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v'e M9T U1P CONG THU'C LOGIC SUY DAN

NGUYEN XU.AN HUY, DAM GIA MANH,
VU TH! THANH XU.AN, KIM LAN HUONG

Abstract. This paper refers to the representation of a set of inference formulas by their truth value table.
A necessary and sufficient conditions for representing a given logical formula by a set of inference formulas
are proved. An algorithm for finding a set of inference formulas by their truth value is presented. Some
applications of inference formulas to Armstrong's relations are discussed.

Torn tlit. Bai viet de c%p den m9t lap cong thuc logic suy din dang X ----+ Y, trong d6 X va Y 111.cac tich
logic cila h iru h an bien. Trong ph an thtr hai cda bai ph at bie'u va chirng minh dieu kien din va d1i de' m9t
cong thtrc logic c6 the' bie'u di~n diro-idang h9i ciia cac cong tlnrc suy din. Ph an nay ciing trlnh bay v a d anh
gia thuat toan xay dung h9i suy din theo bdng gia tr] cho trrro'c. Ph~n thu' ba mo ta v ai trng dung lap cac
cong thuc suy din dE! khtio sat cac quan h~ Amstrong trong ly th uydt CO" sO-d ir li~u.

Cac cong th irc logic suy dh dang X ----+ Y, trong do X va Y la cac t ich logic cti a hiru han bien
dtro'c sD:dung kha ri;mg rjii trong tin hoc. Chung dong vai tro chu yeu trong cac motor suy di~n cua
cac h~ chuyen gia, trong viec th~ hien cac rang buoc dU' li~u cu a cac co' s6' dir li~u ciing nhir trong
cac thu%t toan trfch chon lu at t ir CO' s<'rdir lieu thuoc Iinh V\!'e khai th ac tri t.lurc, Sagiv et al. da
chimg minh S\!' tuo'ng dtro ng giira cac phu thucc ham trong co' s<'rdir lieu quan h~ voi. mot t%p cac
cong th irc cu a dai so menh de [9]. Berman da chi ra rhg chj eo cac cong thiic drro ng mo'i bao toan
S1].·tu'o'ng dtro'ng giira ba 10,!-ihinh suy dh: suy d~n theo logie, suy d~n theo moi quan h~ va duy dh
theo cac quan h~ hai bi? [2]. Nhorn nghien ciru cu a Berman ciing de xufit va ph at tri~n khai niern
v'e cac phu thuoc Boolean du'o'ng [2]. Nguy~n Xu an Huy va Le Thi Thanh da kh ao sat lo-p cac phu
thuoc Boolean dtro ng t6ng quat theo nghia mo' ri?ng phep so sanh giiia cac tri trong ~8i thuoc-tfnh
va chi ra rhg vo'i cac phu thuoc 10,!-inay thl dinh ly tiro-ng durrng v~n bao toan [10]. Theo tiep e%n
dai so va logie mi?t so t ac gii khac ciing nh an dtroc nhimg ket qui thu vi v'e bie'u di~n khoa, phan
khoa va cac t~p dong trong ly t.huyet CO' s6' dir li~u va cac h~ thong suy dh [4,5,6,9]. Ph an thir
hai cii a bai viet ph at bie'u va chirng minhh dieu ki~n ean va dJ M m9t cong thtrc logic co the' bie'u
di~n du'ci dang hi?i ciia cac cong thuc suy d[n. Phfin nay ciing trinh bay va danh gia thu%t toan xfiy
dung hi?i suy dh theo bing gia tri eho trucc. Phlin thu' ba chl ra mot vai img dung lap cac cong
thtrc suy dan M kh ao sat cac quan h~ Amstrong [1,8,12] trong ly thuydt CO' s<'rdir lieu,

Trong bai nay khai niern CO" bin v'e logic dtro'c tham khao trong [7], v'e CO' s<'rdir li~u diro'c tham
khao trong [1, 3, 8, 12].

