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Khoa Totui - Tin ung d'l}ng, Truirtu; DH Bach khoa Ha N9i

. Abstract. A new kind of products to be set up using control components is one of new research
directions in theory of codes recently. Type of codes like that zigzag codes or T-codes h1.S been
studied by different scientists. In this paper, a new product of words is proposed and named as the
spring product. On the basics of the propose, a new type of codes, i.e., spring codes is considered
and certain basic properties are established which permits to build an algorithm checking wherther
a given regular language is spring code or not.

Tom tiit. M9t trong nhirng huang nghien ciru mo rong trong ly thuyet ma la Slr dung cac yeu to
dieu khien xay dung khai niern tich cua cac tir de xay dirng cac lap ma maio Nhirng hinh thirc ma
moi nhir ma zigzag, ma dieu khien theo tich tron da diroc nhieu tac giit tren the gici nghien ciru.
Trong bai nay, chung toi de xuat mot hinh thirc tich moi - tich dan hoi. Tir do dira ra lap ma moi
dira tren tiep can do thi va dai so ma tich dan hOi. M9t so tfnh chat cua lap ma nay diroc xay dung,
tir do cho phep thiet l~p mot thuat toan kiern tra mot ngon ngir chinh quy co la ma dan hoi hay
khong.

1. CaO'I THIEU

Cia S11 A la t~p hiru han hoac va han cac ky hieu ma ta goi la bang chir cai. Trang bai
nay, cac bang chir gia thiet la hiru han.

Tap tat ca cac tir hiru han tren A bao gorn ca tir rang E diroc ky hieu la A*, tap A* -
{E} = A + la mra nhorn tv do sinh boi A. Tich cac tir thong thtro ng la phep noi ghep tir
(concatenation). Cho tir W, ui': ky hieu Iwlla dQ dai tir w, va ky hieu Wi <r w neu Wi la tien
to (prefix) thirc sir cua w (w/l < Iwl).

Ngon ngir X ~ A+ goi la ma neu moi tir w E A+ c6 khong qua mot phan tfch bci cac tir
trong X(w = Xl ... Xn, » > 1, Xi EX). Nhir vay, trang ma thong thuong, tfch hai tir la phep
dat 2 tir canh nhau.. .

MQt trqng cac huang mer rong nghien ciru ly thuyet ma la dira ra cac khai niern tich mer
rong, str dung cac yeu to dieu khien, nhap nhang, Tir do xay dung cac lap ma maio

Nhirng nam 1990 da c6 mot so phirong phap mer rong khai niern tich cac tir ma S11 dung
cac ky thuat khac nhau de tir do de xu at xay dung cac lap ma maio C6 the ke den:

- Phan tfch zigzag do M. Anselmo de xu at trang [1]. Y ttro ng cua phan tich zigzag la
trong phan tfch c6 the chira cac burro lui khtr by.

- Ma tfch tron c6 dieu khien dua tren tich tron ([8,9,12]) vao cuoi nhirng nam 1990. Trang
do y tirong tfch tron c6 dieu khien la S11 dung thanh phan dieu khieri de xac dinh qua trinh
ma va giai ma,

Tir do c6 the thay nghien ciru ly thuyet ma gan day c6 xu huang dira vao cac yeu to dieu
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khieri, da tri, nhap nhang de mo rong khai niem tich, tir do xay dung nhirng lap ma maio ve
khia canh irng dung, bao mat dir lieu nho ap dung mot phirong phap ma hoa don tri (m9t
ban ro cho ta mot ban ma) va lau dai nguy ca bi tham ma se tang boi cac tan cong xac swit
dira tren mau thu hrorn boi doi phuang. Ma hoa da tri va bien dong (mot ban ro co the dira
ra nhieu ban ma khac nhau ngau nhien va dQ dai co dan cling khac nhau) 180mot tiep c~n
tang dC?kho tharn ma Ion rat cao VI so mau thu diroc se 180qua nho de co the st'r dung tan
cong xac suat.

