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NGON NGU NHOM BUYBRAY VA NGON NGU NHOM KROAzO

LE QUOC HAN, HO TIEN DUONG

Khoa Todn, Truong Pai hoc Vinh

Abstract. In this article we describe Croisot - languages and Dubreil - languages having a group as
syntactic monoid. We provide different characteristics of these languages. Then, we describe the
forms of group regular - languages.

Tém tAt. Trong bai bdo nay, ching téi khdo sit cdc ngén ngit Kroazé va ngdén ngir Puybray cé vi
nhém ci phdp 1a mot nhém. Chiing t6i nhan dwoc nhiéu dic trirng khac nhau cia céc 1ép ngon ngt
ndy. Tir d6, ching t6i mo td dwge déng diéu cia cdc ngoén ngit nhém chinh qui tong quét.

1. MO PAU

Gia st S 14 nira nhém va H 14 mot tap con cia s. Ta xét quan hé Ry C S x S nhu sau
Ru={(z,y) € Sx S|zu € H< yue HVuec S}

Khi d6 Ry 1a twong dang phdi trén S va dwoc goi 1a twong ddng chinh phdi Puybrdy sinh
bdi H trong S.

Bay gitr ta xét tirong dang hai phia trén S nhur sau:

o ={(z,y) € S x S|uzv € H < uyv € H, Yu,v € S}.

Khi d6 pgy duroc goi 1 twong dang chinh hay twong dang ci phdp cia H va vi nhém thuong
S/pp dugce goi 1a vi nhdm cii phdp cida H trong S. Tép con H dwgc goi 1a roi rac trong S
néu twong dang pg 1a twong ding dong nhdt, nghia 1a (z,y) € py & x =1y.

Gid st X 1& mot bang chir cai hiru han, X* 13 vi nhém tu do sinh bdi X véi don vi la tir
A. Khi d6 mdi tap con bat ki L cia X* duwgce goi 14 mot ngon ngi.

Gia st L 1a ngdén ngtr trén X, khi dé vi nhém ci phép cia L trong X* sé duge goi la vi
nhém ci phdp cia L, ki hiéu bang u(L). Ngon nglr L dwoc goi 1a ngén nge nhém néu p(L)
la mot nhom.

Theo [7], “L la mét ngén ngi cé vi nhém ci phdp u(L) dang cdu véi mdt nhom G néu
ton tai toan cdu ¢ : X* — G, sao cho L = ¢~ (H), trong d6 H la tdp con roi rac cia nhém
G”. Bai bdo nay trinh bay viéc xét ngon ngit L tmg véi H 14 16p ghép theo mot nhém con
10i rac cda G. Lép ngdn ngir ndy thuce su chira 16p ngdn nglr dwge dwa ra bdi Anixinov [1].

2. NGON NGU NHOM PUYBRAY VA NGON NGU NHOM KROAZO

Gid st S 1a nira nhém. Khi dé mdi tap con H cia S dwoc goi 1a mot tdp con manh, néu
né théa man diéu kién:

Va,b,z,y €S, (azx,ay,bxr € H kéo theo by € H).



344 LE QUOC HAN, HO TIEN DUONG

Ngon ngtt L trén X duoc goi 1a ngon ngt Puybrdy néu thda man hai diéu kién sau:

1. Moi ttr thuéc X* 14 mot doan ban déu ndo dé cia mot tlr thude L (tirc 1a Vu € X*,Jv €
X* sao cho uwv € L).

2. Néu ba trong bén tir uz, uy, vz, vy € L thi tir con lai cling thudc L.

B& dé 1. ([2]) Gid sit G la mét nhém va H la tdp con khdc rong cia G. Khi d6 cdc khing
dinh sau la tuong dwong:

(i) H manh theo nghia Puybray;

(ii) k1, ho,hg € H thi hihy'hs € H;

