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MOT SO VAN DE XUNG QUANH CHUAN TAM GIAC ACSIMET

LE HAI KHOI, PANG XUAN HONG, NGUYEN LUONG DONG

Vién Cong nghé thong tin

Abstract. This article deals with some problems relating to decreasing and increasing generators
(additive generators) of Archimedean Triangular norms.
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Tém tiat. Bai bdo dé cip mot s6 van dé xung quanh ham sinh ddi véi cac dang chudn tam gidc
Acsimet.

1. MO PAU

Chuén tam gidc, goi tat 1a T-chuan va T-ddi chuan, 14 16p cdc ham 2 bién md rong cia
hai phép todn logic va va hodc. Ching dugc st dung rong rai trong cdc md hinh heuristic
dya trén 1ap ludn khong chic chin véi gid tri 1ap ludn ndm trong doan [0, 1]. Khong don gidn
nhu hai phép todn va va hodc, cic cip T-chuan, T-ddi chudn 1a mot loat cic tity chon khéc
nhau ma trong qud trinh lap luan, hé théng c¢6 thé lira chon tity thudc vao cic yéu t6 chi phdi
nhu trinh d9 chuyén gia, nguon thu théap tin.... Trong [1] ching t6i da trinh bay nhirng kién
thitc co ban vé T-chuan, T-déi chuin ciing nhir mét s6 ddnh gid toan hoc xung quanh phép
phi dinh va 14p ludn khong chic chin. Trong bai bdo nay ching t6i trinh bay nhitng nghién
ciru tiép tuc xung quanh cdc ham sinh cia T-chuan, T-d6i chudn dang Acsimet.

C&u tric bai bdo nhwr sau: Muc 2 danh cho viéc gigi thiéu ham sinh cia T-chuin, cling
mot s6 két qua chirng minh todn hoc xung quanh céc ham sinh cia T-chudn Acsimet. T-déi
chudn Acsimet va ham sinh twong ttng duwoc trinh bay trong Muc 3. Muc 4 trinh bay méi
quan hé gitta phép phd dinh manh vi cdc ham sinh. Phan cudi bai bdo 1a quan hé gitra cdc
ham sinh v& mot s6 cap T-chuan, T-ddi chuan tiéu biéu.

2. T-CHUAN VA HAM SINH

Nhitng vdn dé co bdn vé T-chuén va T-déi chudn da dwoc trinh bay trong [1], dé tién
theo doi, chiing t6i nhic lai dinh nghia cda chiing.

Dinh nghia 2.1. T-chuén 13 ham s6 T : [0, 1] x [0, 1] — [0, 1] sao cho v&i moi z,y, 2, t € [0, 1]
luén co:

(i) T(z,1) = = (ditu kién bién phai);
(i) T(z,y) > T(2,t), néuz > 2z vay >t (tinh don diéu);
(ili) T'(z,y) = T(y,x) (tlnh glao hoén);
(iv) T(z, T(y,2)) = T(T(x,y),2) (tinh két hop).
T céc diéu kién (i), (11) va (iii) d& dang suy ra tinh chét sau ctia T-chuén:

ki
T(0,z) =0 (ton tai phan tit 0).
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T-chuin duwoc goi 1a Acsimet néu va chi néu né théa méan thém 2 didu kién sau:
(vi) T 1a lién tuc;
(vil) T(x,x) < x, Vz € (0,1).
T-chudn Acsimet dwgc goi 1a chdt (strict) néu va chi néu né thda man thém digu kién:

(viii) T 1a tdng chit trong (0,1) x (0,1), titc 1a néu z1 < z3 va y1 < yo thi T(z1,y1) <
T'(x2,y2).