Theo xu huang do, trong bai nay, vo'i co sa 180tich dan hoi, trong do tich cua hai tu co
the nen 10-ihoac dan dai, da diroc giai thieu fan dau tien trong [10], cluing toi trmh bay m9t
dang cua hinh thirc ma dan hoi dira tren ca sa dai so va ly thuyet do thi, va d~t quan tam
nghien ciru tren lap cac ngon ngir chinh quy.
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Hinh 2.1. 80 thi ma dan hoi

2. TieH DAN Hal VA MA DAN Hal TREN Da TH~

Mo dau muc nay, t.nroc bet xin nhiic 10-ikhai niern ve tich dan hoi va rna dan hoi dua
tren phuong phap do thi, da diroc trinh bay lan dau trong [10].

Ta gioi han xem xet cac ngon ngir xay dung tir bang chir nhi phan B = {O,I} co d9 dai
nhir nhau, X ~ Bk = {O, l}k. Y tirong xay dirng tich dan hoi la trong qua trinh ma hoa, tich
cua cac tir khong 180tich ghep nhir tich thong tlnro ng ma co the "co 10-i"hoac "keo dan" -
nghia la co tinh dan hoi.

Trong muc nay, chung ta se st'r dung do thi de d~c tnrng khai niern tich dan hoi (duoc
goi 180do thi xac dinh ma dan hoi}.

80 thi ma dan hoi: cho tap Bk gorn 2k dinh. Moi dinh diroc gan ten boi xau k bit co gia
tri tir ° den 2k - l. Tir moi dinh b = b1b2 ... bk E Bk co 2 cung di den 2 dinh p, q co k - 1 bit
dau trung voi k - 1 bit cuoi cua b. Cu the, cung tir dinh p = b1b2 ... bk voi nhan d, d = 0 hay
1, se co dinh cuoi 180p = b2 ... bkd.

Vi d u 2.1. Voi k = 3, ta co c10 thi 1110 ta cho B3 = {O, 1}3 nhir sau

Tich dan ho i
Vai viec st'r d \lng bieu dien bang do thi nlnr tren, ta co the dinh nghia tich dan hoi cua

hai tir x, y E B nhir sau.

Dinh nghia 2.1. Cho ngon ngir X ~ Bk = {O, 1}k, hai tir x, y E X ma hai dinh tuang ling
trong do thi cua Bk 180XB, YB. MQt gia tri tich dan hoi cua x va y, ky hieu x.Py diroc xac
dinh boi nhan w cua mot d irong di p tir x B den y B, khong di qua cac dinh trung gian thuoc
X, p: XB ~ YB.
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Chu y r~,ng qua each the hien bang do thi & tren, c6 the c6 nhieu duong di p : x B 'V'-7 YB

hoac khong c6 p, nghia la tich dan hoi cua x va Y c6 the xac dinh 111Qteach khong don tri
J1eUlira chon duoc nhieu duong di p.

Ta dinh nghia w = Xl.pX2'P"'PXn = (Xl.pX2,p"pXn-l),pXn. Khi d6, day tir xl, X2, ... , Xn

diroc goi 1a 111Qtsir phan tich dan hOi cua tir w thanh cac tir thuoc X.

Vi du 2.2. Cho X = {OOO, 010,110, 101} va anh X0 111ahoa cho ling cac chir ban ro a, b, c, d
thanh day cac xau nhi phan, xe111nhir a la 000, b la 010, c la 110, d la101.

Khi do tir ab diroc 111aboi xau 00(0)10 la 111Qttich dan hdi cua 000 va 010 (xe111nhir
a.pb)v6-i tinh chat "eo 10i" thay VI nhir tich thong thirong 000010. C6 the thay 00010 phan
tich (giai 111a)duy nhat thanh tir ab xe111nhir day cac tir 000, 010 trong X.

Tuy nhien neu 111atir ad bo'i xau 000101 theo tich thong thtrorig thi giai 111a(theo tich
dan hoi) 10i la abd VI e6 111Qtkhai trien tich dan hoi 000101 = (000).p(010)p(101) (xe111nhir
a.pb.pd).

Be tranh tinh huang nay, khi ma hoa ad ta se "keo dan" tir 111abo i tich dan hoi thich
hop 000p101 = 0001101 (xe111nhir apd) , khi d6 0001101 diroc giai ma (duy nhat.) thanh ad.

