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Abstract. In this paper, we continue to investigate basic properties of non-homogeneous hedge
algebras which was introduced in [6]. One of important problems of the consideration is how to
determine ordering relationships between elements in a domain of linguistic values of a linguistic
variables. Therefore, some criterion for comparison of any two elements will be established. Many
properties related to ordering relationships between elements will also examined.

Tém tdt. Trong bai bdo nay, ching téi tiép tuc nghién ctru nhirng tinh chat co bén cla dai s6 gia
tir khong thuan nhat da duwoc gidi thiéu trong [6]. Van dé cin quan tam 13 lam thé nao dé xac dinh
quan hé thit tu gitta cdc phan tr trong mién gid tri cla bién ngén ngt. Vi thé, mot s6 tiéu chudn
so sanh gitra hai phan tir bat ki va nhiéu tinh chat lién quan téi quan hé thit tu gitta cidc phan tir
cling duoc thiét lap.

1. INTRODUCTION

People use natural languages to reason, to deduce conclusions, and to make decisions.
Therefore, linguistic values are used rather than numerical values in human reasoning pro-
cesses. In 1973, the notion of a linguistic variable was introduced by Zadeh. That is a variable
whose values are words or sentences in a natural or artificial language. For example, Age is
a linguistic variable which can take the values young, Very young, Possibly young, Approxi-
mately young, Possibly young or Approzimately young, old, Very old, Possibly old,.... These
linguistic terms are generated from primary terms young and old by means of hedges Very,
Possibly,... and logical connectives and, or, not and so on. In addition, there is an ordering
relation determined by their natural meaning. For example, we can recognize that young<old,
Very young <young, Very old>old,.... The notion of a linguistic variable is one of the basic
tools for fuzzy logic and approximate reasoning. In fuzzy logic in Zadeh’s sense, the objectives
of consideration in nature are semantics of linguistic terms such as true, Very true, Possi-
bly true, Approximately true, Possibly true or Approximately true, false, Very false, Possibly
false,..., but their meaning are modeled by fuzzy sets. In our approach, the meaning of terms
are modeled by ordered - based structure of their linguistic domain. So, one of important
problems is how to determine ordering relationships between elements in this domain. The
paper is aimed to establish a fundamental criteria and examine some properties related to the
ordering relationship.

As we have introduced in [6], a domain of linguistic values of a linguistic variable is
considered as an algebraic structure X = (X,G, H, <), where G is a set of primary gener-
ators, H is a set of unary operations representing linguistic hedges, X is a set of linguistic
terms generated algebraically from G by using hedges in H. Therefore, each element x € X can
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be expressed in the form z = h,,...hic, where hy,....h, € H, ¢ € G, < is a semantic ordering
relation on X.

The authors of [5] have to assume H is homogeneous, i.e. each operation is either positive
or negative w.r.t all the operations in the same graded level of H™ or H~. For example, V
is negative w.r.t all A, P and ML in the same graded level of H~. In our study, we assume
that H— may contain the hedge "Not so” which lies on the same graded level of A, P and
ML, but V is positive w.r.t "Not so”, which destroys the homogeneous hypothesis. So, we
have to establish a new system of axioms for these algebraic structures which are called non-
homogeneous hedge algebras.

The presence of the hedge N (”Not so”) in the new hedge algebras brings certainly new
characteristics related to the elements, whose representation form contains N. We denote by
S the set of the form N A (hy V ...V hy) or its dual form. As presented in [6], by their
properties, the set S was decomposed into two sets denoted by ST and S~ and some notions
need to be introduced. For convenience in sequel, we recall here these notions and the axioms
of non-homogeneous hedge algebras.

Let us consider h and k are two operators in the same graded level of LH. If lhx > hx
iff lkx > kx for all | € LH, x € X, then h and k are said to be homogeneous. If lhx > hx iff
lkx < kx for all [ € LH, x € X then h and k are called anti-homogeneous. By LH¢ we denote
graded level of LH¢, where LH¢ is the lattice freely generated from ‘" graded level Hf.

