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A NOTE ON REGULARIZATION BY LINEAR OPERATORS

NGUYEN BUONG

Abstract. The aim of this note is to give an improvement in our results of convergence rates of the
regularized solutions for ill-posed operator equations involving monotone operators and in their convergence
rates in combination with finite-dimensional approximations of reflexive Banach spaces .

Tém tat. Baii ndy trinh biy mdt cdi tién t8t hon cho t&c dd hdi tu cda nghiém hiéu chinh cda bai toan
khdng chinh quy véi toan td- don didu va sw héi tu dé cling véi viée xAp x{ hiru han chidu khéng gian Banach.

1. INTRODUCTION

Let X be a real reflexive Banach space and X* be dual space of X. For the sake of simplicity
norms of X and X* will be denoted by one symbol ||.||. We write (z*, z) instead of z* (z) for z* € X*

and z € X. Let A be a monotone, continuous and bounded operator with domain of definition
D(A) = X and range R(A) C X*.
We are interested in solving the ill-posed problem

Alz) = f, fe€R(A). (1.1)

By ill-posedness we mean that the solutions of (1.1) do not depend continuously on the data (4, f).
To solve it we have to use stable methods. One of them was shown in [1]: Let B is a linear operator
such that

(Bz,z) > mp|z||?, Vz € D(B), mp >0, Sy c D(B), D(B) = X,
where S, denotes the set of solutions of (1.1), then the regularized equation
Ap(z) + aBz = fs, (1.2)
where (Ay,, fs) are the approximations of (A, f) with the following properties

[4n(z) = A(2)]| < hg([z]), Vz € X,
Ifo = fIl <6, hy6 =0,

g(t) is a real and nondecreasing function with g(0) = 0, g(t) — +oo, as t — +o0, and Aj, are also
monotone, for every « > 0, has a unique solution z§,; if h/a, §/a — 0, as & — 0, the sequence {zj,}
converges to z; € Sy,

<Bxl,z - zl> >0, Vz € Sy;
and the solution zjy of (1.2) can be approximated by solution of the finite-dimensional problem
h(z) + aB"z = f§ (1.3)
with A} = P! A, P, B* = P;BP,, fl! = P, fs, under the conditions that

X, € D(B), X, C Xn41, Bz = P! BP,z — Bz, Yz ¢ D(B).
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The convergence rates of the sequences {z;’,} and {z;}'}, where z}}' denotes the solution of (1.3),
are given by (see [1]).

Theorem 1.1. Assume that the following conditions hold:
(1) A s Fréhet dufferentiable in some neighbourhood U(Sy) of Sy.
(i1) There ezists a constant L > 0 such that

[A'(z) = A'(W)I| < Lllz—yll, V z€So, ye U(So).

(ii1) There ezists an element v € D(B) such that
A'(z1)"v = Bz,.
(iv) Liloll < 2ms.
Then, 1f & 1s chosen as a ~ (h+ 6)*, 0 < p < 1, we obtain
ity — o1l = O((h +6)7), § = min{1 - p, /2.
Remark: 6,,,x = 1/3, when p = 2/3.

Set :
,Bn - ||P;BP,11‘1 - BIl”,

T = H(I_ Pﬂ)"zl”
Theorem 1.2. Let the following conditions hold:
(1) Conditions (i) - (iv) of Theorem 2.1 are fulfilled.

(i1) « 1s chosen as a ~ (h+ 8 + )" + Ba.

Then
gy =zl = O((h+6+m)" +842),

where § = min{l — pu, p/2}.

arn

In this note, by using the approach in [2] we can prove that the sequences {zj,} and {z}}

converge with faster rates.
2. RESULTS

Theorem 2.1. Suppose that the following conditions hold:
(1) A s twice-Fréchet differentiable with ||A"]] < M, M 1s a positive constant.
(i1) There ezists an element v € D(B), Bv # 0, such that

A'(z))v = Bz;.

(ii1) Mv|| < 2mp.
Then, of o 1s chosen such that o ~ (h+ §)*, 0 < p < 1, we have

lzps — z1ll = O((h +6)°), 6 = min{1l— p,p}.
Proof. From (1.1) and (1.2) it follows that
= A(z;ia) - A(Il) =+ OLB(.’II;):(, == 211) = f{, e f() + A(I;:b) o A}L(.’Egﬁ) = aB:El.
Fatifetilig

1
Prs = / A'(zy + t(z5, — z1))dt + aB.
0

'S It is easyrti‘o see that P/ has the inversion P}‘L’(é_l) with ||P,‘:b(41)|| < 1/(mpa). And, we have
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5t = 21l < (8 + hy(llzis 1))/ (mpa) + al Py~ Bz, .
On the other hand,

all Pt ™ B = a[I P (P + A'(51) - Pl

< allol| + af| P (PR — A'(zy)v]|
<ol + 22y ([ aas +tlaty — o)t - ()0
< a(loll + L2y + ol sz, ~ 21/ 2m).

Therefore,
M|| I B 2 | Bv]]
(1= e et = ]l < (& + hglllags D) /(mp ) + o (ol + 220).
C tly,
o Izhs — z1ll < O((h +6)°).
Hence,

lzis — z1ll = O((h + 6)°) (see [2]).
Remark: With g = 1/2 the parameter ¢ achieves the maximal value 1/2.

Set .
Bn = max{ﬂna “B"U - Bv”}

Theorem 2.2. Suppose that conditions (i)- (iii) of Therem 2.1 hold and o is chosen such that
a~(h+6+9)" 4+ Bn, 0<p<1l. Then we have

arn

Ity = 21/l = O((h + 6 + )" + Bn), 8 = min{1l—p, u}.
Proof. First, we estimate the value ||z} — 2|, where z{ = P,z,. From (1.1) and (1.3) it implies
that
A"(afg) - A"(a7) + @B — 24) = 7 — 1 - aB"e} + Pi(Alm) - A(a})
+ A" (z35) — AR (i3
where A" = P*AP,, and f* = P! f.
Set

1
Py = [ PLA(ah + ey — a1))de + B
0

Clearly, the operator P is linear, bounded and monotone from X, onto X with HP;L',’"(—UH <
1/(mpa). Since

[PV Pi(fs = )| < 6/(mpa),
“p}ilon(—l)P (An(=iy) — A(z}i;L))H < %g(”zzm ),
[Py ™ Pr( A1) - A(=1))]| <
<P A )(1_ Po)zy + A" (214 1(Pa — )z )(I — Po)ai (I — Pa)ai]|
< %||A ($1)||/(mBa +42M/(2mpa)
< O(wm/a),
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aHP}(:ﬁn(ﬁl)Bn nH < QHP;LXO,L P*(anl = BIL) =+ P}(;;L(il)P;Bxl“
< Bu/mp + o P Bay |,

ho
an(—1) r!n (1 * an an
”P}m PBIlH‘O‘H he )P (Pt + Alzy) = Pt H

HUH"Y” arn * an n
afloll + == + | P P (P — A (aT))o]| <

MHUH%L afn + aHBvH !
< 1 P AI T t ar o dt
< alfo] + 220 4 ST AT o[ A et + oty = o))t - @)

‘MH H’Y” a(ﬁﬂ+ HBUH) MHUH an n
< ool + e Log - o1

B
Therefore,

[z — 2| < O((h + 6 + )/ + a+ fn + ).
Hence (see [2]),

arn

lziy — 2l = O((h + 6 + 1) + Ba).
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