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MA BDAN HOI VA MOT TIEP CAN BAI SO
VU THANH NAM, PHAN TRUNG HUY

Khoa Todn - Tin #ng dung, Truong DH Bdch khoa Ha Noi

“Abstract. A new kind of products to be set up using control components is one of new research
directions in theory of codes recently. Type of codes like that zigzag codes or T-codes has been
studied by different scientists. In this paper, a new product of words is proposed and named as the
spring product. On the basics of the propose, a new type of codes, i.e., spring codes is considered
and certain basic properties are established which permits to build an algorithm checking wherther
a given regular language is spring code or not.

Tém tdt. Mot trong nhitng huéng nghién ciru mé rong trong 1y thuyét ma la sit dung céc yéu t8
diéu khién xay dung khéi niém tich cia cdc tir dé xay dirng cdc 16p ma méi. Nhirng hinh thic ma
méi nhu ma zigzag, ma dieu khién theo tich tron da dugc nhiéu téc gid trén thé giéi nghién ctu.
Trong bai nay, chiing toi dé xuit mot hinh thitc tich méi - tich dan hoi. Tir dé dua ra 1ép ma méi
dua trén tiép can do thi va dai s6 ma tich dan hoi. Mot s6 tinh chit cia 16p ma nay dwoc xay dung,
tir A6 cho phép thiét lap mot thuat todn kiém tra mot ngdn ngit chinh quy cé la ma dan hoi hay
khong.

1. GIOT THIEU

Gid st A 1a tap hiru han ho#c vo han cdc ky hiéu ma ta goi la bang chir céi. Trong bai
ndy, cac bang chir gid thiét 14 htru han.

Tap tat cd cac tir hiru han trén A bao gom ca tir rong € dwoc ky hleu la A", tap A* —
{e} = AT 1 nira nhém tir do sinh bdi A. Tich cdc tir thong thuong la phép ndi ghép tir
(concatenation). Cho tlr w, w’, ky hiéu |w| la do dai tir w, va ky hiéu w’ <p w néu w’ 1a tién
to (prefix) thue su cia w (w'] < |w)).

Ngon ngt X C AT goi 14 ma néu moi tir w € A1 ¢6 khong qua mdt phan tich bdi cac tir
trong X (w = x1...xy, n > 1, x; € X). Nhu vay, trong ma thong thuong, tich hai tir 14 phép
dat 2 tir canh nhau.

Mot trong cdc huéng md rong nghién ciru ly thuyét ma 13 dwa ra cdc khai niém tich md
rong, st dung cdc yéu t& dieu khién, nhap nhang. Tir dé xay dung céc 1ép ma méi.

Nhitng nam 1990 da ¢6 mot sé phwong phéap md rong khai niém tich cdc tir ma sit dung
cdc ky thuat khac nhau dé tir d6 dé xudt xay dung cic 16p ma méi. Cé thé ké dén:

- Phan tich zigzag do M. Anselmo dé xuét trong [1]. Y tudng cta phan tich zigzag la
trong phan tich cé thé chita céc bwéc 1t khir tir. -

- Ma tich tron c6 dieu khién dwa trén tich tron ([8, 9, 12]) vao cudi nhitng ndm 1990. Trong
do ¥ tudng tich tron cé dieu khién 1a sir dung thanh phan diéu khién dé€ xdc dinh qud trinh
ma va gidi ma.

Tir d6 ¢6 thé thay nghién ciru ly thuyét ma gan day cé xu hudng duwa vao céc yéu t8 dieu
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khién, da tri, nhap nhang dé md& rong khéi niém tich, tir d6 xdy dung nhirng lép ma méi. Ve
khia canh 1rng dung, bdo mat dir liéu nhd dp dung mot phwong phap ma héa don tri (mot
ban 16 cho ta mot ban ma) va lau dai nguy co bi tham ma sé ting bdi cdc tadn cong xdc sudt
dua trén mau thu lwom bédi déi phwong. Ma héa da tri va bién dong (mot ban ré cé thé dua
ra nhiéu ban ma khac nhau ngau nhién va do dai co dan cing khac nhau) la mot tiép can
tang do khé tham ma lén rdt cao vi s6 mau thu dwoc sé la qua nhé dé cé thé sir dung tén
cong xac suat.