Assume h,k € LHS h # k and § € LH*, (4, ha, kx) is called a translative triple if the
following conditions hold:

(i) hx < kx and Shx < Skzx.

(i) For any y € LH (kx) such that y # dkz, Shx and y are incomparable.

(iii) For any z € LH (hx) such that = £ Sha, kx and z are incomparable.

Recalling the following property is necessary to easily understand some formulations of
statements.

Property 1.1. ([6]) If h,k € S then the following assertions hold:
(i) Both h and k belong together to either ST or S~ iff h and k are homogeneous.
(i) Either (he ST and ke S~ ) or (he S~ and k € ST) iff h and k are anli-homogeneous.

Definition 1.1. ([6]) An algebra X = (X, G, LH, <) is said to be a non-homogeneous hedge
algebra, if the following axioms hold:
(N1) Suppose h € LHY,k € LH- and x € X. If | € S and hlxz # lx then hlx and kix are
incomparable. If | € LH\S then hiz > lz iff klz < lxz.
(N2) The unit operation V of LH™ is either positive or negative w.r.t. any operation in LH.
(N3) Semantic heredity of independent terms - If w and v are independent then x ¢ LH (v) for
any x € LH(u) and vice versa. If x # hx then x ¢ LH(hx). Furthermore, if hx # kz then
hx and kx are independent.
(N4) Comparability
(i) If hx and kzx are incomparable then so are w € LH(hx) and v € LH(kz). If a,b € G and
a < bthen LH(a) < LH(b). If ha > x then LH(hx) > hx, for any h € ST and LH (hx) < hzx,
for any h € S=. If hx < x then LH(hx) < hx, for any h € ST and LH(hx) > hx, for any
heS .
(ii) For any h # k and h,k ¢ LHZ, where i ¢ SI°. If hx < kx then, for every § ¢ LH*,
(6, hz, kz) is a translative triple in the following cases:
e h¢d Sand k ¢ S or both h and k belong together to either St or S™.

e h¢é S keSS and Shx > hx.
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e he S k¢S and Skx < kx.
(N5) If w € LH(x) and suppose that v ¢ LH(hx), for any h € LH¢, i € I°, then u > v(u < v) for
v e LH(hx), h € LH?, implies v > h'v(u < k'v), for any b € UOS.
Before establishing basic criteria for comparing elements in X, it is useful to recall the
following statements for easy reference.

Proposition 1.1. ([6]) A< N ifhe S~ and h> N if he ST,

Property 1.2. ([6]) For any h,k ¢ LH{, such that hx # x, kx # ©, where x ¢ X, the following
assertion holds:

Ifh ¢S, but k€S then ha < ha implies LH (kx) > kx and hz > kx implies LH (kz) < ka.

Property 1.3. ([6]) For any h,k € S, if hx < kx and h,k do not belong to the same St or
S—, then LH(hx) < hx < kxz < LH(kz), for every xz € X.

Corollary 1.1. ([6]) For every x € X, if hx < kx and h,k do not belong to the same LHE,
where i € SI¢, then Sha < & kx, for any 6,6 < LH*.

2. BASIC COMPARISON CRITERIA

As mentioned above, truth values in fuzzy logic can be taken in a linguistic domain of
the linguistic variable truth, which can be considered as a hedge algebra. Ordered structure of
hedge algebras are defined by the meaning of linguistic hedges and primary terms, and hence
the ordering relation can be called a semantic ordering relation. Therefore, an important
question arises is how can we determine the ordering relationship between any two elements
of a non-homogeneous algebra. The following theorem answers this question.

First of all we recall the notation x(;) which is defined as follows: if z = hy,...hju then z(;) =
hj_1..hu for 1 < j < n, with a convention that he = I, the identity on X, ie. z¢) = hou = u.
In this paper, when we write LH?, it is understood that ¢ € SI¢, i.e. |H;| > 1, otherwise it is
noticed explicitly.

We need the following lemma.

Lemma 2.1. Suppose h,k € LH?. For any x € LH(hw), y € LH(kw) andw € X, the following
assertions hold:

(i) If hw < kw then either x <y or x and y are incomparable.
(i) If x < y then hw < kw.