Tir khai ni~111tich dan hoi, ta xay dung khai ni~111111adan hoi nhir sau.

Dinh nghia 2.2. Cho ngon ngir X <;;; Bk = {O, l}k, X la 111atich dan hoi neu mot tir bat ky
diroc phan tich theo tich dan hoi bo'i cac tir trong X la duy nhat.

Tir dinh nghia 111adan hoi, ta nhan diroc tinh chat hien nhien sau.

'I'Inh chat 2.1. Cho ngon ngu X <;;; Bk = {O, l}k, fi'i'euki~n din va fiu fie X la mii fian hoi
la

\Ix, y EX: x~ n A+y - A+ XA+ i- cp.

Vi du 2.3. Cho B3, ngon ngir X = {OOO, 010,101, 111}. Gia slr e6 anh xa 111a:
a --+ 000, b --+ 010, c --+ 111, d --+ 101.

Tich ab duoc 111ah6a boi duorig di tir dinh 000 den dinh 010 qua dinh 001 : ab --+ 00010.
Tich abd diroc 111ahoa boi duong di tir dinh 000 qua 001,010 den 101: abd --+ 000101.
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Hinli 2.2. Ma h6a su dung tich dan hdi

Viec giai ma duoc tii'~n hanh bang viec duyet theo eon dirong xac dinh boi cac nhan.
Chang han 000101 duoc giai 111anhu sau: tir dinh 000 = a theo nhan 1 den dinh 001, tiep
tuc theo nhan 0 den dinh 010 = b, cuoi cung theo nhan 1 den dinh 101 = d.

Menh de 2.2. Cho ngon ngc/jX <;;; Bk. Neu v6i moi ciip ainh x, y EX, to'n iai it nhii! mot
aucmg ai khOng qua bat kiJ ainh nao kluic thuoc X thi X la mii aan hoi.
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Chung minh. Gia st'r ngiroc 10i, neu X la ma dan hoi nlnmg co 2 dinh Xl, X2 ma moi dirong
di giira chung deu qua it nhat mot dinh thuoc X.

Xl = hb2···bk, X2 = bk+lbk+2 ... bz».

o
~ bk.,bk'2 .b2k

b",
/.'

8b,b2 ... bk

tJ...,

bt+2
o

Xet duong di tir Xl den X2 qua cac cung co nhan bk+lbk+2 ... b2k. Duong di nay rna h6a
cho tir XIX2. Tir gia thiet ta co duong di nay di qua dinh X3 thuoc X va do do no cling la
ma hoa cho XIX3X2. Nhir the ton tai tir co hai phan tich theo tich dan hoi, X kh6ng la ma
dan hoi." •

3. ANH XA LAp MA.

Trang h~ ma, cac phep ma hoa, giai ma dira tren cac bo ma co ban chat la cac anh XI!-

(tir bang chir ban ro sang bang chir ban ma), nhir the, de co the trien khai irng dung, ta can
nghien ciru xay dung anh X0 lap ma,

Anh xa ma d an ho i
Cho bang chir ban ro 2: hiru han, vi nhorn M, B C;;;; M. Dong cau h : 2:* -+ M tuang irng

moi chir cai a voi phan ttr m = h(a) E B.
Tir ma dan hoi tren do thi a muc triroc, trong muc nay, de mo rong lop ma, ta se trinh

bay khai niem do thi tren vi nhom.

Dinh nghia 3.2.1. Cho vi nhom hiru han M, bang chir 2: hiru han va mot dong cau vi nh6m
h: 2:* -+ M. MQt do thi co huang G(M, h; 2:) tren vi nhom M duoc dinh nghia boi:

(i) Tap dinh cua G la M.
(ii) Tap cac cung diroc xac dinh boi moi cung vrri nhan t, t E 2:, di tu dinh m den

n, m., n EM, la bo (m, n, t) thoa m.h(t) = n.

