30) va (32).

(32)

o
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