Proof

(i) Suppose that x = dhw, y = §'kw and hw < kw. Let us consider the following cases:

Case 1: h,k ¢ Sor h,kc ST or h,k € S~. Then, (6, hw, kw) is a translative triple and it implies
Shw < Skw. If kw < §'kw then @ < y. If §'kw # dkw then y and x are incomparable. That is
(i) holds.

Case 2: h ¢ S and k € S. Then, we have LH(kw) > kw, by Property 1.2. Therefore, if
Shw < hw then x = dhw < kw < y. If §hw > hw then, by the axiom (N4)(ii), (6, hx, kx) is a
translative triple and hence by the same argument as in Case 1, the desired results follow.
Case 3: h € S and k ¢ S. By Property 1.2, we have LH (hw) < hw. Hence, if §'kw > kw then
it follows that z < y. And if §'kw < kw then, by the same argument as in Case 2, (&', hx, kx)
is a translative triple and the desired results follow.

Case 4: h,k € S and h, k do not belong to the same S™ or S~. By Property 1.3, LH (hw) <
hw < kx < LH (kw) which implies that = < y.
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(ii) Suppose that z < y. If hw = kw then w is a fixed point. Tt follows that = = y which
is contrary to the assumption. If hw and kw are incomparable then by (N4)(i), z and y are
incomparable, and we obtain a contradiction. If hw > kw then by (i) we have either = > y or
x and y are incomparable, which is a contradiction as well. Therefore, the only one case holds
is that hw < kw. ]

Now we establish some comparison criteria which are given in the following theorem.

Theorem 2.1.Let x = hy,...hau and y = ky,...kiu be two arbitrary canonical representations of
x and y w.r.t u, respectively. Then there exists an index 7 < min(m,n) + 1 such that by = k;,
for alli < j (note that if for example j = m+1 then it can be understood under our convention
that k; = I, the identity), and

rz=yff m=mn and h; =k;, for all i < n.
1 ] dh;=Fk l
(2) @ < y iff hjeyy < kjaey) and either h;y and k; do not belong to the same LH{ or hj, k;
belong to the same LHY and one of the following conditions holds (where for short, by (*)
we denote the condition [Shjxiy < & hjagy or Skjxgy < & kjagy] and & = hy...hji, 8 =
Ifm...lfj+1).'
(i) hy, k; are homogeneous and condition (*),
(ii) hy ¢ S, k;j € S, 6hja(y) = hjxy and condition (%),
<111>hj g S, k‘j c S and (5hj:r(j) < hj&?(j),
(iv) hj €S, k; ¢ S, 8 kjw(y) < kjay) and condition (%),
(V) hj €S, k; ¢ S and &'kjay > kjay),
(Vi) hj, k; are anti-homogeneous.
Moreover, a more strict formulation of the necessity, in which the ”or” in the condition
(*) is replaced with ”and”, denoted by (*and), is still valid.
(3) @ and y are incomparable iff either hjxy), kjxy are incomparable or hjxiyy < kjx and
hj, k; belong to the same LHY and one of the following conditions holds:
(i) hj, k; are homogenous and Skjx ;) £ & kja(jy or Shjx(y £ 8'hja(y), denoted by (**).
(ii) hy ¢ S, k; € S, Shja(yy = hjx; and condition (**).
(iii) hj € S, k; ¢ S, Skjxeyy < kjaey and condition (**).
Moreover, a more strict formulation of the necessity, where (**) replaced by (**and), is
still valid.

Proof. Let j be the greatest index such that h; = k;, for all i < j. It can easily be seen that
such a j alway exists. If j < min(m,n) + 1 then h; # k;. If j = min(m,n) + 1 and suppose that
m < n, then, with our convention, k; = I and we also have h; # k;.