Pinh ly 2.2. (xem, ching han, [4]) Ham s6 T : [0,1]x[0,1] — [0,1] la mét T-chudn Acsimet
néu va chi néu ton tai mét ham sé f lién tuc va gidm chdt tw [0,1] sang [0, 00], véi f(1) =0,
sao cho:

T(:z:,y) :f[_l](f(:lt)—i-f(y)), Vz,y € [0’1]’ (2'1)

trong @6 fI=Y cho béi cong thite

e ~
f[—l](z) _ b (Z)a n(iu EAS [07 f(o)}a (22)
0, néu z € (f(0), o).
Ham f néu trén dwroc goi 1a ham sinh gidm (decreasing generator) ctia T-chuan, con f [~1]
dugc goi 1a ham gid nguoc cia f.

Nhan xét 2.3. Do tinh chit gidm cia ham f nén ta ¢6: 0 < f(z) + f(y) < 2f(0) <
+00, Y,y € [0,1]. Vi thé mién xdc dinh [0, 00] cia ham gid ngwoe fI=1 néu trong Pinh ly
2.2 ¢6 thé 1am chinh x4c hon (cu thé 1a doan [0,2(0)]) nhu sau:

~ Néu £(0) < +oo thi

() = f7Y(2), néuze€l0, f(0)],
0, néu z € (f(0),2£(0)].

~ Néu £(0) = +oo thi
f[_ll(z) = fY2), Vz € [0, 4+00).

C6 thé thiy rang (xem, ching han, [3]): .

- T-chuén Acsimet 1a chdt néu va chi néu né dwoc sinh bdi mot ham sinh gidm f nhu
trén va véi f(0) = oo. Khi dé ham f dwoc goi 1a ham sinh gidm chdt. Trong truong hop
khong chit, T-chu&n Acsimet dwoc goi 1a T-chuan nilpotent véi £(0) = 1 va ham sinh f khi
dé dwoc goi 1a ham sinh gidm chudn.

- Moi ham sinh gidm va ham gid ngroc cda né déu thda man hé thic: fI-1 (flz)) =2
Vz € [0,1], va

SN E2 néu z € [0, £(0)],
S @) = {f(o), néuz € (£(0),00]. 23)

Vidu 2.4. f(z) =1-2P, p>0. Dy 1A mot hAm sinh gidm chuén (do f(0) = 1). Khi dé
T-chuan dwgc xay dung tir hAm f(z) trén nhue sau:
T f(z) ta xdy dung ham gid nguoc theo cong thire

() = {f‘l(m) =(1-2)7, nfuzel0,1],

0, néuzx > 1.



MOT SO VAN DE XUNG QUANH CHUAN TAM GIAC ACSIMET 375

Khi dé T-chuén sé 1a:

T(z,y) = f((£(2) + @) = FU(©2 - P — 1)
B (a:p+yp—1)%, néu 2 —z? — yP € [0,1]
~ o, néu 2 —zP —y? > 1

1
_J(@P+yP—-1)7, néuaP+y?—-1>0
0, néuxP +y? —-1<0

= (maX(O,a:p + P — 1))%

Nhu vy ching ta thiy ring, v&i bat ki mot ham f lién tuc va gidm chit nao tir [0, 1]
sang [0, 00], véi f(1) = 0 ludn c6 thé tao ra mot ham T-chudn Acsimet thong qua cong thirc
(2.1). Dudi day ching ta xét mot s6 ham so cdp véi dieu kién gidm chit trong doan [0, 1]
(ham sinh ra T-chudn Acsimet chit).

e Xét 16p cdc hadm phén thirc hiru t1 bac nhat - ham hypecbol vuong géc, véi z € [0, 1]:

ar +b

f(ﬂc):m,

c#0, ad —bc # 0.

Nhu da biét, hAm nay lién tuc va ludén dong bién hodc nghich bién trén tirng khodng xic
dinh, & diy ching ta cin tim ra cdc dieu kién dé ham 1a nghich bién trong doan [0, 1].