2. cAc CONG THUC LOGIC SUY DAN

Cho U = {Xl, ... , xn} la t%p cac bien logic bien thien trong mi'en E = {O, 1}. M8i vecto cac
phan tu: 0/1 v = (VI, ... , vn) trong khong gian En dtro c goi la mi?t ph.ep gan trio Khi do vci m8i cong
thii'c logic f tren Uta eo f{v) = f{VI, ... , vn) la tri cluin. ly cua cong thuc f doi vo i phep gan gia tri
V. Cho V la mi?t phep gan gia tri, neu x la m9t bien trong U ta ki hieu v{x) la tri (Ohoac 1) gan eho
bien x trong V. Ttrong t1].., vo i t~p bien X trong U, kf hieu v{X) la gioi. han cua phep gan gia trj v
tren t~p bien X, v{X) = {x: v{x) I x EX}, trong do e~p x : v{x) eho biet cu the' gia tri v{x) irng voi
bien X. Ki hieu E{v) la t~p cac bien trong U tai do x nhan gia tri 1, E{v) = {x E X I v{x) = 1}. ve
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ban chit, toan tu- Echo phep ta di~n d. cac khai ni~m logic thong qua cac khai niern ciia ly thuydt
t~p hop.

Thf du, v&i U = {Xl, X2, X3}, V = (1,0,1)' X = {Xl' X2}, ta co:

v(Xd = (1), v(X) = {Xl: 1, X2 : O}, E(v) = {Xl, X3}.

V&i m~i t~p X = {Xii, ... , xid ~ U, ta qui It&e viet tfch logic (t\) cua cac bien trong X nhir
m9t day kf hieu ciia X : X = XiI ... Xik = xlI t\ ... t\ Xik. Nhtr v~y .trong trtrong ho'p khOng gay ra
nham Iln, kf hi~u X VITabi~u thi m9t t~p bien logic trong U VITab,i~u thi cong thirc logic diro'c l~p
bd'i tfch logic cac bien trong X. Khi do, neu eoi X Ill.m9t tich logicthl v&i m~i phep gan tr] v, ta co
X(v) = 1 khi va cM khi E(v) ;2 X. .'

Ta goi cong thrrc f : X -> Y Ill. m9t cong thuc suy dJn (etsd) tren t~p bien U. V&i h~
thong kf hi~u tren, neu X = {Xii, Xi2,"" xid va Y = {Xjl' Xj2,"" Xjm}, f se co dang nrong minh
XiI t\ Xi2 t\ ... t\ Xik -> Xjl t\ Xj2 t\ ... t\ Xjm. Cho f : X -> Y Ill.m9t ctsd tren t~p bien U, v&i m6i
phep gan tri v, ta co f(v) = 1 khi va eM khi (E(v) ;2 X) => (E(v) ;2 Y).

Ki hieu I(U) Ill.t~p cac etsd tren t~p bien U.
Ta quan tam hai phep gan d~e bi~t Ill.phep gan tri i1.O'nvi, e = (1,1, ... ,1) va phep gan tri khong,

z = (0,0, ... ,0). V&i moi ctsd IE I(U) ta co I(e) = 1-> 1 = 1 va I(z) = 0 -> 0 = 1.

V&i m~i t~p hiru han cac cong tlurc logic tren U, F = {h, h, ...,1m} ta xem F nhu Ill.m9t cong
thti'c dang F = h t\ [z t\ ... t\ 1m va goi la hqi suy dan (hsd). Khi do v&i m~i phep gan tri v, gia tri
chan ly ciia hsd F se diro'c t.inh la F{v) = h(v) t\ h(v) t\ ... t\ Im(v).

V&i m~i cong thirc I tren U, bang chan ly ciia I, kf hi~u Ill.Tf la t~p cac phep gan v sao eho
I(v) nhan gia tri 1, Tf = {v E B" I/(v) = I}. Khi do bang chan ly TF ciia hsd F tren U, chfnh
la giao cua cac bang chan ly ciia m~i cong thrrc th anh vien trong F. Ta e6 v E TF khi va chi khi
(VI E F) : (F(v) = 1).

Cho v la t~p cac phep gan tr] tren U. Vci hai phan to: u, v E V ta xet phep tcan nhan kf hieu
Ill.u * v nhir la phep nhan logic tren cac thanh phan tirong irng ciia u va v. Cu th~ laneu

u = (UI' U2, ... ,un) va v = (VI, V2, ... , vn) thl U * v = (UI t\ VI, U2 t\ V2, ... , Un t\ vn).

Thf du, v&i U = (1,1,0,1) va v = (1,0,0,1)' ta co U * v = (1,0,0,1).