(1) If m = n and h; = k;, for all i« < n then two canonical representations of z and y is
identical, and hence z = y. Now, we shall prove the necessary condition of assertion (1)
by contradiction. Assume that two canonical representations of x and y are different.
Then there exists j < min(m,n) + 1 such that h; # k; and h; = k;, for all ¢ < j. If
hjx(; = kjx(; then by (iii) of Theorem 5.1 [6], x(;) is a fixed point, which leads to the fact
that » = m and h; = k;, @ < n, a contrary to the assumption. Therefore, hjz(; # kjz(;)
and we have the following three cases:

a) hjx(; and kjz(; are incomparable. Then, by (N4)(i)  and y are also incomparable, a

contradiction.

b) hjx(;y < kjx(s. If by and k; do not belong to the same LHY then by assertion (i) of Corollary
1.1, x < y holds, a contradiction. If h;, k; € LH{ then by Lemma 2.1, we have either < y or
x and y are incomparable, and this is a contradiction, as well.
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c) For the case hjx(;) > kjz(;), by similar argument as in Case b) we also obtain a contradiction.
Thus, we have proved that if x = y then their canonical representations are identical.

(2) Sufficiency: Suppose that hjz(;y < kjx(;y. Then, if h; and k; do not belong to the same
LH¢ then z < gy, by Corollary 1.1. If hj, k; € LHE, then it follows from (i) Lemma 2.1,
Where hj, kj, x(; play the role of h, k and w, 1respectlvely7 that either x < y or z and y
are 1ncomparable Now, notice that, by Property 1.1, the hypothesis on homogeneous in
(i) is equivalent to the hypothesis in the first case of (N4)(ii). Therefore, if (i) or (ii) or
(iv) holds, by (N4)(ii) then (6, h; 5T kjx(y) or (&', hjx(s, kjx(;)) are translative trlples and
hence we get Shjw(jy < Skjx(yy or &' hjx(y < 8'kjw(yy. These inequalities and condition (*)
lead to the desired inequality that « < y.

Now, assume (iii) holds. Since h; ¢ S, k; € S, by Property 1.2, we obtain LH (kjz(;) >
kjx(;), which together with dhjx(;) < hjx; lead to x < y.

Similarly, we have the proof for (v).

Suppose (vi) holds. By Property 1.1, h; and k; do not belong together to the same S* or
S~ . In addition, since h;x(; < kjx(;), by Property 1.3, we have LH (h;x ;) < hjx(; < kjagy <
LH(kjx(;)), that lead to the inequalities x = dhjx(;) < hjx) < kjxy < ke = y. So, the
sufficiency part of the theorem has been proved completely.

Necessity: Assuming x < y, by (ii) Lemma 2.1, we have hjz(; < kjz(;. In addition, if h; and

k; belong to the same LH{ then one of the following cases should holds:

(2.1) hy, k; are homogeneous or equivalently, either h;, k; ¢ S or they both belong to the
same ST or S,

(2.2) Either h; ¢ S, k;je Sor hj €S, k; ¢ S.

(2.3) hj, k; € S and they are anti-homogenous or equivalently, h; and k; do not belong to
the same ST or S—.

If (2.1) holds, then by (N4)(ii), (6, hjx(;, kjz(;)) is a translative triple, for all 6 ¢ LH*.
Hence, if dhjx(jy £ 6 hjz(j holds then x and y should be incomparable, which contradicts
the hypothesis. Thus, we have dh;x(; < 6/hjac(j). By an analogous argument we also have
&' kja(;) > Skja(s). Therefore, condition (i) is true.

Now, we assume that h; ¢ S, k; € S. If Shja(y) > hjz(;), then by (N4)(ii), (3, hjz(y), ki)
is a translative triple, and by the same argument as above, we obtain (ii), else we obtain (iii).

If hj € S and k; ¢ S, then by the same argument as for the case h; ¢ S and k; € S, we
obtain conditions (iv) and (v).

Since (2.3) is just the condition (vi), the proof of necessity (2) is completed.

(3) Now, we prove point (3) of the theorem.

Sufficiency: If hjx(; and kjz(; are incomparable then so are x and y, by (N4)(i). Now, let

us suppose that hjz(;) < kjz(;, where h;, k; ¢ LH;, and one of the conditions (i) — (ii7) holds.