Xét dieu kién f(1) = 0:

G0 peaib=0.
c+d
Vi ham sinh gidm chit f nhan truc tung lam tiém cén ditng, do dé:
d
——-=0&d=0.
s

Ngoai ra dé f(z) nghich bién trong (0,1] thi phai c6 f'(z) <0, Vo € (0,1] va d&u bing xdy
ra chi tai cdc diém roi rac. Vay la

—bc

— <0,V 0, 1].

(cz)? =& (]

Do ¢ # 0, va b # 0 (vi ddu bang x4y ra chi tai cdc diém r&i rac), nén b, ¢ phdi cing ddu. Hon
nita, vi a + b = 0 nén a # 0. Khi dé c6 thé viét lai f(z) nhw sau:

() =

axr —a 1—=x

fla) =0 =

.
CT aI

bit —2 = \. Do b, c cling déu, nén a, ¢ phéi trdi ddu. Vi thé, A > 0, ching ta duoc

1—=x

f@) =X

—, A>0. (2.4)
Nguogec lai, gid stt ¢é (2.4), chiing ta sé chtmg minh rdng f(z) & dang (2.4) 14 mot ham

gidm chiit cda mot T-chudn nao d6. That vay, tir (2.4) ching ta ¢ f'(z) = %é Nhu vay,

f'(z) <0, Vz #0, VA > 0, nén f(z) 1a mdt ham gidm chét trén (0, 1]. ;



376 LE HAI KHOIL DPANG XUAN HONG, NGUYEN LUONG PONG

Ngoai ra, dé dang thay riang f(z) 1 lién tuc trong (0,1]. Theo DPinh ly 2.2, ham f nay
ludn sinh ra dirge mot T-chuan Acsimet.
Chiing ta c6 két qué sau. ‘

~ b \ A \ . 2 2 g J
Dinh ly 2.5. Ham phdn thic hiu ti bac nhdt f(x) = ax:d la mdt ham sinh giam chdt cia
&z

~ . v \ z z
T-chudn Acsimet chdt néu va chi néu né cé dang sau:

1—=x

flz) =X

—, A>0, z€[0,1]. (2.5)

Nhan xét 2.6. Véi viéc biéu dién T-chuidn qua ham sinh nhwr (2.1) thi hing s6 A (A > 0)
khong 1am thay déi dang T-chuan do né tao ra. Néi céch khéc, viéc nhan ham sinh gidm chét
v6i mot s6 diwong ciing sé cho moét ham sinh gidm chiit méi va khong lam thay d6i T-chuén
tao ra. Thuc ra, diéu nay khéng chi ding cho trudmg hop ham sinh thda méan tinh chit gidm
chit, ma con ding cho cd truong hop ham sinh chuan. Ching ta cé dinh 1y sau.

Pinh ly 2.7. Nhdn mét s6 duong o véi ham sinh gidm f(x) khong dnh hudng téi ho
T-chudn, ki hi¢u Ty do ham f(z) dd sinh ra.

Chitng minh. Xét ham s6 g(z) = a.f(z), o > 0, va T-chuén
Ty = ¢ (g(2) + 9(v)), Y,y € [0,1]
do g sinh ra. Khi d6 s c6
g (a.z) = fEU(2), V2 € [0,2£(0)] (k& ci trudmg hop £(0) = +00).

That vay,
x Néu z € [0, £(0)] (khi d6 az € [0,af(0)] = [0, g(0)]), thi

fFUR) = F71(2), gF(az) = g7 (az).