(iii) H la l6p ghép phdi (trdi) theo mot nhém con cia G.
Chitng minh.
(i) = (ii) h1,ha,hg € H = hohs'hy = hy € H,hohy'hs = hy € H,hih;'hy = hy € H. H la
manh theo nghia Puybray, nén hih; ' hs € H (& diy da stt dung dinh nghia tip con manh &
trén v6i a = hohy ', b= hihy', © = hy, y = h3).
(ii) = (i) Gia st az,ay,bc € H. Khi dé bz(az) lay € H = by € H = H 1i tip con manh
cia G.
()= (i) iH#0nén 3g€ H. Gidst K ={z € G|gz € H}. Do e € K nén K # . Néu
a,b € K thi ga,gb,g € H = g.(ga)"'.gb € H hay ga~'b € H = a~'b € K = K 1 nhém con
cia G. Vi G la nhém nén tir cdch x4c dinh cia K ta c6 H = gK.
(i) = (ii) Gid st H = gK, trong d6 K 1a nhém con cia G va hy,he,hg € H. Khi d6
hl = gkl, h2 = gkz, hg = gk?3 v kl,kg,kg e K. Tu dé hlhz_lhg = gklkz_lg_lgkg =
gk1ky'ks € gK = H, vi K 1a nhém con cia G. Do dé hih; ths € H. ]

Dinh ly 1. Gid s L la ngon ngw trén X va L = ¢~ (H), trong @6 ¢ : X* — G la toan cdu
va H la tdp con roi rac cia G. Thé thi L la ngén ngtt Puybrdy khi va chi khi H la mét ldp
ghép theo mdt nhém con roi rac nao dd cia G.

Chitng minh. Gid stt L 13 ngon ngit Puybriy va as, at,bs € H. Khi d6 ton tai u,v,z,y € X*,
sao cho a = ¢(u), b = o(v), s = ¢(z), t = ¢(y). Thé thl as = p(uz) € H, at =
o(uy) € H, bs = p(vz) € H, nén uz,uy,vz € ¢ }(H) = L. Vi L 13 ngdén ngit Duybrdy
nén'vy € L, suy ra p(vy) € (L) = H = o(v)p(y) = bt € H. Vay H manh theo nghia
Puybrday = H = gK, trong dé6 K 1a nhém con cia G. Mét khic pg = px va H la tép
con roi rac nén K roi rac trong G. Ta ching minh pg = pr. Gid st (a,b) € pp, khi dé
sat € K < gsat € gK = H < gsbt € H = gK < sbt € K,Vs,t € G = (a,b) € pk, do dé
pH C pk. Do lai, néu (a,b) € px = sat € H = gK < g 'sat € K < g lsbt € K & sbt €
gK =H, Vs,t € G=(a,b) € pg, do d6 px C pu. Vay prx = pH.

bPdo lai, néu H = gK trong d6 K 13 nhém con roi rac cia G thi vi px = pg, nén H
la tap con roi rac cia G. Khi d6 L 13 ngdén ngir nhém va H 14 tdp con manh theo nghia
Puybray cua G. Gid st uz,uy,vx € L va p(u) = a, p(v) = b, p(z) = s, ¢(y) = t. Khi
dé as = p(u)p(z) = p(uzx) € p(L) = H. Tuong tu at,bs € H ma H la tdp con manh theo
nghia Puybriy trong G nén bt € H. Suy ra ¢(vy) = o(v)p(y) = bt € H = (L) = vy €
¢ 1(H) = L. Gid stt u € X*, suy ra ¢(u) € G. Vi G la nhém nén 3b € G sao cho

p(u).b=ge€ H.

Vi ¢ 1a toan cdu nén Jv € X* sao cho p(v) = b = (u)p(v) € H = p(uw) € H = wv €
¢ Y(H) = L = u la doan ban diu cia uwv € L. Vay L la ngén ngir Duybray. u
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Ngon ngit L trén X dwoc goi 1a ngon ngt Kroaz6 néu né théa man hai dieu kién sau:
(1) Moi tir thudée X* 14 mot doan ban dau ndo dé cia mot tir thude L.
(ii) Néu ba trong bon tir zuy, zvy, zut, zvt thudc L thi tir con lai thuoc L.

Pinh ly 2. Gid su L ¢ vi nhdm ci phdp la u(L) ddng cdu véi nhém G. Thé thi L la ngon
ng Kroazé khi va chi khi L = ¢~1(g), trong @6 ¢ : X* — G la toan cdu va g € G.

