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Abstract. The keys play important roles in the relational databases design theory. The result~ of
keys have been widely investigated, they can be seen in [4,5,6]. In [4] to find minimal keys of relation
scheme S = (U, F), we translate relation scheme S to relation scheme S, which has a less number of
attributes and shorter functional dependencies. :n this translation relation scheme, finding minimal
keys becomes much more siEIple. The aim of this article is to investigate some properties of the
translation relation scheme S and some related problems.

Tom t~t. Khoa dong vai tro quan trong trong ly thuyet thiet ke C(J so dir lieu quan he.
Cac ket qui ve khoa da diroc nghien ciru kha nhieu, co the tirn thay cac ket qui nay trong
[4,5,6]. Trong [4] de tirn khoa toi tieu cua SO" do quan h~ S = (U, F), chung ta chuyen dich
SO" do quan he S ve so do quan h~ S, Ia SO" do co it thuoc tfnh hon va cac phu thuoc ham
ng~n gon ho'n. Trong so do quan he chuyen dich nay viec tim kh6a toi tieu tro' nen don gian
hon. Muc dich cua bai bao nay la nghien ciru mot so tinh chat cua sO' do quan h~ chuyen
dich S va mot so van ae lien quan.

1. INTRODUCTION

Let us give some necessary definitions and results that are used in the next section. The
concepts are given in this section can be found in [1,2,3,5].

Definition 1.1. Let U = {al,"" an} be a nonempty finite set of attributes. A functional
dependency (FD) is a statement of form X -+ Y, where X, Y S;;; U. The FD X -+ Y holds in
a relation R = {hI, ... ,hm} over U if

(Vhi' hj E R)((Va E X)(hi(a) = hj(a)) =} (Vb E Y)(hi(b) = hj(b))).

We also say that R satisfies the FD X -+ Y.

Let FR be a family of all FDs that holds in R.

Definition 1.2. Then F = FR satisfies
(F1) X -+ X E F,
(F2) (X -+ Y E F, Y -+ Z E F) =} (X -+ Z E F),
(F3) (X -+ Y E F, X S;;; V, W S;;; Y) =} (V -+ W E F),
(F4) (X -+ Y E F, V -+ W E F) =} (X u V -+ Y uWE F).

A family of FDs satisfying (F1) - (F4) is called an J-family over U.
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Clearly, FR is an f-family over U. It is known [1] that if F is an arbitraryf-family, then
there is a relation Rover U such that FR = F.

Given a family F of FDs over U, there exists a unique minimal f-family F+ that contains
F. It can be seen that F+ contains all FDs which can be derived from F by the rules (Fl)-
(F4).

A relation scheme S is a pair (U, F), where U is a set of attributes, and F is a set of FDs
over U.

Denote X+ = {a E U : X ---+ {a} E _Z<'+}. X+ is called the closure of X over S.
It is clear that X ---+ Y E F+ iff Y <;;;; X+.

Definition 1.3. Let S = (U, F) be a relation scheme over U, K <;;;; U. K is called a minimal
key of S, if it satisfies the following two conditions:
(1) K ---+ U E F+,
(2) jjK' c K such that K' ---+ U E F+.

The subset K which satisfies only (1) is called a key of S.

2. RESULTS

Let S = (U, F) be a relation scheme, where U = {aI, a2, ... ,an} is a set of attributes,
and F = {Li ---+ R; : Li, R; <;;;; U,L, nR; = 0, i = 1,2, ... ,m} is a set of FDs over U.
Denote m m

L = U i.; R = U u;
i=l i=l

The following theorem is known [6].

Theorem 2.1. ([6]) Let S = (U, F) be a relation scheme over U and K be a minimal key of
S. Then

(U - R) <;;;; K <;;;; (U - R) U ((L n R) - a(L, R)),

where a(L, R) = (L n R) n (L - R)+.

Definition 2.2. Let S = (U, F) be a relation scheme over U. Set U = (L n R) - (L - R)+,
and l' = {Li n U ---+ n; n U : i; n U -=1=0,Ri!} U -=1=0,Li ---+ n; E F}. Then S = (U,l') is
called a translation relation scheme of Saver U.

In [4] we proved the following result.

Theorem 2.3. Let S = (U, F) be a relation scheme over U, S = (U, F) is a translation
relation scheme of S over U, and K <;;;; U. Then, K is a minimal key of S if and only if
K U (U - R) is a minimal key of S.

Denote Ks the set of all minimal keys of S. From Theorem 2.3 we obtain the following
corollaries.

Corollary 2.4. If K E K S' then there exists K' E K s such that K <;;;; K'.

Corollary 2.5. If U - R = 0 then K S = Ks·

The following corollary is also clear.



