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HAM GRUNDY VA UNG DUNG TRONG LY THUYET TRO CHOI
DANG HUY RUAN, BUI VU ANH

Khoa Todn - Co - Tin hoc, Trudng PDH Khoa hoc tu nhién Ha Noi

Abstract. Grundy function is applied in many applications, especially in game theory to find the
winning strategy. It has been considered and issued for separated graphs. In this paper, we issue
some new results on grundy functions for compound graphs and its applications in game theory.

Tém tdt. Ham grundy 1a mot cong cu manh, dwoc stt dung nhiéu trong 1y thuyét trd choi, nham
gitip tim ra chién lroc gianh phan thing trong cic tro choi doi khang véi hai doi thi, biéu dién duoc
bang do thi. Tuy vay, trude day méi chi dé cap dén céc két qué vé ham grundy cho do thi don 1&
va do thi tong. Trong bai bdo niy, ngoai phan téng quan vé ham grundy va céc két qud doi véi do
thi tong, bai bdo con xay dung ham grundy cho dé thi tich, trinh bay céc két qud g dung déi véi
trd choi tich va tro choi hén hop.

1. MOT SO KHAI NIEM CO BAN

Pinh nghia 1. ([2]) Gid stt G = (X, U) 1a do thi tuy ¥ (v6 hwémg, cé hwéng, hon hop). N la
tap s6 tu nhién, N = {0,1,2...}. Vé&i moi dinh x, dung D(z) dé ki hiéu tap dinh c6 canh néi
véi x, DT () d€ ki hiéu tap dinh ma tir « c6 cung di téi.

Anh xa g: X — N duwoc goi 1a ham grundy néu:

Vo e X1 g(x) =min{N\{9(y) | y € (D(x) UD" (x))}}.

T dinh nghia trén suy ra:

1) Vo € X, néuy € (D(x) U DT (x)) thi g(x) # g(v).

2) Yu € N, néuu < g(z) thiwec {g@) |y c (D)uD(x)} tiktc 1a Iy € (D(x) UDT(x)), dé
u = g(y)-

Nhéan xét

1) Vo € X, néu D(x) U DT (z) =0 = g(x) = 0.

2) Néu z ke véi y thi g(z) # g(y).

3) Mot do thi c¢6 thé chap nhan mot, nhiéu hay khong mot ham grundy nao.

Y

Pinh 1y 1. ([2]) Néu méi do thi con cia do thi G = (X, E) déu c¢é nhan thi do thi G chdp
nhan ham grundy.

Tl két qua trén suy ra hé qua sau:
Heé qua 1. ([2|) Néu @6 thi v6 hwéng va khong cé khuyén, thi chdp nhdan ham grundy.

Pinh nghia 2. (D6 thi tich [2]) Gid st ¢6 n do thi G1 (X1, E1)...Gn(Xn, En) v6i tap dinh
khong giao nhau tirng doéi mot.
Xét X =X; x X9 x---x X, va
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E={((z1..an), (x}..2))) | Vi: 1 <i<mn, (x;,2) € E;}.

Khi dé, G(X, E) dwoc goi 1a do thi tich hay do thi giao ctia cac d6 thi Gy (X1, F1)... G (X,, Ey),
va dwge ki hieu Gy x Ga x - x Gy hay GiNGaN - NGy,

Pinh nghia 3. (Do thi tong [2]) Xét X = X; x Xy x --- x X,
F={((z1...xn), (@)..2))) | Ti! (1 <i<n): (x,2)) € B}

Khi dé, G(X, F) dwoc goi 1a do thi tong hay do thi hop cia céc do thi Gy (X, Ey)... Gp(Xn, Ey)
va dwoc ki hieu Gy + G+ -+ G, hay GiUG U - UG,,.

Pinh nghia 4. (Tong digit [1]) Gid str ¢é n s6 nguyén Cy, Cy...C,, véi céc dang trién khai
nhi phan dwoc viét tir trai sang phai (cdc s6 0 khong c6 nghia nam & bén phai):

Crp=(CP,ol..cr.), 1<k<n.
Vécto C = ([ C%%, [> CHa... [Y2 C1'a...) dwoc goi la tong digit (module 2) cia céc s6
k=1 k=1 k=1

nguyeén Oy, Cs...C,, va ki hieu bang ¢ =C; + Co + -+ 1 C,.