Chitng minh. Gid stt L 14 ngon ngir Kroazé va L = ¢ }(H), ¢ : X* — G 1a toan cau v H
la tap con roi rac cia G. Gid st hy, hy € H, khi d6 Ju,v € L sao cho p(u) = hy, ¢(v) = ha.
Khi d6 tir A.u.A € L va L la ngén ngt Kroazo nén zuy € L < zvy € L, Va,y € X*.
Do d6 o(z)p(u)p(y) € H < o(x)e(v)ely) € H, Vz,y € X* = (p(u)p(v)) € pu hay
(hl,hQ) € Py = hl = hQ, do dé |H| — [

Ddo lai, gid stt L = p~1(g), vi G 1a nhém va ¢ la toan cdu nén véi moi z € X*, Iy € X*
sao cho p(z)p(y) = g = zy = ¢ 1(g) = L = =z 1a doan ban diu cla tir u = zy € L. Mit
khéc, gid st zuy, zvy, zut € L, khi d6 p(zuy) = o(zvy) = p(zut) = g = e(z)p(w)e(y) =
o(x)p(v)e(y) = p(2)p(u)p(t) = g = ¢(u) = p(v) = P(2)p(v)e(t) = g = p(2vt) = g =
zvt € o~ 1(g) = L. Vay L 1a ngon ngir Kroazo. u

3. OTOMAT CUA NGON NGU NHOM PUYBRAY VA KROAZO

Ta dinh nghia 6témat dodn nhan ngdén ngir L, ki hiéu bing w(L) nhir sau: w(L) =
X* )Rz, X, A6, {ti|u € L}) ma tdc dung X* 1én X* /R dwgc xdc dinh bdi: @.f = uf, ap =
A 13 trang thdi ban diu, con {@|w € L} 1 tap trang thai cudi. O day, Rp 1a twong ding phdi
trén X* duwoc xdc dinh bdi (u,v) € Ry < (uz € L & vz € L, Yo € X*), con @ la Ry, - 16p
twong dwong chita u. Ta thuomg ki hieu X*/R, = A va {@|u € L} = A’, con ham chuyén
trang théi d, cu thé ta viét d(a, f) = b thay cho @.f = uf, trong A6 a =4, b = uf. Nhu vay
otomat doan nhan L 1a w(L) = (A, X, ap,d, A"), trong d6 L = {u € X*|§(ap,u) € A'}. RO

rang, moi tir u € X* x4c dinh mot 4nh xa §, : A — A, con tir A ing v&i d4nh xa dong nhét.
Tz

Téap hop tat cd cdc 4nh xa &, 14 mot vi nhédm con cida vi nhédm cdc phép bién doi cia A, ki

hidu T(A).

B& de 2. ([4]) Vdi mdi ngén ngit L trén X ta cé u(L) = T(A).

Chitng minh. Xét anh xa ¢ : u(L) — T(A), trong d6 [u] 1a pp - 16p twong dwong chira u. Khi
[u] = &y

dé [u1] = [ug] © (u1,u2) € pr < (zuy € L & zugy € L, Va,y € X*). Gidsta € A, a = 7.

Ta sé chirng minh &, (a) = dyu,(a). That vay, dy, (a) = du,(a) < d(a,u1) = §(a,uz) < Tuy =

Tu; < (zur,zuz) € Rp < (zuy € L < zugy € L,Vy € X*). Diéu nay ding Va € A, nghia

la dung Vx € X*. Do d6 ¢ la don anh. Theo cch xdc dinh 6 ¢, ta ¢6 6 ¥ la toan anh. Do

dé 6 1 14 song 4nh. Ta chitng minh 6 v 14 dong cau.

Gia st [u] — dy, [v] = 0y. Khi d6 [u].[v] = dup. Thét vay, ta cd 0, oy (a) = 6y[0(a, u)] =
6,(TU) = 6(TTW, u) = TUD = 6y (T) = uwv(a),Va =z € A. Do db §, 0 6y = yp. Vay 9 12 ding
cau.

Mot ngdén ngir L trén X dwoc goi 1a chinh qui néu né 1a ngdn ngr hiru han hoéc thu duec
tir cdc tap con hiru han ndo dé cia X* bang cich 4p dung mot s6 phép todn 1ip.