Dinh nghia 3.2.2. Cho vi nhom M, bang chir 2: hiru han va dong cau vi nhom h : 2:*-t

M, B C;;;; M. Neu vo i moi m., nEB, ton tai dirong di tir m den n kh6ng qua cac dinh trung
gian b' thuoc B, thi B diroc goi la tap ma dan hoi tren do thi G(M, h, 2:).

Ta co ngay d~c tmng sa cap cua t~p ma dan hoi sau.

Tinh chat 3.2.1. Cho bang chii 2:, neu B = {h(ai) : a; E 2:} la mil dam. hoi thi B thu9c m9t
lap tho a quan h~ Green R.

Dinh nghia 3.2.3. Cho bang chir ban ro 2: hiru han, vi nhom hiru han M, dong cau vi nh6m
h: 2:* -+ M, B = h(2:). Cho bang chir ban ma A, dong cau vi nhom .p : A* -+ M. Cap (h, V')
diroc goi la cap anh X0 lap ma dan hoi neu thoa:

(i) h thu hep tren 2: la song anh;
(ii) Vb E B : cp-l(b) i- {c}, cp-l(b) i- ¢;
(iii) B la ma dan hoi tren do thi G(M, cp, A).
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Hinh 3. 2.1. C~p anh xa lap ma dan hdi

SO'do irng clung ci[ip anh x?- lap ma d an hoi

Qua trinh mii h6a
a) Cho tir hien ban ro x = aIa2 ... ai; Mii h6a tung chir cai cua bang chir ban ro nhir sau:

al ~ WI E <p-I(h(aJ)), sao cho kh6ng co ti'en t6 w' nao cua WI co <p(w') E B;
a2 ~ W2, tuang tv tren;

ak ~ Wk·
b) Qua trinh ma hoa cac xau tir hien duoc thuc thi nhu sau (theo phuang phap ma dan hoi):

aIa2 ~ wd31, trong do !3I la nhan cua duong di p tir dinh do thi irng voi <p(wJ) den dinh
ling vo i <p(W2) ma khong qua dinh trung gian nao cua B.

Tiep tuc ta co x = aIa2···ak ~ Y = wI!3I!32···!3k-l·

Hinh 3.2.2. Qua trinh ma h6a

Qua trinh gidi mii

a) Tir chuoi mii hoa y, tlrn xau ti'en t6 ngan nhat WI sao cho <p(WI) = mi E B.
VI h la song anh nen ton tai duy nhat chir cai a] E A : ml = h( aJ).

b) £)9C tiep den khi diroc xau WI!3I sao cho <p(WI!3J) = m2 E B. Do h la song anh nen ton
tai duy nhat a2 E A : m2 = h(a2)'

Qua trinh diroc thirc hien tiep tuc den khi giai ma xong.

•.... ~..... ...,,, - " ,~ ,
4. MQT TIEP CAN BAI SO VA MA BAN HOI CHINH QUY

Tnroc bet, chung toi gioi thieu mot hinh thu.:c ve ma dan hoi, su dung cac c6ng C1,l dai s6.
£)9C gia co the xem them [3,6] ve cac kien thirc co s6 co lien quan. Sau do trinh bay mot s6
ket qua, trong do ket qua chinh nharn chirng minh sir ton tai cua thuat toan kiern dinh mot
ng6n ngir chinh quy co la ma dan hoi hay kh6ng.

Cho bang chir cai A hiru han, X s:;; A *, R la mot ttro ng diing tren A * vci chi s6 hiru han
(M la vi nh6m tlmang A* / R co hiru han phan tu).

Ta noi tuong diing R thoa X (hay X diroc thoa boi tuong diing R neu Vx E X, Vx' E

A* : xRx' =? x' E X. Tir do ta co, neu tirorig diing R chi s6 hiru han thoa X thi X = U[X]R
la hop cua hiru han cac lap tlnrong theo tirong diing R. Vi du tam thircng, tircng diing cu
phap =x cua X xac dinh boi Vu, v E A* : u "'x v ¢:}Vt, s E A* : tus EX¢:} tvs E X, la mot
tirong diing thoa X.
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Tinh chat 4.1. [6]
1) X la ngon ngu chinh quy khi va chi khi X tho a du oc boi miit. tu onq ating chi so hii:u

haw. ,
2)X la ngon ngu chinh quy khi va chi khi iu aru; ating cti pluip rv x ctia X to, m¢t tsictu;

ating chi so hiiu han.