Ta qui iroc tich cda t~p r~ng cac phan tu- trong V chinh la phep gan tri do'n vi e = (1, ... ,1).
T~p cac phep gan tri V diro'c goi Ill.d6ng doi v&i phep nhan * neu V chii a tich cua moi e~p phan

tu' trong V, tu-e la (Vu, v E V) : (u * v E V).
D~ tha:y E(u * v) = E(u) n E(v).
Cac cong thtrc logic I thoa tfnh eha:t I(x) = 1 diroc goi Ill.cac cong thtrc dircng. Post [7] da

chirng minh rhg moi cong thirc diro'ng deu e6 th~ bi~u di~n thong qua cac phep toan t\, v, -> va
Hng 1. Ta cling biet moi cong thrrc logic deu e6 th~ bi~u di~n diroi dang ehu[n tuy~n (h9i) [7]. N6i
each khac, m6i bang T ~ B" den u:ng v&i m9t cong thirc logic dang ehu[n tuy~n (h9i). Va:n de bi~u
di~n m9t cong thirc logic qua m9t t~p cac phep toan va h~ng logic eho trtnrc chira e6 1m giai t5ng
quat [7]. Cac phan trlnh bay diroi day lien quan den bai toan sau:

Bili toan 2.1. Xdc i1.inh i1.ieu ki4n can va i1.di1.t co tht bie"'u dien mot cong thsi c logic du:cYi dq,ng hqi
suy dan.

Djnh ly 2.1. V6-i mJi ctsd IE I(U), Tf chsi a cae phip gan tri ilan. vi e, khong z va i1.6ng v6-i phep
nhan *.

Chung minh. Cho etsd I: X -> Y. D~ tha:y I(e) = I(z) = 1, do do e, z E T], Gilt sU-u, v E T], D~t
t = u*v, ta se chirng minh t E T], Gilt su' E(t) ;2 X. VI E(t) = E(u*v) = E(u)nE(v) nen E(u) ;2 X
va E(v) ;2 X. VI I(u) = I(v) = 1 nen E(u) ;2 Y va E(v) ;2 Y va do d6 E(t) = E(u) n E(v) ;2 Y.
V~y I(t) = 1, va do d6 t E Tf. Dinh ly dltqe ehrrng minh.



VE MOT L61> CONG THUC LOGIC SUY DAN 19

V&i mlji hsd F trong I(U), VI bang chan ly Tf cua F la giao ciia cac bang chan ly ciia cac cong
thirc th anh vien nen ta c6 h~ quit sau day.

H~ qua 2.1. Veri mJi hsd F trong I(TJ), TF chv:a cae phep gan tri do ti vi e, khong z va a6ng veri
phep nhiin. *.
Bai toan 2.2. Cho bdng T tren. t~p bien U, T chsi a cdc phep qtin. tri acrn vi e, khong z va a6ng veri
phip *. Hay xay d1(ng hsd F tren U nh~n T lam bdng cluiti IY.

Thu~t toan DF diro'i day giii Bai toan 2.2.

Algorithm DF

Input Bang T ~ B" d6ng v&i phep *, chira e va z ..
Output Hi?i suy dh F tren U thoa t.inh cHt TF = T.

Method
F:= 0;

for each u in B" \ T do
X:= E(u);

Y := n E( v) \ X;
vET

E(v)2X

F := F U {X ----> Y};

endfor;
return F;

end.

Chung t a minh hoa thu~t toan tren qua thf du sau: tu« 14p hsd cho bdng T sau:

T

Xl X2 X3 X4 E

0 0 0 0 0
1 0 0 0 {xd
0 1 0 0 {X2}

0 0 1 0 {X3}

1 0 1 0 {Xl, X3}

0 1 1 0 {X2, X3}

0 0 0 1 {X4}

0 1 0 1 {X2, X4}

1 1 0 1 {Xl, X2, X4}

1 1 1 1 {Xl, X2, X3, X4}

Xl X2 X3 X4 E

1 1 0 0 {Xl, X2}

1 1 1 0 {Xl, X2, X3}

1 0 0 1 {Xl, X4}

0 0 1 1 {X3, X4}

1 0 1 1 {Xl, X3, X4}

0 1 1 1 {X2, X3, X4}

VI T se la bang chan ly cho hsd can tlm F nen F phai tho a hai dieu ki~n (i) va (ii) sau day:
(i) ('it E T) : (F(t) = 1), va

(ii) ('it E B" \ T) : F(t) = o.
Bit ti~n theo doi, ta sd.-dung C9t EM ghi cac gia tri cii a E(t) v&i m8i dong t cii a bang.

V&i dong thrr nha:t u = (1,1,0,0) trong B" \ T ta co X = E(u) = {Xl, X2} do d6

Y = ({Xl, X2, X4} n {Xl, X2, X3, X4}) \ {Xl, X2} = {;r;4}.