Gid st L 14 ngdn ngir trén X. Khi dé 6tomat wl dwoc goi 1 tdch dwoc néu Va,b € A,
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tlr §(a, ) = §(b, z), v&iz ndo dé thude X, kéo theo a = b. Otémat w(L) dwoc goi 1a diy di,
néu Va € A, Vz € X, 3b € A sao cho 6(b,z) = a.

Dinh 1y 3. Gid su L la ngon ngit nhém chinh qui trén X, khi @6 cdc diéu kién sau ld twong
duong:

(1) L la ngon ngi nhém manh Duybrdy;

(ii) Otémat t6i ticu w(L) = (A,X,a0,6,A") tich dugc va |A'| =1;

(iti) Otémat t6i tidu w(L) = (A, X, ag, 8, A') ddy dd va |A'| = 1.
Chitng minh.
(i) = (ii) Gia st d(a,z) = &(b,z) trong d6 a = 4, b = o, tic 1a ta ¢é: uz = vz, khi dé
(uz,vr) € Ry = Jy € X* sao cho uzy € L va vzy € L. Gid st uz € L, vi L manh theo
nghia PDuybray nén vz € L. Tuong tw vz € L = uz € L,Vz € X*. Vay (u,v) E R, = a=1
hay a = b, do d6 R, 1a tach duge. Gid st a,b € A', trong dé a = @,b = 0. Khi d6 u,v € L,
dodbure L vee LV e X* = (u,v) ERp=>a=0=a=>b,dodé |A|=1.
(ii) = (i) Gid st w(L) 1a tach dwoc, vi L 14 ngdn ngir nhém chinh qui nén theo dinh 1y Klecne
[4] ta ¢6 w(L) hitu han = A hiru han.

Mat khéc, do w(L) tdch dwgc nén Vu € X* 4nh xa d,, : A — A la don dnh. Vi A hitu
han nén ¢, la toan anh = ¢, 1a song dnh. Do d6 T'(A) 1a vi nhém con cia nhém G4 tir 4
lén chinh né. Vi A hitu han nén G4 hiru han suy ra T(A) 12 nhém con hiru han cia G4, ma
T(A) = p(L) nén p(L) 13 moét nhém hiru han. .

Vi |A'| = 1 nén A" = {a} trong d6 a = w. Gid st uz,uy € L suy ra 6(ag,uz) =
§(ag,vzr) = 6(a,2) = 6(0,z) = @ = (vi w(L) 1a tdch dwoc) md uy € L nén vy € L. Ta lai
c6 (L) la mot nhém nén Yu € X*,Jv € X* sao cho [u].[v] = [w] = [w] = [w]=> W =0 (W
or C Re), md w =w.A € L nén uv € L. Vay u 14 doan ban dau cia tir uv € L. Do dé L la
ngon ngtr nhém Puybray.

(i) = (ili) Gidsta € Avaz € X, a=14. Vip(L)la mot nhém nén Jv € X* sao cho [v].[z] =
[u] = [vz] = [u] = (vz,u) € pr = (vz,u) € R (Vi pr C RL) = §(ag,vz) = §(ao,u) hay
d(b,xz) = a. Vay w(L) day dd. Viéc chitng minh |A’| = 1 tuwong tu chitng minh (i) = (ii).

(ili) = (i) Twong tu nhu ching minh (ii) = (i) nhung ta thay lap ludn w(L) tach dugc bdi
w(L) day di. w(L) diy di = 6, : A — A 1A toan ciu, Yu € X*, ma A hitu han nén
0y : A— Aladon dnh = §, : A — A la song 4nh. 8

Hé qua. Moi ngon ngw chinh qui Puybrdy déu la ngén ngi nhom.