Dinh nghia 4.1. Cho ngon ngir X <;;: A*, tirong dang P chi so hiru han, ta noi X la ma dan
hoi theo tirong dang P neu:

1) A* X thoa boi P;
2) '\Ix E X, '\Iy E A* X, ton tai ;1*X thac trien cua x, tire 1a ton tai tir W E A* sao cho

i) xw E A* X;
ii) '\IwI <e W : XWI tf. A* X va;
iii) xwpy.

x
]V

u
X·E[Y)

Ta noi X 1a ma dan hoi neu co tirong dang P chi so hiru han sao cho X la ma dan hoi
theo p. Ta co ngay tinh chat sau.

Tinh chat 4.2. Neu x to, mii aan ho'i theo iuo nq ating PI, PI <;;: P2 va A* X thoa P2 thi x tll
mii aan ho'i theo tu anq ating P2.

Chung minh. That vay, trong dinh nghia ma dan hoi ta co:
1) Do X 1a ma dan hoi theo tirong dang PI do do A *X thoa PI, mat khac theo gia thiet

ta co A* X thoa P2.
2) '\Ix E X, '\Iy E A* X, ton tai A* X thac trien xw cua x de XWPIY, do PI <;;: P2 ta co

XWP2Y·
Tir 1) va 2), X la ma dan hoi theo tuang dang P2. •
H$ qua sau chi ra tfnh pho dung cua tirorig dang cu phap rv A* x theo khai niern ma dan

hoi.

H~ qua 4.1. «e« x to,mii ilan hO'i theo iu anq ating P tuio ao thi x to,mii aan ho'i theo iuotu;
ating cu pluip rv A* X cua A * X.

Chung minh. Day 1a h$ qua true tiep tir menh de tren va bao ham P <;;:rvA* x theo tinh chat
cua tirong dang cu phap A* X. •

M9t trong nhirng cau hoi co ban 1a cho tap X, co thuat toan de kiern tra X co 1a ma hay
khong? Tir he qua ve tinh pho dung tren, ta thay ding, de kiern tra X co la ma dan hoi theo
tirong dang P nao do hay khong co the quy ve kiern tra X co 1a ma dan hoi theo tirong Gang
r-;» A* X hay khong.

V&i dieu kien ngon ngir X 1a chinh quy, ta co ket qua sau.

Dinh 1y 4.1. Cho ngon ngu X chinh quy, to'n tai thsuii totin kiem tra X co to, trui clan hoi
hay khOng.

Chung minh. G9i P =rvA' x la tirong dang cu phap cua A *X, M = A * / P la V! nh6m cii phap
cua A* X. Do X, A* 1a ngon ngir chinh quy, A* X chinh quy va M hiru han. Xay dung dong
cau ip cu phap ip : A* ---7 M, x EX: <p(x) = [x]p. Di;it E = <p(X), E <;;: M.

Di;it C = <p(A*X), C <;;: M. Do A*X thoa P nen <p-l(C) = A*X.
VI M 1a hiru han, E, C <;;: M, tir do lEI va ICI hiru han.
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Liip lu~n 1. X la ma dan hoi, voi x E X, Y E A* X tuy y ta co ton tai A* X thac trien, co
nghia ton tai W de:

(i) xw E A*X;
(ii) VWI <p W (WI la tien to cua w); XWI rt.A* X;
(iii) xwpy.
Xet do thi co huang hiru han co gan nhan, vai tap dinh 1a M, trong do dirong di tir m

den n, m, n E M vo i nhan ex E A* duoc dinh nghia boi 8 : m ~ n = cp(ex).m (khi ex la mot
chir thuoc A, ta hieu 8 1a cung cua do thi voi nhan ex).