Theo xu huwéng do, trong bai nay, véi co s& la tich dan hoi, trong dé tich cua hai tir 6
thé nén lai hoac dan dai, da dwoc gidi thiéu [an dau tién trong [10], ching toi trinh bay mot
dang cia hinh thitc ma dan hoi dua trén co s& dai s6 va ly thuyét do thi, va dit quan tam
nghién ctru trén 16p cdc ngon ngir chinh quy.

2. TICH PAN HOI VA MA PAN HOI TREN PO THI

M¢& dau muc nay, trwde hét xin nhic lai khéi niém vé tich dan hoi v ma dan hoi dua
trén phuwong phap do thi, da duoc trinh bay lan dau trong [10].

Ta gidi han xem xét cdc ngon nglr xay dung tir bang chr nhi phan B = {0, 1} c6 do dai
nhw nhau, X € B* = {0,1}*. Y tudng xay dung tich dan hdi la trong qué trinh ma hoa, tich
cla céc tir khong Ia tich ghép nhur tich théong thuomg ma cé thé “co lai” hodac “kéo dan” -
nghia 1a c¢6 tinh dan hoi.

Trong muc nay, ching ta sé st dung do thi dé dac trung khéi niém tich dan hdi (dwge
goi 1a do thi xdc dinh ma dan hoi).

D6 thi ma dan hoi: cho tap B gom 2F dinh. M6i dinh dwoc gan tén béi xau k bit c6 gid
tri tir 0 dén 28 — 1. Tir mdi dinh b = byby...b, € B* ¢6 2 cung di dén 2 dinh p, ¢ c6 k — 1 bit
dau trung véi k — 1 bit cudi cia b. Cu thé, cung tir dinh p = by bs...bx v6i nhan d, d = 0 hay
1, sé ¢6 dinh cuoi 1a p = by...bid.

Vi du 2.1. Véi k = 3, ta c6 db thi mé td cho B® = {0, 1} nhu sau

[¢]
1
1 0
& B @
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Hinh 2.1. D6 thi ma dan hoi
Tich dan hoi
Véi viée sir dung biéu dién bang dd thi nhir trén, ta c6 thé dinh nghia tich dan hoi cla
hai tlr x, y € B nhu sau.
Dinh nghia 2.1. Cho ngén ngiv X C B* = {0, 1}*, hai tir z,y € X ma hai dinh twong tng
trong do thi cia B* 1a xp, yg. Mot gid tri tich dan hoi cda x va y, ky hiéu x py duoc xde

dinh bdi nhan w cua mot dwong di p tir zg dén yg, khong di qua cac dinh trung gian thude
X, p:xB~ ys.



MA PAN HOI VA MOT TIEP CAN PAI SO 311

Cht ¥ rang qua cach thé hién bang do thi & trén, ¢ thé cé nhieu dwomg di p: x5 ~ yg
hodc khong cé p, nghia 13 tich dan hoi cia x va y ¢6 thé xéc dinh mot cach khong don tri
néu lra chon dwoc nhiéu dwong di p.

Ta dinh nghia w = $1p20pwls, = (BLpTop. oTn-1)pTn Khi A6, A&y tir 15805 cn
dwoc goi 1A mot s phan tich dan hoi cia tir w thanh céc tir thude X.

Vi du 2.2. Cho X = {000,010,110,101} va d4nh xa ma hda cho ing céc chir ban 16 a,b, ¢, d
thanh day cdc xau nhi phan, xem nhw o 1a 000, b 1a 010, ¢ la 110, d 1a101.

Khi d6 tir ab duroc ma bdi xau 00(0)10 1a mot tich dan hoi cia 000 va 010 (xem nh
a pb)vai tinh chat “co lai” thay vi nhw tich théng thuomg 000010. Cé thé thay 00010 phan
tich (gidi ma) duy nhat thanh tir ab xem nhw day céac tir 000, 010 trong X.

Tuy nhién néu ma tir ad bdi xau 000101 theo tich thong thuong thi gidi ma (theo tich
dan héi) lai 1a abd vi ¢6 mot khai trién tich dan hoi 000101 = (000) ,(010) ,(101) (xem nhuw
apbpd).