Chitng minh. Gid st L 14 ngdén ngtr chinh qui Puybrdy va v € X*. Khi dé Jv € X*, sa0
cho uv € L (vi v l1a doan ban diu cia mdt tir thudc L) = |A'| # ¢. Gid st a,b € A, trong
dé a =1u,b =7v. Khi dd u.A =u e L, vA=v € L. ViL la ngbén ngtr Puybray, nén
ur€Lsvrel,Vee X*=a=0haya=b= |A| =1. Gid st d(a,z) = 6(b, z), nghia la
uz = vz. Khi d6 (uz,vz) € Rr. Vi L 1a ngdn ngit Puybriy nén 3y € X*, sao cho uzry € L
vavzy € L. Vi L 1a ngébn nglr manh theo nghia Puybriy, nén uz € L & vz € L, Vz € X* =
(uz,vx) € R = @ =0 hay a = b = w(L) tdch dugc. Do L 1a ngén ngir chinh qui nén tir dé
suy ra (L) 13 mét nhém = L 14 ngdén ngt nhém. u

Otomat w(L) = (A, X,a9,0,A") dwoc goi 1a lién thong néu Va,a’,3u € X* sao cho
§(a,u) = a hodc §(a,u) = a.
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Otémat w(L) = (4, X, ag, 8, A') duwoc goi 1a lién théng manh néu Va,d',Ju,v € X* sao
cho d(a,u) = da’ va §(a’,v) = a.

Otémat w(L) = (4, X, ag,d,A") duoc goi 1a én dinh néu tir §(ag,u) = d(ag,v) suy ra
d(a,u) = d(a,v),Va € A.

DPinh ly 4. Gid st L la ngon ngt trén X. Thé thi L la ngon nge nhém Kroazé khi va chi khi
6tomat t67 tieu w(L) = (A, X, ag,d, A’") dodn nhin ngon ngit L lién théng manh va dn dinh.

Chitng minh. Gid sit L 14 ngon ngt Kroazd. Khi dé Va,b € A (a =4, b=10)3z,y € X*
sao cho [u].[z] = [v] va [v].[y] = [u] (VI p(L) 1& mdt nhém) nén (uz,v) € pr C R va
(vy,u) € pr C R = W =9 vaA oz = 4@ = 6(a,z) = b va §(b,z) = a = w(L) lién
thong manh. Gia st (u,v) € Ry vau € L. Khidé uz € L < vz € L,\Vzr € X* va
uAh € L =vA €L =ve L Honntta, u,v € L thi Au.A € L,Av.A € L vaLla
ngon ngr nhom Kroazé nén Au.x € L & Av.e € LV € X* = (u,v) € Rr. Nhur vay
L gom mot va chi mét 16p twong ddng Rr. Do d6 |A'| = 1. Gid st A’ = w véi w € L.
Gia st (u,v) € Re. Khi d6 3z € X* sao cho 6(@,z) = w (vi w(L) lién théong manh)
= uzr € L ma (u,v) € R = vz € L hay Au.x € L,Av.ex € L. Do dé Vz,t € X* ¢
zut € L & zvt € L (vi L 1a ngén ngr Kroazo). Vay (u,v) € pr = R C pr. Talai c¢6
pr C Rr = pr = Rr. Khi dé néu §(ag,u) = §(ag,v) = (u,v) € Ry = (u,v) € pr nén
Vz € X*tacdzuy € L < zvy € L, Yy € X* = §(Z,u) = §(Z,v). Viy w(L) on dinh.

bdo lai, néu w(L) = (A4, X, ag, 6, A") 1a 6témat lién théng manh va 6n dinh. Ta sé chirng
minh L la ngén ngt Kroazd. Vi w(L) la lién théong manh nén Yu € X*,Jv € X* sao
cho §(a,v) = ag trong d6 ap = @ = 6(a,v) = 6(ap,A) ma w(L) én dinh nén §(b,uv) =
d(b,A), Vb € A = (uwv,A) € pr = [v] 14 nghich ddo cia [u] = p(L) 14 mot nhém. Gid s
v € X", we L. Khidévip(L)lamot nhémnén Jv € X* : [u][v] = [w] = wv € L = uladoan
ban dau cia tr wv € L. Talaic6 |A'|=1= A" = {d'} v6i d’ = @, w € X*, nén L gdom mot
va chi mot Rp-16p. Vi w(L) én dinh nén néu (u,v) € Ry thi §(ag,u) = §(ag,v) = d(a,u) =
§(a,v),Ya € A= (u,v) € pr. Do dé6 Rr C pr. Hién nhién py C Ry nén pr = Rr. Vi vay,
tr zuy € L,zvy € L = §(ap, zuy) = d(ag, zvy) = Z.0.9 = Z.0.§ = [z].[u].[y] = [z].[v].]y] =
[u] = [v] (vi p(L) 1a mot nhém) = 2ut € L = zvt € L,Vz,t € X* = L la ngdn nglr Kroazo.