Mit khdc, do g(f~1(2)) = af(f71(z)) = az = g(g7*(az)). Tk d6 ta c6 f~1(2) =
g~ Yaz), suy ra fI=U(2) = g[-U(az), Vz € [0, f
e Néu z € [£(0),2f(0)], thi az € [af(0),a2f(0)] = [9(0),29(0)], suy ra fl-(z) =0 =
97 (az).
Nhu vay, gi=(az) = fI-U(2), Yz € [0,2£(0)]. Tir dé suy ra

Ty(z,y) = g7 (g(z) + g(y)) = fI7Y (9_(£)+_9(y_))

a
1 1 x
Ty(w,y) = U (=g(2) + —g() = F7H(F(2) + F(¥)),
tire 1a
Tg($7y) = Tf(:l),y), V:v,y € [O’ 1]
Dinh 1y dwoc chitng minh. u

Nhéan xét 2.8. Tir két qua trén suy ra c6 thé viét lai duwgc (2.5) dudi dang chinh tic:

f@)= =2, (2.6)

Z
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Véi ham sinh gidm chit ndy, dé dang tim ra T-chuan Acsimet thoa man dieu kién gidm chit
twong ng la
Ty
Tlayy) = — 2
vyl = —— =iy

day chinh 13 dang T-chuin Hamacher.

Nhu vay ta thdy rang, 1ép cidc ham sinh dang phan thirc hiru ti bac nhat ludén sinh ra mot
T-chuan duy nhat.

e X¢ét 16p cac ham phan thirc hiru t1 bac hai trén bac mot - ham hypecbol xién géc, véi
z € [0,1]:

az? +br+c

fe) = dr +e

, a,d # 0, tir vA mau khong c¢é nghiém chung.

Pieu kién f(1) = 0 cho h¢ thitc

%E:O@a+b+c:0(d+e#0).

e
Vi ham sinh gidm chit f nhén truc tung lam tiém cén ding, do d6 —= =0« e =0. Vi

d

thé, ¢ cling phai khdc 0 d¢ ham f(z) khong suy bién.

Xét dao ham
adz? — dc
24T — %€ vz e (0,1].

(d.’l?)g z ( ) ]

Dé ham sd nghich bién thi phai ¢6 f/(z) < 0 trong (0, 1], ddu bing xay ra tai cdc diem roi
rac. Pitu ndy 6 nghia 1 g(z) = adz? — ed < 0 trong (0, 1], ddu bang xdy ra tai cdc diém roi
rac. C6 hai kha ndng xay ra:

- Thit nhat: ad < 0. Khi dé yéu ciu bai todn twong dwong véi

fi(x) =

max g(z) = g(0) = —ed < 0,
[0,1]
ma cd # 0, nén ta dwoc cd > 0.
- Thit hai: ad > 0. Khi d6 yéu ciu bai todn twong dwong véi
r[réaicg(at) =g(1) =ad —cd < 0.
1
Nguoc lai, v6i nhitng diéu kién trén, dé dang thdy ring ham s6 f(z) thda man cdc yéu
cau cua Dinh Iy 2.2.
Ching ta c6 két qud sau.

ax? + bz +c

. dz +e
= ¥ ; . v ~ \ ~ ’ 7z
giam cua T-chudn Acsimet chdt néu va chi néu né c¢d dang sau:

Dinh ly 2.9. Ham phan thitc htu ti dang f(z) = , x € [0,1], la mdt ham sinh

2+
f(m):w, a+b+c=0 va, hodc {

ad < 0 § {ad>0
hodac
dx

ed >0
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3. T-POI CHUAN VA HAM SINH

Dinh nghia 3.1. T-d6i chuén 1a hAm s6 S : [0, 1] x [0, 1] — [0,1] sao cho v&i moi ,y, z,t €
[0,1] luon co:
(i)’ S(0,z) = = (diéu kién bién tréi);
(i)’ S(z,y) > S(z,t), néux > 2z viy >t (tinh don diéu);
(iii)” S(z,y) = S(y,z) (tinh giao hodn);
(iv) S(z,S5(y,2)) = S(S(z,y),2) (tinh két hop).
Theo dieu kién (i)', (ii)’ va (iii)’ ta d& dang suy ra tinh ch&t sau cda T-déi chuén:
(v)' S(z,1) = S(1,2z) =1 (ton tai phan ti 1).
T -d6i chuan dwoc goi 1a Acsimet néu va chi néu né thda man thém 2 diéu kién sau:
(vi)’ S 1a lién tuc;
(vii)’ S(z,z) > z, Vz € (0,1).
T-ddi chudn Acsimet dwoc goi 13 chdt néu va chi néu né théa man thém dieu kién:
(viii)” S 14 tdng chit trong (0,1) x (0,1), tirc 1& néu z1 < x2 vad y1 < yo thi S(z1,y1) <
S(x2,y2).
DPinh ly 3.2. (xem, ching han, [4]) Ham s6 S : [0,1] x [0,1] — [0,1] la mét T-d6i chudn
Acsimet néu va chi néu ton tai mot ham sé g lién tuc va tang chat trén [0,1], véi g(0) = 0,
sao cho:

S(z,y) = g7 (g(z) + 9()), Y=,y € [0,1], (3.1)

trong dd ham gl=Y zde dinh trén [0,+00] duoc cho béi cong thite

1,y - ]9 (), néuze0,9(1)),
g7 ) = {1, néu z € [g(1), o0]. (3-2)

Ham g nhu trén dwgc goi 13 ham sinh tdng (increasing generator) cia T-déi chudn S, va
g=1 dwoe goi 1a ham ¢id nguoc cla g.
Ciing nhir d6i v6i T-chuén, ¢6 thé lam chinh xdc hon mién xdc dinh cia gl=%, cu thé 1a
doan [0,2¢(1)], nhu sau:
- Néu g(1) < +oo thi
g[—l](z) _ g_l(z)7 néu z € [Oag(l)]>
1, néuze (9(1),20(1)].

_ Néu g(1) = 400 thi
g7 (2) = g71(2), Vz € [0, +00].

Cung nhu truong hgp T-chuin, ¢ thé thiy ring (xem, chdng han, [3]):

- T-déi chudin Acsimet 1a chdt néu va chi néu né dwoc sinh bdi mét ham sinh ting g nhur
trén va vai g(1) = co. Khi dé g'du'qc goi la ham sinh tang chat. Trong truwomg hop khong
chit, ta goi T-d6i chudn Acsimet d6 1a T-déi chuan nilpotent véi g(1) = 1 va ham sinh ting
g khi d6 dwoc goi 1a ham sinh tdng chudn.

- Moi ham sinh tidng va ham gia ngwoc cia né déu thda man: gl (9(z)) =z, Vz € [0,1],
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va

g(g[*l](x)) _ {a:, néu z € [O,ggl ]

g(1), néuz € (g9(1), 0]

Vi du 3.3. Cho g(z) =1 — (1 — )P, p> 012 m6t ham sinh ting chuan (do g(1) = 1). Khi
d6 T-dsi chudn dwogc xay dung tir ham g(z) nh sau:
Tir g(x) ta xdy dung ham gid nguwoc theo cong thire

L g
g[—l](m) _ g_l(l‘):]‘_(l_w)pa neu r € [Oa 1]5
1, néu z > 1.

Khi d6 T-d6i chuan sé la:

S(z,y) = g1 ((9(x) + 9(¥)) =g (2 - (1 —2) — (1 —y)?)
1 (t-aP+ -y -1)F, ndu2-(1-a)—(1—yP 0,1
1, néu2—(l—z)?—(1-y)»>1

1 (- + -y -1)F, ndu(l-a)P+ 11—yl —1>0
1, u(l—zP+(1-yP-1<0

=1 = (max(O,(l —x)p+(1—y)p—1))p

Két hop véi Vi du 2.4, ching ta dwoc cip T-chuan, déi chuan nilpotent sau:
T(z9) = (max(O,:cp +42 -1 )%

S(z,y)=1- (max (0,(1—2)P+(1—y)P— 1))

't!l'—

Day chinh la cdp T-chuan, ddi chuan do Schweizer va Sklar tim ra nam 1963.