DPé tranh tinh hudng nay, khi ma héa ad ta sé “kéo dan” tir ma bdi tich dan hoi thich
hop 000,101 = 0001101 (xem nhw a ,d) , khi d6 0001101 dwoc gidi ma (duy nhat) thanh ad.

Tir khai niém tich dan hoi, ta xdy dung khéi niém ma dan hoi nhir sau.

DPinh nghia 2.2. Cho ngon ngiv X C B* = {0, 1}*, X 13 ma tich dan hdi néu mot tir bat ky
dwoc phan tich theo tich dan hoi bdi cdc tir trong X 1 duy nhat.

Tir dinh nghia ma dan hoi, ta nhan dwoc tinh chdt hién nhién sau.

Tinh chdt 2.1. Cho ngon ngt X C B* = {0, 1}, di¢u kién cin va di dé X la ma dan hoi
la

Vz,y € X : xZ NATy — ATX AT #£ ¢.
Vi du 2.3. Cho B3, ngon ngir X = {000,010,101,111}. Gid str ¢c6 4nh xa ma:
a — 000, b — 010, ¢ — 111, d — 101.

Tich ab dwoc ma héa bdi dwong di tir dinh 000 dén dinh 010 qua dinh 001 : ab — 00010.
Tich abd duwge ma héa bdi dwong di tir dinh 000 qua 001,010 dén 101: abd — 000101.

© |

0
Hinh 2.2. Ma héa sir dung tich dan hoi
Viéc gidi ma duwogc tién hanh bang viée duyét theo con duong xéc dinh bdi cdc nhan.
Chéng han 000101 dwoce gidi ma nhw sau: tir dinh 000 = @ theo nhan 1 dén dinh 001, tiép
tuc theo nhan 0 dén dinh 010 = b, cudi cing theo nhan 1 dén dinh 101 = 4.
Meénh dé 2.2. Cho ngén ngit X C B*. Néu véi moi cap dink x,y € X, ton tai it nhdt mot
dwong di khong qua bat ky dinh nao khdc thuéc X thi X la ma dan hov.
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Chitng minh. Gid sir nguoc lai, néu X 13 ma dan hoi nhung ¢6 2 dinh z, 2o ma moi dudng
di gitra ching déu qua it nhidt mot dinh thude X.
X1 = blbg...bk, I = b}c+1bk+2...b2k.

@ bib,...b¢ @ Dy 1Dir2... D2k
b
D+t /
b2 e

Xét dwong di tir 1 dén o qua cdc cung c¢6 nhan bgy1bgia...box. Puomg di ndy ma héa
cho tir z1z9. Tir gid thiét ta c6 duwong di nay di qua dinh z3 thudc X va do d6 né ciling la
ma héa cho z1x3x9. Nhur thé ton tai tir c6 hai phan tich theo tich dan hoéi, X khong 14 ma
dan hoi. [ |

3. ANH XA LAP MA

Trong hé ma, cdc phép ma hoéa, gidi ma dua trén cdc bd ma c6 ban chét la cdc 4nh xa
(tir bang chir ban rd sang bang chit bdn ma), nhu thé, d& c6 thé trién khai ing dung, ta can
nghién ciru xay dung danh xa lap ma.

Anh xa ma dan héi

Cho bang chir ban rd6 ¥ hiru han, vi nhém M, B C M. Déng cau h : ©* — M tuong \ing
moi chir cai a véi phan tit m = h(a) € B.

Tir ma dan hoi trén do thi & muc trude, trong muc nay, dé mé rong 16p ma, ta sé trinh
bay khai niém do thi trén vi nhém.

Pinh nghia 3.2.1. Cho vi nhém hiru han M, bang chir £ hiru han va mét dong cdu vi nhém
h:¥* — M. Mot do thi c6 hiwéng G(M, h, ) trén vi nhém M dwgc dinh nghia bdi:

(i) Tap dinh cua G 1a M.

(i) Tap cdc cung duge xac dinh bdi méi cung véi nhan ¢, ¢t € X, di tir dinh m dén
n,m,n € M, 1a bo (m,n,t) théa m.h(t) = n.
Dinh nghia 3.2.2. Cho vi nhém M, bang chit ¥ hiru han v dong cdu vi nhém h : T* —
M, B C M. Néu véi moi m,n € B, ton tai duomg di tir m dén n khong qua cdc dinh trung
gian b’ thuoc B, thi B dwoc goi 1 tAp ma dan hoi trén do thi G(M, h, T).