~~ —

4. DANG PIEU NGON NGU NHOM CHINH QUI
Trudce hét, ta dwa ra dieu kién cin va di dé mot ngon ngir 1a ngdn ngit nhém chinh qui.

Pinh ly 5. Ngon ngt L la ngon nge nhém chinh qui khi va chi khi L chita ngén ngi nhém
chinh qui M théa man cdc diéu kién sau

(i) Vo € X*, Jwy,wy € X*, sao cho uwy,wou € M.

(i) Néu uw,vw,zuy € M, thi zvy € M.

(iii) Néuw vw,vw € M vau € L, thiv € L.
Chitng minh.

* Diéu kién can: Gid st L 1a ngdn ngir nhém chinh qui, khi d6 L = o~ (H), trong d6 ¢

14 toan cAu tir X* 1én nhém hitu han G v H 13 tip con roi rac cia G. Gid st g € H va
M =¢71(g). Khi d6 M C H va pu(M) = G nén M la ngon ngit nhém chinh qui. Hon nita,
Yu € X*, Jwy, wp € X* sao cho ¢(u)p(wr) = p(wa)p(u) = g vi ¢ 1a todn cdu va G 1a mot
nhém. Suy ra
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o(uwy) = p(wau) = g = wwy, wau € ¢~ (g) = M.

= ( ) = ¢(v), do d6
p(zvy) = g =

Gid st vw,vw € M = p(uw) = p(vw) = g = o(u)p(w) = e(v)e(w
néu zuy € M = p(zuy) = g = p(@)p(w)e(y) = g = o(z)p(v)e(y) =
zvy € ¢~ 1(g9) = M.

* Dieu kién di: Vi M 1a ngén ngit nhém chinh qui nén p(M) hiru han. Gid st u € X*, do
(i) nén M # ¢. Gid st w € M, khi d6 uw € X* nén theo (i) Jv € X* sao cho vuw € M. Thé
thi w= Aw € M va tir (i) ta c6 zAy € M & zvuy € M,Vz,y € X* = (A, w) € pp = [v]
1a nghich ddo cia [u] trong (M), do d6 u(M) 13 mot nhém hiru han. Gid str (u,v) € pu thi
(u,v) € pr. That vay, gid stt zuy € L, do (i) nén Jw € X* sao cho zuyw € M. Theo (iii) ta
b zuy € L & avy € L = (u,v) € pr. Vay pum C pr. Do dé X*/pp = p(L) la dnh dong
céu cia X*/ o, = p(M) (xem [2, Hé qua 1.6]). Vi p(M) 1a nhém hiru han nén p(L) ciing la
nhém hiru han. Do d6 L 1a ngon ngtr nhém chinh qui. u

Trude khi dira ra két qud mo td ddng diéu ngdn ngit nhém chinh qui, twong tur Dinh Iy
Myhill-Norode (xem [12, trang 112]), ta hay chtrng minh b6 dé sau day.

B6 dé 3. Lép cdc ngon ngtt nhdm chinh qui khép kin d6i véi hitu han cdc phép todn Bun.

Chitng minh. Trudce hét, ta néu ra khéi niém ngon ngir tuan hoan. Ngon ngle L duoc goi la
ngon ngt nhém tuin hoan, néu (L) 14 moét nhém tuin hoan, nghia 1a moi phan tir cda p(L)
¢6 cap hiru han.

Ta c6: giao cia hitu han cdc ngon ngi nhém tudn hoan la ngén ng nhém tudn hodn.

That vay, ta chi cin chitng minh cho giao cta hai ngoén ngit nhém tuan hoan. Gid st |
L; va Ly la hai ngon ngir nhém tuin hoan trén X. Khi dé Yu € X*,3ni,ne € N sao cho
(U™, A) € pr, va (U"2,A) € pr, = (U™ A) € pr, va (u™™,A) € pr,. Tl d6 suy ra
xu™™y € L1 N Ly & zu™™y € L) vi zu™™y € Ly & xy € Ly vazy € Ly & 2y €
Ly N Ly,Vx,y € X*. Do d6 (u™™2,A) € pr,nL, = [u]"™2~! 14 nghich ddo cia 1ép [u] trong
(L1 N Ly) = p(Ly N Ly) 1a mot nhém tudin hoan = Ly N L 13 ngdn ngir nhém tuén hoan.