L~p lu~n 2. Cac dieu kien (i), (ii), (iii) se dira ve dieu kien tirong duo ng, co dirong di tir
b = cp(x) E B den c = cp(y) E C; b "'"'"'c ma no khong di qua bat cir diem c' E C trung gian
nao, b = cp(x) E B va c = cp(y) E C. That vay:

a) Neu co dirong di b=-« c ma no khong di qua bat ctr diem c' E C trung gian nao. Gia su-
nhan cua dirong di la w, khi do xw la A* X thac trien cua x ma (i), (iii) thoa man (theo dinh
nghia ve duo ng di da neu tren va tinh chat so cap la A* X thoa boi p =rv A* x). Do dirong di
khong co dinh trung gian thuoc C, suy ra (ii) thoa man voi xw.

b) Ngiroc lai, gia su x co A* X thac trien la tir xw thoa (i), (ii), (iii), khi do theo (i) va
(ii), W 1a nhan mot dirong di tir b den c. Do (ii), suy ra duong di nay khong di qua mot dinh
trung gian c' thuoc C nao ngoai trir dinh cuoi c.

Tir cac lap luan tren, thay vi kiern tra tinh chat tren X, A *X, ta co the kiern tra tren do
thi va cac tap dinh B, C, tim duo ng di tir dinh b den dinh c thoa dieu kien tren. Do M co
hiru han phan tu nen ta co thuat toan mo ta mot each hinh thirc nhtr sau de kiern tra X co
1a ma dan hoi theo ttro'ng ding rv A* X khong, nho phuong phap quen thuoc trong ly thuyet
do thi.

'I'huat toan Test (kiern tra X co la ma dan hoi theo tirong ding rv A* X khong)
Bu o c 1. Tinh B = cp(X); C = cp(A* X);

(Do X, A* X chinh quy nen co thuat toan tinh B, C)
Bu o:c 2.

Test=true;
For bE B do

For c E C do
Neu khong ton tai duong di tir b den c ma khong qua dinh c' E C nao thi

.Test=fa1se;
Exit;

EndFor;
EndFor;

Bu o c 3. Return(Test);

Viec chi ra thuat to an nay ket thuc phep chirng minh dinh 1Y. •

Chsi y. Dieu kien 2.(ii) trong dinh nghia diroc thoa man voi tir xw diroc goi la l1i'eu kien. irtinh.
A*X.

Vi du 4.1. Cho ngon ngir chinh quy L tren bang chir ban ma 1. D~t X = A* L. De thay
A* x = X. Gia slr I; la bang chir ban ro va X da la rna dan hdi theo tirong ding p tren 1,
ta se xay dung mot hroc do ma h6a va giai ma. Tnroc bet, de y rang, neu A* L thoa tirong
ding thi X va A *X cling v~y.
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Qua trinli mii h6a: Do X la ma dan hoi (tren bang chir ban ma), ta co the xay dung
phirorig phap ma h6a xac dinh boi -anh xa don anh. (rng moi chir cai a cua bang chir ban'fo
I: vo i mot lap tuong dibg p, ky hieu [XA] trong X, tich dan hdi cua hai chir cai a, b diroc xac
dinh bo i nhan w cua mot diro ng di (gia tri u tuy y thuoc [XAJ ghep voi nhan w) tuy y tranh
A* X(= X) tIT lap tiro'ng dang [XA] den [XB],

Qua irinh. gidi mii: Biet tIT u khoi dau, ta xac dinh diroc chir cai a cua ban ro, d9C tu
trai sang den khi nhan diroc tIT uw thuoc A * X, ma anh ngiroc cua no trng voi chir cai b tiep
theo cua ban ro,,,.

" A5. KET LUAN

Tich dan hOi la mot huang nghien ciru mo rong su dung cac yeu to nhap nhang, da tri
tren cac tiep can ghep tIT ma ma mot so nghien ciru nhir [1,7,11,12] da xem xet. Be nghien
ciru cac dac trimg, chung ta co the ap dung nhieu ky thuat khac nhau. Con nhieu van de ly
thu din tiep tuc nghien ciru ve lap ma nay, chang han:

- Cac tinh chat dai so, to hop va phan lap tren cac ma dan hoi.
- Xay dung thuat toan tim t;tp X la ma dan hoi cue dai.
- Xac dinh cac rna dan hoi hieu qua dua vao irng dung thirc te bao mat dir lieu ...
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