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DIFFERENCE SCHEMES OF GENERALIZED SOLUTIONS FOR A CLASS
OF ELLIPTIC NON-LINEAR DIFFERENTIAL EQUATIONS

HOANG DINH DUNG

Abstract. It is known (see [1], [2], etc.) that in many applied problems the data are nonregular. The
approximate methods for the problems of nonlinear differential equations with data belonging the Sobolev
spaces W:)(G) are presented in [3-5]. In this paper the finite- difference schemes of generalized solutions
for a class of elliptic nonlinear differential equations are considered. The theorem for the convergence of
approximate solution to generalized one and error norm estimations is proved in the class of equations with
the right-hand side defined by a continuous linear functional in W2(_[) (G).

Tém tdt. Nhiéu bai toin thuc tién dwoc din vé gidi cic bai todn d8i véi phuong trinh vi phin rigng véi
dt kién khong tron (xem [10], [2]). Phuong phip x3p xI gidi moét s& bai todn d&i véi cic phwong trinh vi
phin phi tuyén véi vé phdi thudc cic 16p ham khd tich khic nhau (cdc khdng gian Sobolev W:,(G')) duoc
nghién cdu trong cdc céng trinh [3-5]. Bai ndy xét luoc do sai phan, nghién cu sy hdi tu va danh gia sai
s8 cda nghiém bai todn d&i véi mét 16p phuwong trinh vi phin phi tuyén loai ellip véi vE phdi khong tron do
cao ki€u cdc phiém ham tuyén tinh lién tuc (cdc khéng gian WQ(_” (G)).

1. INTRODUCTION

Let G be a rectangle with the boundary dG. Consider the following problem
du Jdu

A T
u -+ (z u, azl ey

>:—f(:c),x68, u(z) =0, z € G, (1)
where the given f(z) € W, !(G) - the space of continuous linear functionals on the space W}(G),!
being a nonegative integer, the function 7'(z,a), a = (ag, ay, az), satisfies the conditions:
2
[T(z,a) = T(z,)] (a0 — bo) > C1 > _(a; — b;)?,

1=0

2 1/2
T(s,a) = T(z,0)| < Co[ D (@ = 0]
1=0
where C;, j = 1, 2, are the positive constants (see [3, chap. 3, sec. 4]).
We shall use the same notations as in [6]. Consider the generalized solution u(z) of the problem

(1) in the space Wl +(G) satisfying the following equality:

fir, 1) // A+ T(z,u, aa“ %)]v(z)dmz ~//f(:c)u(z)dx, (3)

where v(z) is a function in the space D(G) of Schwartz basic functions [7].

0 du Ju
One has v(z) € W4(G). Then, by [3] (chap.3, sec. 4), if the function T(z, u, “

o 8_) satisfies
Ty
the conditions (2), f(z) € L2(G), there exists uniquely a solution of integral equation (3) u(z) €

WL(G) N W2(G).
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2. CONSTRUCTION OF DIFFERENCE SCHEMES

We first consider the case where f(z) € L2(G) and let G be the unit square G = {z =(=1,22) :
0<z,<1 n=1,2}%

Let us introduce in the region G a grid @ with interior and boundary gridpoints denoted by w
and «y respectively [6].

To construct the difference schemes one may take the test functions v(z) in the form:

2
- { rexp { - 122}, zee,
o(z) = i 1 “
0, z€G\e,

where e = e(z) = {¢ = (¢1,¢2) : [¢n — z.| < 0,5h,, n =1, 2} h, being the steplengths, k being a
natural number.

Let every gridpoint z € w be corresponding to a mesh e(z). The generalized solution (denoted
by the GS) u(z) of the problem (1) in e satisfies the following integral equation:

(4)

x1+4+0,5h; 22+0.5h,

du Jdu
Pllu,a) = - / / [Au + T(¢,u,u ,—,f}a d
(w,0) = 5= () + T(s,wyuls), 50 50 |ols)ds
z1—0,5h; £9—0,5h,
= —Rf, z€w, (5)

where a(¢) = hihov(s),

Rf = hllhz //f(g)a(g)d§~ (6)

One may rewrite the equation (5) as follows

1 du | (+0,5,) du | (-0,5;) Ja du
P ) = —9 71|: - ] I
(. ; hi® (aaiﬂi) (aazi) ' 22_:1 9¢: 9
du Ju
SS{ (e, ,—,—]—R, e, 7
+ 8182 |a(¢)T (s, uls) Be agg) fi z€w (7)
where
zi+0,5h;
1 E
S;u(z) = . / WD 5 o 585 s B )Gk 5 wE00) (2) = w(zy, ..., z; £0,5hi, ..., T,).
l:nlftJ.Sh,

Now, to obtain the difference schemes of the operator (7) P%(u, &) one may approximate the mean
integral operators S; by the quadrature formula of average rectangles and the partial derivatives
by difference quotients as in [6] (see 2.1). Hence, one get the following difference approximations
corresponding to (7), (3):