Nhéan xét 3.4. Tién hanh céc lap ludn va chitng minh twong tuw nhu trong Phén 2 cling sé
cho céc két quad tirong tng véi cac dinh 1y 2.2-2.4 déi véi T-ddi chuan. Tuy nhién, céc két
qua nay ciing cé thé cé dwoc tir méi quan hé gitta cdc ham sinh f va g trong cdc phan trinh
bay tiép theo.

4. PHEP PHU DPINH MANH VA CAC HAM SINH

Trong [1], mot s6 két qud xung quanh phép phi dinh da dwoc trinh bay, phan nay tiép
tuc xem xét mdi quan hé véi cdc ham sinh. Truéc hét, ching toi nhic lai dinh nghia phép
phu dinh.

Pinh nghia 4.1. Phép phd dinh 14 ham s6 N : [0,1] — [0, 1] sao cho véi moi z,y € [0,1]
ludn co:
(i) N(1) =0 va N(0) =1 (diéu kién bién);
(ii) Vz,y € [0,1], néu =z < y thi N(z) > N(y) (tinh don diéu).
Trén thire té, nguoi ta thuong quan tdm ciac ham pha dinh manh tirc 1a ham phu dinh
thoa méan thém 2 diéu kién sau:
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(iii) IV 1a mot ham lién tuc;
(iv) N(N(z)) = z.

Dinh ly 4.2. Cho N la mgt ham sé ti [0,1] — [0,1]. Khi d6 N la mot ham phid dinh manh
néu va chi néu ton tai mot ham sé f lién tuc tu [0,1] — [0,00], sao cho f la gidm chdt,
f(1) =0, N(z) = f~1(f(0) — f(z)), Yz € [0,1], f~! la ham nguoc cia f.
Chitng minh.
Dicu kién cdn: Gid sit N(z) 1A mot ham phi dinh manh. Xay dung ham f(z) nhu sau:

- Cho f(0) = const > 0 bat ki.

- f@) = L)L — 2 + N(@)], Yz € (0,1] .

Vi cdc ham s6 1 —x va N(z) la lién tuc trén (0,1] nén f(z) cling lién tuc trén (0, 1]. Ngoai
ra

lim_f(z) = 2 f(0)[1 - 0+ N(O)] = 37(0)2 = F(0),

z—0t
nén f(x) lién tuc phai tai diem 0. Nhw vay f(z) lién tuc trén doan [0, 1].
Mat khéc, do cdc ham s6 1 —z vd N(z) déu 1a gidm chit trén [0, 1] va f(0) > 0, nén f(z)
ciing la giam chat trén [0, 1].
Tir cdc két qud trén suy ra ton tai f=1(z) lién tuc trén [0, £(0)].
Ching ta lai ¢é

f(@) + F(V@) = 3FO)[1 - 2+ N(@)] + 5 £O)[1 = N(z) + NNV ()],

= %f(o)[l —z+ N(z) +1 - N(z) + N(N(z))]-

Theo dinh nghia cia ham phi dinh manh thi N(N(z)) = z, vi thé ta ¢

f(@) + F(N() = 5£(0).2 = (0) & F(N(@)) = £(0) - £(z) & N(z) = £ (§(0) - f(z).

Vay v&i moi ham phi dinh manh N(z) luén ton tai ham s6 f(z) : [0,1] — [0, 4+0oc) lién
tuc sao cho f(1) =0, f gidm chit va N(z) = f~1(f(0) — f(z)), Vz € [0,1].
Dicu kién di: Ta ¢6 N(0) = f~1(f(0) — £(0)) = £71(0) = 1 do f~! 1a ham nguoc cla f va
7(1) =o.

N(1) = f71(£(0) = f(1)) = f7(£(0)) = 0.

Khi x; < z9 ta ¢6: f(z1) > f(x2) do f la ham gidm chit, do vay:

f(0) = f(z1) < £(0) — f(z2).