2. HAM GRUNDY CUA PO THI TONG

Pinh 1y 2. ([2]) Néu @6 thi G; chdp nhdin ham grundy twong ing gi(x) véi 1 <i<n, thi do
thy tong G+ Go+ -+ Gy chdp nhdn ham grundy g, sao cho tai dinh x = (x1,x2...2,):

9(x) = g1(21) + ga(x2) + - + gnlan). (1)
Chitng minh. Gia sit g(z) la mét ham xdc dinh trén tap hop X = X; x - x X, va

9(@) = g1(@1) + ga(@2) + -+ + gnlzn).
bé chitng minh g(x) 1& ham grundy ctia d6 thi tong G = (X, E), can chi ra:

+ Véi moi s6 thit tr 8 < g(x) déu ton tai dinh y dé (x,y) dwoc ndi bang mot canh (hoic
tlr x sang y ¢6 cung) sao cho g(y) = 3.

+ Khong ton tai mot dinh y nao ké véi x ma g(y) = g(z). That vay:
a) Xét khai trién nhi phan cta gg(zy), 1 <k < n:

gelwn) = (C2, CL, CL.), gla) = (C°, €, C2..),

trong d6 C" = [kz: Crla va 8= (6", 6%...), 8< g(x).

Gid str 1 86 thit tur 1ém nhat sao cho 37 # C™ (ton tai » do 8 < g(x) va 8 # g(x)) nén ta

CO:
B =0 ma C" =) Cila=1.
k=1

Do vay, ¢6 it nhidt mot trong cic s6 C7, C3...C% bang 1 (do cong module 2). Khong mat tinh
tong quat, gia st d6 1a 7 = 1. Pat:
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S{Cf néu @5 =C*
S les+1, néu pEA£CSe

Vi g1(z1) 1 ham grundy cia G nén ton tai dinh y;, € G ké véi x; trong G4 sao cho g1 (y1) =
(dt, d?...) Khi dé cé:

9(y179627963m96n) = g1 (yl) + 92(962) + gn(frn) =g

b) Xét dinh y = (y1,22,x3...7,,) trong dé y; 13 mot dinh ke véi x; trong Gi. Dat g1 (y1) =
(d*, d?...). Vi gi(y1) # g1 (1) nén ton tai r ¢ N ma d” # C7. Vay:

[d) +C,+C5F - 4+ Cy £ [CTHCLFCLF - F Crla

Do d6 g(y) # g(z). Pinh Iy duoc chirng minh. [ |

3. HAM GRUNDY CUA PO THI TiCH

Pinh nghia 5. Ta néi rang s6 thit tw @ = (a1, ag...a,) nhd hon 86 thit tw b = (by, by...b,) va
Viet a < b néu Vi (1 <i<n) déu cb a; < b;

Pinh 1y 3. Néu cdc @6 thi Gy, Go...G, chdp nhdin cdc ham grundy twong éng g;(x),
g2(x)...gn(x) thi d6 thi tich G = Gy x Gy X --- x Gy, chdp nhdn ham grundy g, sao cho tai dinh

x = (x1,T9...7p),

9(x) = (g1(x1), g2(®2)...gn(xn)). (2)
Chitng minh. Gia sit g(z) la mét ham xdc dinh trén tap hop X = X; x - x X, va

9(x) = (g1(x1), g2(%2)...gn(T0)).
bé chirng minh g(x) 1& ham grundy ctia d6 thi tich G' = (X, E), cin chi ra:
+ Vé&i moi s6 thit tr 3 < g(x) déu ton tai dinh y ma (x, y) dwoc ndi bang mot canh (hodc tir
x sang y ¢6 cung) sao cho g(y) = 8.
+ Khong ton tai mot dinh y nao ké véi 2 ma g(y) = g(z). That vay:
a) Gid st ¢6 B = (B1, f2...8n), B < g(x). Theo dinh nghia quan hé thit tu trong Pinh nghia
5, véimoii, 1 <i<ntadeucéd B <glx:). Viplagia tri cia ham grundy trén do thi tich
nén véi moi 4, 1 < i <n, B la gid tri ham grundy cia do thi thanh phan G; va 8; < gs(x;).
Do dé, trong G; ton tai y; ké véi x; sao cho 3; = gi(y;) (theo dinh nghia ham grundy trén do
thi thanh phan @;). Nhw vay dinh y = (y1, y2...%») chinh la dinh ké v&i x théa man g(y) = 3
can tim.

b) Xét dinh y = (y1, y2...yn) ké v6i dinh x = (@1, @a...w,). V1 gly;) # g(z;) nén g(y) # g(x).
binh Iy duoc chirng minh. m

4. UNG DUNG HAM GRUNDY TRONG THU'C TIEN
VA TRONG LY THUYET TRO CHOT

Nho moi lién hé gitra ham grundy va nhan cia do thi ma viéc vach ra chién lwoc choi
dwoc dé dang hon.
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Pinh 1y 4. ([1]) Néu d6 thi bi€u dién tro choi G = (X,U) ¢é nhdn S va mot ddu thi da chon
mét dinh trong nhan S thi viéc chon nay ddm bdo cho ddu thi @6 thing hodc hoa.