2
K(:(j/) = lpf(g, CX) = Z (o“igf.)x‘ - SLSQ Zaf‘(z)gf‘ + SlSQQ(g)T(g) g(fﬁ);gﬂ;gﬂ) =—p, TEW,
=1

and (cf. [3, chap. 3, sec. 4])

2
L) =2Pi(H,0) = ) _ G0, + 51520(¢)T (5, 9(2), ¥z, 0,) = —, T €W,
1=1
7(z

J(z)

Il

0, & &,
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where
Uy, = i[qu‘) = u} Uz, = i[u— u(fl‘)]
Ty hi ) Zy hi bl
ulEh) = u‘il‘)(:c) =GB, cony By F B e TR )y 22 1,
ai:a(_(]'s‘)(x), © = Rf. (10)

Note that by [3] (see chap.3, sec.4) there exists uniquely a solution of the operator equation
2P (y,a) = —¢ and, then, of the equation * P/ (y, a).

3. ESTIMATION OF THE CONVERGENCE RATE

Estimate now the method error and the approximate one of the scheme (8) and (9).

3.1. Consider the difference scheme (9) with ¢ defined by (10), (7). Denote the method error by
2z =4 — u, where § being the solution of the problem (9). It follows from (9) that.

Lz = —y(z),z €w; 2(z) =0, z €9, (11)
where 1) (z) is the approximation error of the scheme (9):
U(z) = ¢+ Lu.

From (10), (7) and by formulas (10), (11) in [6,sec. 2], for the sufficiently small mesh sizes h;
and hg, one has

T € w. (12)

Thus,

du &
- SLSZ [T(g‘,u(g‘), a:; ) 8:2) - (g,u(z),u;l (Z)i uf'z(z))]
By (9) one has
2
Lof =Y Fe, = —515:[T(,9(2), 82, 85,) | — 0 = 00, €. (13)
i=1
Then,
Loz = Loy — Lou = —Y(z), z €w; z(z) =0, z€1. (14)
From (12)-(14) it follows that
2 2 2
. Ou \ (-0.5,) da du
ou Jdu
Sle), & 0§ — 55T (o, ——)
+ 51827 (5, 9(a), Bz, 82) — $182T (006D, 5 5
Hence, )
_L()Z:—Zzi‘xI — ﬂ(r]i)x. +)\0+ﬂ(), I Ew, (15)

g=1 1=

—
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where

du )
axi) ’

2
A():5152L )
=7 96 O

Bo=—515 [T(g, U(s‘))

Ny = Ug; — SB-—i(a

(16)

du Ju
75, g,g) - T(S‘,u(x),uzuu;g)}

‘SLSQ[T(gi ( ) u‘ﬁl’uiz) 7T(§7@\(Z)a@\511@\52)} Eﬂ(l) +18(2)

Now, to obtain a priori estimation, let us scalar multiply both sides of (15) by z(z):
2 2
72(25,1,32) - Z(’?iz‘,z> e (A(),Z) +(50:2))
i=1 i=1

where (a,b) is the scalar product on the set of net functions:

(a,b) = Z a(z)b(z)hyha.

rEw

Since z(z) = 0 for z € v, one has

}_,Hza JF =1Vzl5. < ZHM Jillzz i + (I1Xoll + 8o )11, (17)

where
HZ,— th == (ZE,;ZE,L-,
(a,2], = Z Z (7Lh1, 2h2)z (g1 k1, J2ho) o ha,
Y1=1 ga=1
Ni—1 Nj
= Z Za(]ihl,Jéhz)z(]ihi,]'zhz)hlhz,
y1=1j52=1
la|* = Z Z (71hy, j2h2)hiha.
Y= gai=1
Then
HZHl.uJ < C(H’h”l + H772ﬂ2 + H)‘OH + Hﬂo“), (18)

where the constant C is independent of h (|2 = h? + h3) and z(z),
l2llf o = l2l5.0 + 1V2012, 120w = 21l

Now, we first consider the functional n(z) defined by (16):
©2+0,5h3
1 ou
nl(z) = Ugy — 7 / O‘(Il ‘OaShl)g'Z)—(zl 4075hla§2)d§2'
hao 91
x£,—0,5ho
This expression coincides with the one of 7, (z) (19) in [6]. Hence, by (23) in [6] we have

1
>

In1(z)] < M|h|(hih2)"

u”Z.cl)

where e! is the following mesh of the grid w:
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g = 6i(I) = {¢= (fu &) | & —H €& < B lfoeu— B3] £ 0,5hs-:},

/
HuH"LJ:‘ = HuHW:,"‘(ul) == ( Z /'DIXUIde)l ’

\uigru(:l

The functional n2(z) is estimated similarly. Then,

1/2
In)s < CIRIC (lullZ )72 < Clhl flullz.c. (19)

The expression of Ay coincides with the one of ny (15) in [6]. Then, by (26) in [6] we have
[Aoll < ClAl [H(A)] [|ufl1.c (20)

where H(h) — 0 as hy, hy — 0.
Consider now fj in (18). The difference of the form S} is estimated in [3] (see chap. 3, sec.4),

one has
1Boll < Clh| [|ullz.c-
From the last inequality and (16) it follows that
[Boll < ClA[ [ul2.c:- (21)
Finally, combining (18)-(21) we get
l2lliw =117 = ulliw < Clh| |ufl2c- (22)