Vi f(z) 1a gidm chit tir [0,1] — [0,00] nén ham f~!(z) ciing 14 ham gidm chit tir
0,50] > [0,1]. Suy ra f-1(£(0) — f(a1)) > £~1(£(0) — F(22)), hay N(a1) > (o).

Xét N(N(z)) = N(F1(F(0) — £(2))) = £-1(F(0) = F(F1(FO) — F@@))) = 1 (F(0) -
((0) - £(@))) = £ (f(2) = .

Vay N(z) = f~1(f(0) — f(x)) 1A mot ham phi dinh manh.

Dinh ly dwoc chirng minh. .

Nhéan xét 4.3. V&i phép phi dinh chuén ta cé: f(z) = 1 — x, con véi ho phi dinh Yager ta
co: fy(x)=1-—2z2% w > 0.
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Twong tir nhu Pinh 1y 4.2, chiing ta cé két qud sau.

Pinh ly 4.4. Cho N la m¢t ham t [0,1] — [0,1]. Khi @0 N la m¢ot ham phu dinh manh
néu va chi néu ton tai mot ham g lién tuc tw [0,1] — [0, 00], sao cho g(0) =0, g la tdng chdt
va N(z) = g~ (g(1) — g(z)), Vo € [0,1], g7 la ham ngugc cda g.

Nhéan xét 4.5. V&i phép phi dinh chuén ta c¢é: g(z) = z. V&i ho phi dinh Sugeno ta c6:

1 1
QA(il?):lg(;r—/\x), A>—1, A#0.

Véi ho phu dinh Yager ta c6: gy(z) = 2%, w > 0.

5. MOI QUAN HE GIUA f, g VA MOT SO CAP T-CHUAN,
T-PSI CHUAN TIEU BIEU

Muc nay trinh bay hai phwong ph4p xdy dung ham sinh duwa trén cdc ham sinh da cé.
Viéc chitng minh khong ¢6 gi khé khdn nén bo qua.

Ménh dé 5.1. Cho f(x) la mot ham sinh gidm chudn cia mot T-chudn, khi d6 mét ham
sinh gidm chudn cho bdi cong thitc:

filx)=1-f(1—2x)
ciing sé la mot ham sinh gidm chudn.
Twong tu nhw vay, ching ta ciing c¢6 thé xay dung dwoc mot ham sinh tiang chuan gy (r)
méi dya trén ham sinh tdng chudn bidt trude g(z) bang cong thirc:

g1(2) =1—g(1 - o).

Meénh dé 5.2. Véi moi ham sinh gidm f(z), ching ta ¢é thé zay dung mdt ham sinh giam
mai thong qua cong thicce

v6i g(x) la mot ham sinh tang chudn.

Tuong tu nhw véy, ching ta cling cé thé xay dung dwoe mot ham sinh tang chudn gy ()
méi dya trén ham sinh ting biét trude g(z) bang cong thire:

’ \ ~ N . . ~
trong dé f(z) 1a mot ham sinh gidm chuan.
Phan dudi day ching ta sé xem xét mot s6 cip T-chuan, T-ddi chuan tiéu bicu.

Vi du 5.3. f(z) = (1 —2)?, p>0. Do f£(0) = 1 nén day la mét ham sinh gidm chuan.
Xéay dung ham gid nguoec:

() = {f_l(fﬂ) —1-g¥, nduze (0,1]

0, néu z > 1.
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Xay dung T-chun:

T(z,y) = 7N (f(@) + f@) = S -2 + (1 - y)?)

12—y, a1+ (1 -y <1
0, néu (l—z)P+(1—y)P>1

1
=1— (min(1,(1 - z)P + (1 —y)"))>.
Dé dang tim ra T-ddi chudn twong ng véi T-chuan trén la:
S(z,y) = min (1, YxP + yP),

twong trng véi ham sinh tang g(z) = f(1 — z) = aP.
DAy cing 1a cip T-chuan nilpotent do Yager tim ra nim 1980.