Bay gio, ta chitng minh khing dinh cia Bé dé 3.

k
Thét vay, gid sit L; 12 cdc ngén ngit chinh qui trén X (1 = 1,2,...,k). Khi dé () L; la
i=1
ngoén ngtr nhém chinh qui [4] vA mdi L; 14 ngdn nglr nhém tudn hoan, theo nhan xét trén
k k
() L; la ngén ngt nhém tuan hoan, suy ra ﬂ L; 14 ngdén ngit nhém chinh qui. Néu L 1a ngén
=1

ngtr nhém chinh qui, thi do pr = px=\r, nen w(L) = u(X*\ L), do dé6 X*\ L cing la ngon
k k

ngr nhém chinh qui. Mét khdce, vi |J L; = () X*\ L;, nén hop cia hiru han ngén ngir nhém
=1 =1
chinh qui cing 14 ngoén ngr nhém chinh qui. Gid st Ly va Lo 1a cdc ngén nglt nhém chinh

qui trén X, do Ly \ Ly = L1 N (X*\ Lg) nén L; \ Ly cling la ngoén nglt nhéom chinh qui. ®
Dinh 1y 6. Ngon ng L trén X la ngon nge nhdm chinh qui khi va chi khi L la hop cia hiu
han cdc ngon ngi chinh qui Puybrdy trén X.
Chitng minh. Dieu kién di dwoc suy ra tir Hé qua cia Dinh 1y 3 va Bo dé 3. Duéi day 1a
chitng minh diéu kién cin.

Gid st L 1a ngdn ngr nhém chinh qui dwge dodn nhan béi 6témat w(L) = (4, X, ag, 6, A')
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hiru han va tich dwoc, trong d6 A’ = {a1,a2,...,am} (xem [7]). Gid st Ly = {w €
X*|d(ap,w) = ak, k = 1,2,...,m}. Khi d6 R, = Rg,. Thét vay gid s (u,v) € R =
(uz,vz) € R, Vo € X* = (6(ag,uz) = ar & 6lag,vx) = a,Vzx € X*) = (uz € L & vz €
Ly, Yz € X*) = (u,v) € Ry,. Pdolai, néu (u,v) € R, vagid st w = a = 3z € X*, sao cho
(uz,w) € Ry (vi p(L) 1a mot nhém) = §(agp,uz) = ax ma (u,v) € Ry, = §(ag,u) = §(ag,v)
(Vi w(L) tich dwgc) = (u,v) € Ry = R, = Rr ma w(L) tadch dwoc va hiru han,
nén w(Ly) cing tach dugce va hiru han. Theo (7] ta ¢ Ly 1& ngdén ngr nhém chinh qui.
Mt khéc, theo ching minh trén Vu € X* 3z € X* sao cho uz € L;. Hon nita, néu
uz, vz, uy € Ly thi §(ap, ux) = §(ap,vz) = ax = §(ag,u) = 6(ap,v). Vi w(L) tach dugc suy
ra §(ag, uy) = 6(ag, vy), ma é(ag, uy) = ar = d(ag, vy) = ax = vy € Lg. Vay Ly 1a ngdn ngir
Buyblay Ta lai ¢c6 L = {w € X* \5(&0, w) e A'} ={we X*|d(ap,w) = ar, k =1,2,...,m}

U {w e X*|§(ap,w) = a} = U Ly. Pinh 1y dugce chirng minh. =
k=1

5. KET LUAN

Chiing toi da tim dwoc dieu kién dé mot ngon ngir 1 ngén ngir nhém Puybray, ngon ngi
nhém Kroazoé dong thoi mo td dwge dang diéu va 6tomat cia céc 1ép ngon ngit ndy. Trén co
s& d6, ching t6i da mé td dwoc dang diéu cia céc ngon ngir nhém chinh qui tong quat.
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