Ta c6 ngay dic trung so cdp clia tdp ma dan hoi sau.
Tinh ch&t 3.2.1. Cho bdng chi ¥, néu B = {h(a;) : a; € £} la ma dan héi thi B thudc mot
l6p thoa quan hé Green R.
Dinh nghia 3.2.3. Cho bang chir bdn rd ¥ hitu han, vi nhém hiru han M, dong cau vi nhém
h:Y¥* — M, B = h(X). Cho bang chir bdn ma A, dong cdu vi nhém ¢ : A* — M. Cap (h, )
duoce goi 1a cip anh xa lap ma dan hoi néu théa:

(i) A thu hep trén X la song anh;

(i) Vb € B : o7} (b) # {e}, 7 1(b) # &

(iii) B la ma dan hoi trén do thi G(M, ¢, A).
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Hinh 3.2.1. Cép 4anh xa lap ma dan hoi

M

So' d6 rng dung cdp anh xa l1ap ma dan hoi

Quda trinh ma hoa

a) Cho tir hién ban r6 x = ajas...ar. Ma hoéa tirng chir céi cua bang chir ban r6 nhu sau:
a; — wy € ¢ 1 (h(a1)), sao cho khong c6 tien t w’ nao cla w; ¢ p(w') € B;
ag — wa, trong tw trén;

ap — Wg.
b) Qua trinh ma héa céc xau tir hién dwoc thue thi nhwr sau (theo phirong phdp ma dan hoi):
ajas — wi B, trong dé B1 1a nhan cia dwomg di p tir dinh do thi tng véi o(w;) dén dinh
ttng vii p(wz) ma khong qua dinh trung gian nao cia B.
Tiép tuc ta ¢ z = ayas...ar — y = w131 P2...0k—1.

a a; ... G —» Wi o W2, © Wk

(m) ()
B B2

Hinh 3.2.2. Qué trinh ma hoéa

BK-I

Qud trinh giai ma
a) Tir chu6i ma héa y, tim xau tién t6 ngan nhdt w; sao cho ¢(wi) = m; € B.
Vi h la song danh nén ton tai duy nhét chir cdi a3 € A : my = h(ay).
b) Poc tiép dén khi dwoc xau w13 sao cho p(wif) = me € B. Do h la song 4nh nén ton
tai duy nhét as € A : mo = h(as). .
Qué trinh dwoc thue hién tiép tuc dén khi gidi ma xong.

4. MOT TIEP CAN DPAI SO VA MA PAN HOI CHINH QUY

Trude hét, ching t6i gidi thiéu mot hinh thid vé ma dan hoi, str dung céc cong cu dai so.
Doc gid c6 thé xem thém [3,6] vé céc kién thirc co s& cé lién quan. Sau dé trinh bay mot s6
két qud, trong d6 két qua chinh nham chitng minh s ton tai ciia thuat todn kiém dinh mot
ngon ngir chinh quy c¢6 1a ma dan hoi hay khong.

Cho bang chir cdi A hiru han, X C A*, R 1a mot twong dang trén A* véi chi s6 hiru han
(M 1a vi nhém thwong A* /R ¢6 hiru han phan ti).

Ta néi twong dang R thda X (hay X dwoc thoa bdi twong ding R néu Vz € X, Va' €
A* :xRa’ = 2’ € X. Tir d6 ta 6, néu twong dang R chi s6 hiru han thda X thi X = U[z]|g
12 hop cia hiru han céc 16p thuwong theo twong ding R. Vi du tam thuong, twong dang ci
phép ~x cua X xac dinh bdi Vu,v € A* tun~p v &V, s € A%t tus € X & tvs € X, 1a mot
twrong dang thoa X.