Vi du 5.4. Trong vi du niy chiing ta xét mot 1ép T-chuan/ddi chuan dwoc tham sé héa, cu
thé:

— 1
f(x)zlogp]%ﬁ, p>0, p# 1L

RO rang day la ham sinh gidm chit ¢6 tap xdc dinh [0, 1], véi f(1) = 0 va f(0) = oo.
Xay dung ham gid nguoec:

£(z) = (@) = logy (B +1).

Xay dung T-chuén:

T(e,y) = 57 (F@) + 1(0)) = £ (togy B + log, Z1)

= (10gp (p* Eplg(;g);g_ 1)) = log,, <(px _pl)_(ply —1) + 1),

day chinh 14 ho T-chuén Frank.
Ho T-ddi chuan Frank twong tng la

_ P -DE'v-1)
S(:v,y)—l—logp(l—}— p— )
v6i ham sinh
_p-1
pl—z — . 2
vi g(m) :f(]' —.’L'), S(x’y) =1 —T(l—ilf,].—'y).

Duéi day xét treomg hop khi p — oo liéu ham gidi han ¢6 con 14 mot ham sinh gidm chat
ntra hay khong (cdc trwong hop p — 0 hay p — 1 khong ¢6 y nghia, vi ham giéi han khong
con du cdc tinh chat can thiét nira).

Ta cé

g(x) = log,

p—1 p—1 p p*
f(:c) = logp 171"_—1 = logp T + ].ng I;E + logp ‘pw———I
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Do i .
im 2== =1, lim -2 — =1,
p—oo P p—oo p¥ — 1
nén suy ra véi p dua 1én luon co
p—1 1 p* 3
—<t— <o, =< =,
2 14 2°2 p*-1 = 2
hay la
1 p—1 3 1 p* 3
log,, 3 < log, T < log, 3 log, 3 < log, Zﬁ < log, 5
Theo nguyén li kep day, ta ¢
; p—1 . P
pl_lgxo log,, T = pli)rgo log,, P 0

Vay
lim f(z) = lim lo P — lim logppl_x =1-uz.

p—ro0 p—r0o &p Pt pooo

Véi ham nguoce 14 f~1(z) = 1 — z thi T(z,y) cé thé tim dwge nhw sau:

T(z,y) = f(f@) + f) = -2 +1-y)=F2-z—y)

_ {m+y— 1, néu(2—z-y)e0,1] — max(0,z +y — 1).
0, cac truomg hop khac
Nhu vy trong truomg hop p — 00, ho T-chuan Frank trd thanh T-chuan dang T'(z,y) =

max(0,z +y — 1). R6 rang f(z) vAn 14 mot ham sinh gidm sinh ra T-chudn Acsimet, nhung

khéng con 14 ham sinh gidm chit nita (vi f(0) = 1), ma 13 ham sinh gidm chuan. Nhu vy,

ham sinh nay sinh ra T-chuin Acsimet nilpotent. Vé&i g(z) = z, ching ta tim dwogc T-ddi

chuin twong @ng la: S(z,y) = min(1, z + y).

6. KET LUAN

T-chuan, T-déi chuan da dwoc dp dung rong rai trong cic tng dung veé 1ap luan xap xi,
suy dién mo.... Nghién cttu Iy thuyét vé chiing khong ngirng dwoc mé rong va nang cao. Véi
kha ning dwoc biéu dién théng qua cdc ham s6 mot bién lién tuc gidm hoi#ic ting chit, 16p
T-chuén, T-d8i chudn Acsimet da thu hit dwoc khé nhidu ngudi quan tdm. Trong s6 cic
T-chuan, T-d8i chuan Acsimet da dwoc tim hiéu trén day, T-chuan, T-déi chuin Frank noi
1én nhir mét dai dién tiéu bifu bdi tinh kha chuyén cia né khi tham s6 p thay doi, ngoai ra
cap T-chuan, T-d6i chudn nay thoéa man tinh chit T'(z,y) + S(z,y) = = + y.
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