L, ---+ REF, n; ---+ {a} E F+. (2)
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r Corollary 2.6. Let S = (U;F) be a relation scheme, where U = {KI,K2, ... ,Km} and
F = {KI ---+ U, K2 ---+ U, ... , Km ---+ U}. Then, U = u, F = F and hence Ks = Ks·

Remark 1. For every L~ ---+ R~ E F, (LDt = U is not hold, i.e. L~ is not the key of 5 and so it is
not the minimal key. For example, we consider F = {{a, b} ---+ {c}, {d} ---+ {a}, {c} ---+ {b, d}}
over U = {a,b,c,dl. Then, we ha~e L = {a,b,c,d},R = {a,b,c,d},L n R = {a,b,c,d},L-
R = 0, and hence U = {a,b,c,d},F = {{a,b} ---+ {c},{d} ---+ {a}, {c} ---+ {b,d}}. It is obvious
that, with a FD {d} ---+ {a} E F we have {d}± = {a,d} i- U.

F

In translation relation schemes 5 = (U, F), FDs and attributes have some rather interest-
ing properties as follows.

Theorem 2.7. Let 5 = (U, F) be a translation relation scheme of S = (U, F) tren U. Then
(i) If a E U I then there exists L~ ---+ R~ EF such that a E R~.
(ii) If a E U, then there exists Lj ---+ Rj EF such that a E Lj.

Proof. (i) Since a E U, it is obvious that a E L n R. Thus there exists a FD L, ---+ REF
such that a E R. Therefore we have a ERn U, i.e. R n U i- O. Furthermore, t; n U i- O.
In fact, if L, n U = 0, then

L, ~ (L - R)+,

or
L - R ---+ L, E P+. (1)

On the other hand, we have

From (1) and (2) we have L - R ---+ {a} E F+, i.e. a E (L - R)+, which contradicts the
hypothesis a E U. Hence L, n U i- O. Set L~ = L, n U, R~ = R n U we have (i), i.e. there
exists a FD L~ ---+ R~E F such that a E R~.
(ii) Because a E U, we have a E L n R, i.e. there exists a FD Lj ---+ Rj E F such that a E Lj.
Therefore a E Lj n U.
Moreover, we have

(Lj); n U ~ (Lj n U)t. (3)

In fact, according to the algorithm for finding the closure L1 of Lj with (Lj)~) = Lj, (Lj n
- (0) - __
U) - = Lj n U, we have (L)(O) n U C (L· n U)(O)

F JF - J ,r;.

is trivial. Assume that
(Lj)~) n U ~ it., n U)~). (4)

Then
(HI) - _ (k) (k) -(Lj)F n U - ((Lj)F U {b: t; ---+ R E F,b E R,Li ~ (Lj)F }) n U

_ (k) - . (k) -- ((Lj) F n U) U ({b. i; ---+ REF, b ER, t; ~ (Lj) F } n U)
- (k) . (k) -~ (t., n U)p U ({b. t; ---+ R E P,b E R,Li ~ (Lj)F } n U).
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On the other hand, from assumption (4) and t: ~ (t., )~) we have

L· n U C (L)(k) n U C (L· n U)(k).
2 - JF - J F

So
(HI) - - (k) (k) -(Lj)F n U <;;; (Lj n U)p U ({b: t; ---+ n; E F,b E tu.i; <;;; (Lj)F } n U)

<;;; u., n U)~+1).

Hence, (3) has been proved, i.e.

Moreover t., ---+ n, E F, thus Rj <;;; (Lj)t. Consequently

It shows that
- --t., n U ---+ u,n U E F.

Set Lj = Lj n U, Rj = Rj n U, we have (ii), i.e. there exists a FD Lj ---+ Rj E F such that
a E Lj.
The theorem is proved. •

From Theorem 2.7, we have the following corollaries.

Corollary 2.8. For each L~ ---+ R~ E F, if a E R~ then a E Lj, where Lj ---+ Rj E F.
Corollary 2.9. For each L~ ---+ R~ E F, if a E L~ then a E Rj, where Lj ---+ Rj E F.
Theorem 2.10. Let S = C!!,F) be a relation scheme over U and S = (U, F) be a translation
relation scheme of Saver U. Then
(i) If Li ---+ R; E F such that L, n U = 0, then

....... ------
Va E U : a t/. R; and hence L, n U ---+ R; nUt/. F.

(ii) If L, ---+ Hi E F such that R; n U = 0, then--- ---......... .

Va E U: a t/. t; and hence l« n U ---+ tu r.o « F.

Proo]. (i) Since L, n U = 0, we have L, <;;; (L - R)+. Thus

L - R ---+ L, E F+.

Assume a E Rs, it implies that R; ---+ {a} E F+. On the other hand, we have Li ---+ ~ E F.
Hence, by (F2) in the Definition 1.2 we have

L - R ---+ {a} E F+,

or a E (L - R)+,



The theorem is proved. •
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which contradicts the hypothesis a E U. Thus a rf. Ri, and R; n U = 0, i.e.

- --t;n U ---* n; n U rf. F.

(ii) Suppose a ELi, which implies that a E L, n U. With the similar provement like Theorem
2.7, we also obtain

- --i; n U ---* u; n U E F,

i.e. n; n U i= 0,
which contradicts the hypothesis R; n U = 0. So a rf. Li, and hence we have

- --t; n U ---* n; n U rf. F.

Note that, if an attribute a E U appears only in either the left side or the right side or
none of t~ FDs in F, then a will not be in U, i.e., if a E L - R or a E R - L or a rf. L u R
then a rf. U.
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