Ta thu dircc F = {XIX2 ----> X4}'
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V6'i dong thtr hai u = (1,1,1,0) trong B" \ T ta c6 X = E(u) = {Xl, X2, X3} do d6
Y = {Xl, X2, X3, X4} \ {Xl, X2, X3} = {X4}.

Ta thu du'o c F = {XIX2 ----> X4, XIX2X3 ----> X4}.

V6'i dong th ir ba u = (1,0,0,1) trong B" \ T ta c6 X = E(u) = {Xl, X4} do d6

Y = ({Xl, X2, X4} n {Xl, X2, X3, X4}) \ {Xl, X4} = {X2}'

Ta thu diro c F = {XIX2 ----> X4, XIX2X3 ----> X4, XIX4 ----> X2}

Vo i dong th ir tu' u = (0,0,1,1) trong B" \ T ta c6 X = E(u) = {X3' X4} do d6
Y = ({Xl, X2, X3, X4} \ {X3, X4}) = {Xl, X2}.

Ta thu dtroc F = {XIX2 ----> X4, XIX2X3 ----> X4, XIX4 ----> X2, X3X4 ----> XIX2}.

V6'i dong th ir n am u = (1,0,1,1) trong B" \ T ta c6 X = E(u) = {Xl, X3, X4} do d6

Y = ({Xl, X2, X3, X4} \ {Xl, X3, X4}) = {X2}.

Ta thu dtro c F = {XIX2 ----> X4, XIX2X3 ----> X4, XIX4 ----> X2, X3X4 ----> XIX2, XIX3X4 ----> X2}'

V6'i dong t hii' sau u = (0,1,1,1) trong B" \ T ta c6 X = E(u) = {X2' X3, X4} do d6

Y = ({Xl, X2, X3, X4} \ {X2' X3, X4} = {xd·
Ta thu du'o c dau ra cu a thu~t toan:
F = {XiX2 ----> X4, XlX2X3 ----> X4, XlX4 ----> X2, X3X4 ----> XlX2, XlX3X4 ----> X2, X2X3X4 ----> Xl}'

D~nh ly 2.2. Va'i bdng T tren. U chsr a cdc phep gan tri ilo n. vi e, khong z va aang va'i ph.ep -. th.iuit
totui DF tinh. aung uip cong thnic suy ddn F nh4n T lam bdng cluin. l'if.

Chu'ng minh. G9i F la t~p corig thirc suy dh thu diro'c qua thu~t toan DF. Di'eu kien T ch ira e va
z la hie'n nhien. Ta chirng minh vo im~i t E T, F(t) = 1 va v&i m~i t E B" \ T, F(t) = 0. Th~t v ay,
gi<i s11't E T, f = X ----> Y E F va E(t) ;2 X. Ta c6, theo th uat toan DF phai ton tai mdt u E B" \ T
de' X = E(u) va

Y = n E(v) \X .
• ET

E(.);::>X

Vl t E T va E(t) ;2 X nen E(t) ;2 Y, do d6 f(t) = 1. Gilt s11-t E B" \ T ta chi ra rhg trong F ton
t ai mot cong t.htrc f de' f(t) = 0. Xet cong thii'c f = X ----> Y xay dung t ir t theo t.huat toan DF. Ta
c6 X = E(t) va

Y = n E(v) \ x.
.ET

E(.);::>X

Tir bie'u thirc tinh Y ta thay X va Y khong giao nhau. Ket hop v6i. dieu ki~n X = E(t) ta suy ra
f(t) = 0. Dinh ly diro'c chimg minh.

D!nh ly 2.3. Dq phu:c top c iia th.iuit totin. DF la t = O(k.m.n) = O(n.4n-l), trong aa n la so bien
trong U, m la so dong cii a bdng T, k la so dong csl« bdng B" \ T, k + m = 2n.

ChU-ng minh. Thuat t oan l~p k cong thtrc suy dh. De' l~p m~i cong thirc ta phai tlurc hien m phep
duyet, m - 1 phep 1<1Y giao hai t~p hop va m9t phep lay hieu hai t~p hop. M~i phep toan t~p hop
tren n phan tn.· cil a U deu doi hoi d9 phirc t ap n. T5ng ho'p lai ta c6 t = O(k.m.n).
Vi k + m = 2n nen t ich k.m dat tr~ IOn nhat khi k = m = 2n /2 = 2n-l.

Khi d6 t = O(n.2n-I.2n-l) = O(n.4n-I).
Dinh ly dtro'c chirng minh.

Ket ho'p Dinh ly 2.1 va Thuat toan DF ta thu dtro'c ket qua sau:

D!nh ly 2.4. Bdng T iren. U ia bdng cluin. 111cda mqt hsd khi va chi khi T chsia cdc phep gan tri
don. vi e, khong z va a6ng V(ri phep *.