314 VU THANH NAM, PHAN TRUNG HUY

Tinh ch&t 4.1. [6]
1) X la ngén ngt chinh quy khi va chi khi X théa dwoc boi mot twong dang chi sé hitu
han; \ 3
2)X la ngén ngw chinh quy khi va chi khi twong dang ci phdp ~x cia X la mét twong
dang chi s6 hitu han. ‘
Dinh nghia 4.1. Cho ngon ngir X C A*, twong dang p chi s6 hiru han, ta néi X 1a ma dan
héi theo trong dang p néu:
1) A*X thda bdi p;
2) Vr € X,Vy € A*X, ton tai A*X théc trién cia z, tirc 12 ton tai tir w € A* sao cho
i) xw € A*X;
i) Vw <p w: zw; € A*X va,
iii) xwpy.

w

u
x'ely]
Ta néi X 14 ma dan hoi néu cé twong ding p chi s6 hiru han sao cho X la ma dan hoi
theo p. Ta ¢6 ngay tinh chat sau.

Tinh ch&t 4.2. Néu X la ma dan hoi theo twong ddng p1, p1 C p2 va A*X thda pe thi X la
ma dan hoi theo twong dang ps.
Chitng manh. Thét vay, trong dinh nghia ma dan hoéi ta cé:

1) Do X 1a ma dan héi theo twong ding p; do d6 A*X thoda p1, mit khéc theo gid thiét
ta c6 A*X thda po.

2) Vo € X, Yy € A*X, ton tai A*X thac trién zw cla xz dé zwpy, do p1 C ps ta cb
TWPY.

Tir 1) va 2), X 14 ma dan hoi theo twong dang ps. |

Heé qua sau chi ra tinh ph6 dung cia twong ding ci phap ~ 4+ x theo khéi niém ma dan
hoi.
Heé qud 4.1. Néu X la ma dan hoi theo twong dang p nao d6 thi X la ma dan hoi theo twong
dang ci phdp ~axx cia A*X.
Chitng minh. Day 14 hé qua truc tiép tir ménh dé trén va bao ham p C~ 4+ x theo tinh chit
cla twong dang ci phap A*X. ]

Mot trong nhirng cau héi co ban la cho tap X, c6 thuat todn dé ki€m tra X cé 13 ma hay
khong? Tir hé qud vé tinh phd dung trén, ta thiy ring, dé kiém tra X cé 1a ma dan hoi theo
twong ding p ndo dé hay khong cé thé quy ve kiém tra X cé 1a ma dan hoi theo twong ding
~axx hay khong.

Véi dieu kién ngon ngtr X 14 chinh quy, ta ¢6 két qua sau.

»

Dinh 1y 4.1. Cho ngén ngt X chinh quy, ton tai thudt todn ki€m tra X cd la ma dan hoi
hay khong.
Chitng minh. Goi p =~ 4+ x 1a twong ding cd phdp cia A*X, M = A*/p 1a vi nhém ci phdp
cia A*X. Do X, A* la ngon ngir chinh quy, A*X chinh quy va M hitu han. Xay dung dong
cdu ¢ ci phdp ¢ : A* — M, x € X : p(z) = [z]p. P&t B = ¢(X), BC M.

bit C = p(4*X), C C M. Do A*X thda p nén ¢ }(C) = A*X.

Vi M la hitu han, B, C C M, tir d6 |B| va |C| hru han.
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Ldp lugn 1. X la ma dan hoi, véiz € X, y € A*X tuy ¥ ta c¢6 ton tai A*X théc trién, cé
nghia ton tai w dé:

(i) zw € A* X

(i) Yw; <p w (w 1A tién t6 cia w); zw; € A*X;

(iil) zwpy.

Xét do thi c6 hudng hiru han c¢6 gdn nhan, v4i tap dinh 14 M, trong dé duong di tir m
dén n,m,n € M vé6i nhan o € A* dwoc dinh nghia bdi 6 : m - n = p(a).m (khi o la mot
chir thuoc A, ta hiéu § 14 cung cta db thi véi nhan a).