By (N4)(ii), (6, hjz(y), kjz(;) s a translative triple, for all § € LH*. Therefore, if (**) is true,

then x and y are incomparable.

Necessity: Assume that x and y are incomparable. If h; and k; do not belong to the same LH*,
then h;_; € S. Indeed, assuming that h;_; ¢ S, we have, by the axiom (N1), either hjh;_jw >
kjh; 1w or hjh; 1w < kjh; jw. It means that either hjxz(;y > kx5 or hyz(; < kjz;). Since
h; and k; do not belong to the same LH¢ and by Corollary 1.1,  and y are comparable, a
contrary to the hypothesis. Thus, h;—; € S and, again by the axiom (N1), h;x(;) and kjz(j)
are incomparable.

If hj, k; € LH® and h; and k; do not belong to the same LH¢, then h; and k; are always
comparable. Since X and LH are compatible, h;x(; and kjx; are also Comparable By
Corollary 1.1, z and y are comparable, which contradicts the hypothesis. Therefore, we can
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suppose that h;,k; € LH?. Then, one of the following cases occurs:

Assume that h;, k; are homogeneous and hjx(;) < kjz(;. By (N4)(ii), we have dhjz(;) <
Okjxyy. U okjacyy < 8'kjaey then @ = dhjw(; < dkjx(; < d'kjx(;) =y, a contradiction. Thus,
Skjx(jy £ & kja holds. Similarly, we have ohjz ;) £ & hjaj), ie. (FFand) is true.

Now, assume that h; ¢ S, k; € S and hz;) < kjz;). By Property 1.2, LH(kjx(;)) >
kjx(; which implies that y = 6'k;x(; > kjz;). Therefore, if 6hjx(;) < hjz(; then = < y, a
contradiction. Hence, 6hjx(jy > hjz(;). Then, by (N4)(ii), dhjz(yy < okjagyy. If 6kjayy < 8'kjay)
then < y. We also obtain a contradiction and hence, dk;x(;) £ 0'k;z(;).

For the case h; € S, k; ¢ S, the proof is similar.

Finally, if h;, k; € S and h; and k; are anti-homogenous, then by Property 1.3,  and y are
comparable, a contradiction. Therefore this case does not occur. This concludes the proof. m

3. SOME ADDITIONAL PROPERTIES RELATED TO
ORDERING RELATIONSHIPS BETWEEN ELEMENTS

It is observed from Theorem 2.1 that determining the ordering relationship between two
elements becomes very complicated, when h; and k; belong to the same graded level lattice
LH¢, that is when the considered elements belong to LH(LH{[x]), where LHf[x] = {hx : h €
LH?}, @ € SI¢. Therefore, in this section, we shall examine ordering relationships between
elements in LH(LH¢[x]).

Theorem 3.1. For any x € X and i € SI¢, if there exists a hedge h € LHY such that hx is a
fized point, then so is kx, for any k € LHE.

Proof. First, we prove for the case where hx and kx are comparable. If hx = kz then, by (iii)
Theorem 5.1 ([6]), x is a fixed point and so the assertion in the theorem is evident. Assume
that hx < kx. We shall prove the assertion by cases as follows:

(1) Assume that h,k ¢ S and hz is a fixed point. By (N4)(ii), (6, hx, kx) is a translative triple
for all 4, and hence Vhz < Vkx and Lhx < Lkx. So, if Vkx > kx then Vhzx and kx are
incomparable and it contradicts the assumption that Vhx = hx < k.

If Vkx < kx then it follows from k ¢ S and (N1) that Lkxz > kx. So, we conclude that Lhx
and kx are incomparable and it contradicts the assumption that Lhx = hx < kx. Since Vkx
and kx are always comparable, the only remaining case holds is that Vkx = kz, and so kx is
a fixed point.