VE MQT LOP CONG THUC LOGIC SUY DAN 21

Giam de? phirc t~p tinh toan thong qua t~ chirc dir li~u

Neu bi€u di~n m~i phan to: cii a bang T nhu m9t so tl].' nhien va s11'dung ky t huat danh dau ta
d~ dang tlm diro'c cac phfin tti: thuoc phan bu cu a T lit B" \ T, Khi d6 cac phep toan t~p hop se
diro'c t& clnrc thong qua cac phep toan thao Me bit tren cac so tlJ.' nhien da diro'c cai d~t sRn trong
cac b9 xU-11cu a may tfnh. Thi du, vci hai so ur nhien x va y bi€u di~n cho hai t~p hop thi ta co

xny=x/\y

xUy=xVy

x \ y = x /\ (not y)

x ~ y khi va chi khi x /\y = x

V6-i thf du da cho ta c6

T = {o, 8, 4, 2, 10,6, 1,5, 13, I5}

e» \ T = {a, 1, ... , 2n - 1} \ T = {12, 14, 9, 3, 11, 7}
T~p hop cac ke't qua da trinh bay (y phan tren ta thu diro'c lo-i gii\.i cho Biti toan 2.1.

Djnh ly 2.5. Gong tMtc logic I co tht us« diln qua mQt hsd khi va chi khi bdng cluin. ly cda I
ch.u:« cdc phep qtin. tri ilon. vi e , kh6ng z va aong va-i phep *.

Doi v6i ham logic co dang tuy€n chu~n d,c da c6 nhirng ket qua ve bi€u di~n toi thi€u nhtr thli
tuc Quine-McCluskey hay phtro ng phap Blake-Poreski [7]. Doi v6i m9t hsd, bai toan tim dang bi€u
di~n toi tru, tu:c lit dang bifu di~n m9t hsd cho truxrc du oi dang m9t hsd tuong dtro ng va chiia it ki
hieu don nguyen nhat lit thuoc lap NPC [8].

3. QUAN H~ ARMSTRONG

Cho t~p hiru h an cac phfin tu- goi lit thuoc tinh U = {Xl, XZ, ... , xn} trong do m~i Xi bien t hien
trong m9t mien tr'i d, = dom (Xi)' D~t

n

i=l

M9t quan h4 R v&i t%p thuoc tinh U lit t%p hiru han cac anh xa t : U -+ D thoa tinh chat:
(\lXi E U) : t(Xi) E di. M~i phan tli' cua R dtro c goi lit mot bc$cu a quan h~.

Mc$t ph.u. thuqc ham [pth] I tren t%p thuoc tfnh U lit mc$t menh de dang I : x -+ Y; XY ~ U.
Cho quan h~ R va m9t pth: I : x -+ Y tren cling m9t t%p thuoc tinh U. Ta n6i quan h~ R thoa
pth I, kf hi~u R/ I neu (\lu, v E R) : (u(X) = v(X) => u(Y) = v(Y)) trong d6 u(X) lit h an che cua
anh x<;tu tren mien X. Quan h~ R thoa t%p pth F, R/ F, neu (\I I E F) : (R/ j). Neu R lit mot quan
h~ tren U, ta kf hieu FR lit t%p toan thf cac pth tren U thca trong quan h~ R, FR = {! I R/ n.

Voim~i quan h~ R tren t%p thuoc tfnh Uta xay dung bang TR c6 cac cc$t lit cac phan tli' trong
U va cac dong t(u, v) clni a cac tri 0/1 dtro'c t ao tir cac c~p bc$u = (Ul' UZ, ... , un) V = (Vl' Vz, ... , vn)
nhtr sau: t(u, v) = (tl' tz, ... , tn), trong d6 t; = 1 neu Ui = Vi, t, = a neu ui =I=- vi.

Neu xem m6i pth I lit mc$t ctsd thl R/ I {} TR ~ Tf·

Quan h~ R tren t%p thuoc tinh U diro'c goi lit quan h4 Armstrong cho t~p pth F neu TR = TF
[1,10,11].

Bai toan 3.1. [1,5,6,9] Gho t~p pth F tren U. Xay d1Fng quan h4 Armstrong R csia F.

Bai toan 3.2. Gho quan h4 R iren. U. Xac dinh. xem R co phdi la quan h4 Amstrong cil a mot t~p
pth F nao ao hay kh6ng?
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