Lap lugn 2. Cac diéu kién (i), (ii), (iii) sé dwa vé diéu kién twong dwong, c6 duong di tir
b= ¢(z) € B dén ¢ = p(y) € C;b ~ ¢ ma né khong di qua bat cit diém ¢’ € C trung gian
nao, b = p(x) € B vac = ¢(y) € C. That vay:

a) Néu c6 duong di b ~ ¢ ma né khong di qua bat cir diem ¢’ € C trung gian nao. Gid sir
nhan cia duomg di 14 w, khi A6 2w 1& A*X thac trién cia 2 ma (i), (iii) thda man (theo dinh
nghia vé duwdmng di da néu trén va tinh chét so cap la A*X thoa bdi p =~ 4+ x). Do duong di
khong c¢6 dinh trung gian thudc C, suy ra (ii) théa man véi zw.

b) Nguoc lai, gid stt x ¢ A*X thdc trién 1 tir zw thoéa (i), (ii), (iii), khi d6 theo (i) va
(ii), w la nhan mot duwong di tir b dén c. Do (ii), suy ra duwomg di nay khong di qua mot dinh
trung gian ¢’ thudc C' nao ngoai trir dinh cudi c.

Tir cac 1ap luan trén, thay vi kiém tra tinh chat trén X, A* X, ta c6 thé kiém tra trén do
thi va cdc tap dinh B, C, tim duong di tir dinh b dén dinh ¢ thoa diéu kién trén. Do M c¢6
hiru han phan tir nén ta cé thuat toan mo6 td mot cdch hinh thirc nhu sau dé kiem tra X cé
1A ma dan hoi theo twong ding ~ 4+ x khong, nho phwong phdp quen thudc trong 1y thuyét
do thi.

Thuat toan Test (kiém tra X c6 la ma dan héi theo twong ding ~ 4+ x khong)
Bugc 1. Tinh B = p(X); C = p(A*X);
(Do X, A*X chinh quy nén c6 thuat toan tinh B, C)
Bugce 2.
Test=true;
For b € B do
For c € C do
Néu khong ton tai dwong di tir b dén ¢ ma khong qua dinh ¢ € C nao thi
Test=false;
Exit;
EndFor;
EndFor;
Budc 8. Return(Test);

Viéc chi ra thuat toan nay két thic phép chimg minh dinh ly. [ |

Chii ¢. Diéu kién 2.(ii) trong dinh nghia dwgc théa man vai tir zw dwoc goi 1a dieu kién tranh
A*X.
Vi du 4.1. Cho ngdén ngir chinh quy L trén bang chir ban ma I'. Pat X = A*L. Deé thay
A*X = X. Gia sit ¥ 1a bang chir bdn r6 va X da 1a ma dan hoi theo twong ding p trén T,
ta sé xay dung mot lwoc A ma héa va giadi ma. Trudce hét, dé y rang, néu A*L thda twong
dang thi X vA A*X cung vay.
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Qud trinh ma héa: Do X 1a ma dan héi (trén bang chit ban ma), ta c6 thé xay dung
phurrong phdp ma héa xéc dinh bdi-anh xa don danh. Ung mdi chit céi @ ciia bang chit ban 16
¥ v61 mot 16p twong dang p, ky hiéu [z 4] trong X, tich dan hoi cia hai chir cdi a, b dwoc xdc
dinh bdi nhan w cda mot duong di (gid tri w tiy ¥ thudce [z 4] ghép véi nhan w) tiy ¥ trénh
A*X (= X) tir 16p twong dang [z4] dén [xp].

Qud trinh gidi ma: Biét tir u khdi dau, ta xac dinh duwoc chir céi a ciua ban 16, doc tir
trdi sang dén khi nhan duoc tir uw thuoc A* X, ma dnh nguoc clia né tng véi chir ¢éi b tiép
theo cua ban ro,...

5. KET LUAN

Tich dan héi 1a mét hwéng nghién ctru mé rong sit dung cdc yéu tS nhap nhing, da tri
trén cdc ti€p can ghép tir ma ma mot s6 nghién ciru nhw [1,7,11,12] da xem xét. Dé nghién
clru cdc dic trung, chiing ta cé thé 4p dung nhiéu ky thuat khéc nhau. Con nhiéu van dé ly
thi can tiép tuc nghién ciru vé 16p ma nay, ching han:

- C4c tinh chat dai s6, t6 hop va phan lép trén cidc ma dan hoi.

- Xay dung thuat todn tim tap X 1a ma dan hoi cuc dai.

- X4c dinh cdc ma dan hoi hiéu qua dwa vao tmg dung thwe t€ bao mat di liéu...
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