(2) Assume in turn that h ¢ S and k € S. By Property 1.2, we have LH(kx) > kx, which
implies Vkz > kx. Since hz is a fixed point, we can write Vhx > hxz. Therefore, one of the
case in (N4)(ii) is satisfied and hence (V, hz, kx) is a translative triple. So, Vhx < Vkz. Now,
if Vkx > kx would hold, then Vhz and kzx should be incomparable, a contradiction. Hence
Vkx = kx, and so kz is a fixed point.

(3) Assume that h € S and k ¢ S. The proof for this case is similar as in (1), using (N4)(ii)
and (N1) and we can conclude that kx is a fixed point.

(4) Now, assume that h, k € S. By Proposition 1.1, h and N, as well as k and N are comparable.
Note that N ¢ S, therefore, by Case (3) above, if hx is a fixed point then so is Nz. In turn,
again by Case (3), kz is a fixed point.

For the case hx > kz, the proof is similar.

Now, it remains to assume that hx and kx are incomparable. Clearly, (hV k)z and hz are
comparable and so are (hV k)x and kz. Therefore, as proved above, if hx is a fixed point, then
80 is (hV k)x and, in turn, kx is a fixed point, as well. This concludes the proof of the theorem.
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Theorem 3.2. Assume that hx < kx and h,k € LHE, where i € SI¢, and x € X. For all
6 € LH*, if 6hx < hx and Skx > kx, then we have

(i) W6hx < Sha iff Woka > Skx, for any ' € LH.
(i) h'Sha > Sha iff h'Skx < Sk, for any K € LH.

Proof

(i) We shall prove the theorem by induction on the length of §. Suppose that |§| =1 and
6 = hy, ie. hihx < hx and hikx > kxr. Assume that A'hihx < hihzx. Hence, B/ is positive
w.r.t hy, and from hikx > kx the desired inequality &' hikzx > hikz follows. Now, assume that
W hihx > hihx which says that R’ is negative w.r.t hy, and so, hhikx < hikx. Since h and %
play a similar role, the proof for the sufficiency is similar. It shows that assertion (i) is true
for |6] = 1.

Assume that the assertion is true for all 6 € LH* such that |[5| < n, where n > 1. We shall
prove that the assertion is true for |6| =n+1.

Consider any string of hedges k'8, where é = hy,h,_1...h1, hy € LH, i=1,...,n, and assume
that h'éhx < dhx. If hphy_1.. . hihx < h,_1...hihx, it shows that A’ is positive w.r.t h,. From
the induction hypothesis it follows that h,hy,_1...hikx > hy_1...hikz. Since k' is positive w.r.t
hn, we have h'6kx > kx. If hyhy_1..hihx > hy_1...hihx then R is negative wrt h,. By a
similar argument, we obtain h'dkxz > ékx. The proof for the opposite direction is similar and
it concludes the proof of (i).

Since the proof for (ii) is similar, the proof of the theorem is completed. m

As a generalization of Theorem 3.1, we have the following result.

Theorem 3.3. For any x € X and h, k € LHf we have dhx is a fized point iff Skx is a fived
point for any § € LH*.

Proof. Let dhx be a fixed point. First, we prove for the case where h and k are comparable.
If hx = kz then the assertion is trivial. Since the proof for the case where hx > kx is quite
similar, let us suppose that hx < kz. We shall examine case by case as follows:

(1) Assume that h,k ¢ S and in this case, by (N4)(ii), (4, hx, kx) is a translative triple and so
we have dhx < dkx. Assume the contrary that §kx is not a fixed point and that § = k... k;.
If kn, ¢ S then, by (N1), there exists k' ¢ LH such that k'dkx < Skx. By the definition of a
translative triple, dhz and k'ékx are incomparable. Again by property of (4, hz, kx), we have
k'éhx < K'Skx. Since k'Shx = dhz, it follows that dhx < Kk'dkx, which contradicts the fact
that shx and k'Skx are incomparable. Now, assume that k,, € S. Then, by (N4)(i), there
are only two possibilities: LH(6kx) < ékx and LH(6kx) > dkx. If LH(6kx) < dkx, we have
again the inequality k'dkx < dkz, and by the same argument, it leads to a contrary, as well.
If LH(6kx) > dkx then we have k'ékx > dkx. Since (K6, hx, kx) is a translative triple, dkx and
k'éhx are incomparable, which contradicts the fact that ¥'éhx = §hx < dkz. By contradiction,
it proves that ékx is a fixed point.