3.2. Consider the following difference scheme
1
MyzE(KﬁfL)y:ﬂp, z€w; y(z) =0, z€9, (23)

1 .
where y = 2—(@ +7), ¥ and § are defined (8) and (9) respectively. Then,

1 2 1 2
My = 52 [(L+e)us], = 551522013315.*
1=1 1=1

1
T ESISZ[Q(g)T(gyy(I)yyfl)y;g) + T(() y(z)ly:?,vyzz)J
= TP, TE W,
y(z) =0, z €.

Thus,

2

Myy = Z (1 + e)vz, ],

4
=1

2
- 5152 Z Qz, Yz, — SlSQ[QT(gyy(I):yI17y52) + T(S‘,y(il?), yfuyfa)] - 290
i=1
= o, T & w,
y(z) =0, z €.

From the last equality, (7) and (12) one has
Moz = oo — Mou= —¥(z), z€w; 2(z)=0, z€7 (24)

where z = y — u 1s the method error,
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2 2
V(z) =~ Z [(1 + a,-)z;l]z‘ = Z[m == .Ui]x, + Ao + Bo + qo,
1= =il
du \ (-0.5,) U | (-0.5)
N =Uyg, — 53—1'(018—1_1_) i =0 = aug, — S3_i(c azi) 5
2
= da du
X =515, 2 - az,v,,
0 192 ; 3¢ e Qz, Yz,
du Ju
:7SS[Ty !—7__T1);l‘).’r]7
Bo 152 (T (¢, ulc) 3c aQ) (¥, Y21, Yz,)
du Jdu ;
qH == SISQQ(g) |:T(§y U(g), By ¥ _) - f(g: Y, y?; ) y}z):| (25)
d¢1° 92
By (24), (25), in the same way as in 3.1 one has
2
el < O3 Qs + k) + 2ol + 1801l + liaol). (26)
=1

In (26) n; has the form (16), then one has the estimation (19) for 7;.
The expression of y; coincides with the one of v; (31) in [6], then by (39) in [6] one has

H,Ul“ S C|h|rn_l|Hi(h)| ||u||7n.(:': m = 21 37 (27)

where H;(h), 1 =1, 2 tend to zero as h — 0.
Ao has the form (33) of ¥ in [6], then by (44) in [6],

Aol < ClR[ [H(A)| [[ull2.c- (28)
By has the form (16), then by (21) one has
1Boll < €

h| ||ullz,c:- (29)

Consider the last summand gy in (26). The form of g, is analogous to f; and one may easily
verify that

lgoll < ClR[ [H(A)] [[u]l2.c:- (30)
Now, combining (19), (2)-(30) yields
H?j 4 ZUHLw < Cl\h‘rnilHuHm‘(h m =2, 3. (31)
Finally, by (22) and (31) we get the estimation of method error for the difference scheme (8):

17 - uliw < CIAP™ Y ullmcs, m =2, 3. (32)

Remark. In a manner analogous to the proof of the inequalities (22) and (32), one may verify that

these inequalities are also valid if in the formula of the GS u(z) (5), (7), v(z) (= ilﬂ) 1s a Schwartz

}Llhz

basic function.

3.3. The estimates (22) and (32) are obtained with the assumption f € L5 (G), now we show that the
results may be generalized to the equations with right-hand side f € Wéfl) (G), WQ(_” (G) being the

space of continuous linear functionals on the space V(f/g(G), [ 1s a nonegative integer. For example, f
1s the Dirac delta function 6.

Indeed, by our assumption, f(z) € D'(G), D'(G) being the space of Schwartz distributions.
Therefore, by the theorem on local structure of the distributions (see [7,chap.3,sec.6]) there exists
a function g(z) € L, (e) and an integer k > 0 such that



16 HOANG DINH DUNG

f(z) = D}..Djg(2), (33)
=10 0x;.

where z € ¢, the set ¢ is compact in G € R™, D;

Let ofz) & Dfe), By (5) and (33) one has
// [2u(z) + (=4, a“ 872)} o(z)ds — *//g(z)ﬁ(z)dx, (34)

where - sk
v(z) = D D5v(z)(n = 2).
We see that ¥(z) is also a test function: ¥(z) € D(e) € W(e) and g(z) € Ly(e). Thus, the
equation (34) has the form (5). Hence, one may repeat the procedure used above for the difference
schemes (8), (9) and obtaines the following.

Theorem. Let 1n the problem (1) the function T(.) satisfy the conditions (2) and the right-hand
side f € WQ(“”(G). Then the solution y of the difference scheme (8) or (9) (y = § or §) converges to
the GS (5) u(z) of the problem (1) in the grid norm W4 (w) with the rate O(|h|), that is, one has the

following error estimation
ly — ulliw < Clh| [[ull2.,

where the constant C 1s independent of h and u(z).
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