(2) Assuming that h ¢ S and k € S, we have LH (kx) > kx, by Property 1.2. If shx > hx then,
by (N4)(ii), (6, hx, kz) is a translative triple and the proof for this case is similar as in (1).
Assume that dhx < hx. If §kx = kz then kx is a fixed point, and by Theorem 3.1, hx is a fixed
point. This contradicts the fact that dhax < hx. Hence, we should have dkx > kx. Since dhx
is a fixed point, we have h/'éhx = Shx, for any I/ € LH, and we can write h/éhx < dhz. By
Theorem 3.2, we have h/Skx > dkz. On the other hand, we can also write h/'éhx > §hx and by
Theorem 3.2, h/ékx < §kx. Therefore, we get h'dkx = dkz, i.e. dkx is a fixed point.

(3) For the case h € S and k ¢ S, the proof is similar as for the Case (2).

(4) Now, assume that h,k € S. Then, if h and k are anti-homogeneous then, by Property 1.3,
we have LH(hx) < hx and LH(kx) > kx. Assuming that dhx = hz, it says that hx is a fixed
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point. By Theorem 3.1, kx is a fixed point and hence so is dkzx. If $hx < hx then §kx > kx and
the proof for this case is similar to Case (2). Since the proof for the case shx > hx is similar,
we are going to consider the case that k and k are incomparable. Since we see that operations
hvk and h, as well as hV k and k are always comparable, if §hx is a fixed point then, as proved
above, so is 6(h V k)x and, in its turn, it implies that dkz is a fixed point.

Since h and k play a symmetrical role, we conclude the proof. ]

A question arises that if §'hx < Shx or dhx and &'hx are incomparable, then what rela-
tionships between ¢ kx and dkz occur in the case that h and k are homogenous. The following
theorem deduced directly from Proposition 3.4 ([5]) answers this question.

Theorem 3.4. For any h,k € LHZ, for somei € SI¢, and for any x € X, we have the following
assertions:

(i) Shx > x(6hx < z) iff Skx > x(Skx < x), for any 6 € LH*.

(i) If h and k are homogeneous and hx # kx then Shx and &' hx are incomparable iff Skx
and 8'kx are incomparable, for any 6,6 € LH*,

iii and k are homogeneous then dhx > ¢ hx 1 x > d'kx, for any 6,6 € .
iii) If h and k h then éhx > 8 hx iff dkx > &'k 8,8 € LH*

In order explain more clearly the structure of the non-homogeneous hedge algebras we for-
mulate some additional results as corollaries.  The following one is deduced from
Theorem 3.4.

Corollary 3.1. For any h,k € LH?, if ha < kx and one of the following conditions holds:
(i) h and k are homogeneous,
(ii) h ¢ S,k € S and Shx > hx and §'hx > hzx,
(i) h € S,k ¢ S and Skx < kx and §'kx < kx.
then we have the following assertions:
(a) dhx and &'hx are incomparable iff kx and §'kx are incomparable.
(b) 8'hx < Shx iff 8'kx < Skx.
As a consequence of Theorem 3.3, we have the following.

Corollary 3.2. For any h,k € LHE, for all 6,6’ € LH*, if hx < kx then dhx < hx and kx < &'kx
when one of the following conditions holds:

(i) h,k € S and h and k are anti-homogeneous.
(i) h ¢ S,k € S and Sha < ha.
(i) he S,k ¢ S and kx> k.

4. CONCLUSIONS

In this paper, a comparative criterion for determining the ordering relationship between
elements has been established. It can be seen that by Theorem 2.1, we have an algorithm for
determining the comparability of elements. The remaining results not only serve the above
purpose but also clarify the structure of the non-homogeneous hedge algebra. These results
shall pave the way for us to study further important properties such as lattice property and
symmetric property of this algebra.
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