Pinh 1y 5. ([1]) Néu d6 thi G = (X,U) ¢ ham grundy g(x) thi tap hop
S={zxec X | g(x)=0}

lo nhén cia @6 thi.

Tt BPinh 1y 4 va 5 suy ra hé qua sau:

Hé qua 2. ([1]) Néu d6 thi bi€u dién tro choi G = (X,U) chdp nhan ham grundy g va ddu
thi nao chon dwoc dinh x € X d€ g(x) =0 thi ddu thi dé sé thdng hodc hoa.

Gid st ¢6 n tro choi dwoc bieu dién béi n do thi Gy, Gs...G,, véi cadc ham grundy twong
ung g; (1 <i<n).
+ Tro choi téng: Néu thuc hién tro choi trén 1 trong » do thi G; (1 <i < n) va bd qua céc
tro choi con lai thi tro choi dwoce goi la tro choi tong, dong thoi dwoc biéu dién béi do thi
tong va ham grundy twong tng 1a (1).
+ Tro choi tich: Néu thuc hién tro choi trén tat cd n do thi thi tro choi dwoc goi la tro choi
tich, dong thoi bieu dién dwoc bdi do thi tich va ham grundy twong tmg 1a (2).
Mot s8 vi du
Vi du 1. Vay von ngan hang

Cé n ngan hang véi mitre von 1a X, X5...X,, va kha nang cho vay khong bi rii ro twong
trng duwoc do bang mét ham nguyén clia mitc cho vay va rii ro 14 g;(x;). C6 n doanh nghiép
can vay von kinh doanh tir cdc ngan hang nay. Vi Iy do on dinh kinh doanh, moi doanh
nghiép chi vay von cia mot ngan hang. Khi dé, do thi mo ta tinh hudéng nay la do thi tong
va ham do d6 i ro khi vay vén & mét trong céc ngan hang nay 1 ham grundy tong. Trong
treomg hop phai huy dong von 16m, can vay & tat ca cdc ngan hang (néu cé thé), do thi mo
té tinh huéng nay 14 do thi tich. Ham do do rii ro khi vay vén & mot trong cdc ngan hang
nay la ham grundy tich.
Vidu 2. Tro choi boe diém

Cé6 n dong diém, moi déng cé x; que, 1 < i < n. Hai ngudi choi tro boe diém. Ai dén lwot
minh ma khéng con diém dé béc thi nguwdi dé thua. Luat choi sé xdc dinh céch biéu dién v
ham grundy twong tng nhuw sau:
a) Néu chi dwogc boc & 1 trong n dong, va boc khong qua m que, thi tro choi dwge mé td bang
do thi tong, va ham grundy twong tng la ham grundy cho db thi tong.
b) Néu phai béc & tat cd cdc dong (néu déng dé chwra hét) ma & moi dong dwge boc khong
qué m que, thi tro choi dwge méd ta bang do thi tich, va ham grundy twong ng 13 ham
grundy cho do thi tich.

Dai véi dong diém thit ¢ (1 < i < »), hdm grundy g¢; twong tng dwoc xac dinh bang quan
hé

gi(x;) = s6 du khi chia s6 z; cho (m + 1).

Khi dé, doi véi:
+ Truomg hop a) (tro choi tong), ham grundy
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g((x1, a... ) = g1 (1) + ga(w2) SNERRES In(2n)

va nguoi choi muén thang hoic hoa thi phai béc mot trong nhirng dong diém véi s lwong
cho phép dé dat dwoc hién trang s6 diém con lai trén céc déng y = (y1, y2...yn) thda man

91, v2-9m)) = 1 (1) + g2y2) + -+ F gnlyn) = O,
trong dé © dung dé€ ki hiéu vécto vo han chieu véi cac toa do déu bang 0.

+ Truong hop b) (tro choi tich), ham grundy:

9((1, 2..wn)) = (g1(21), g2(®2)--.gn(wn)),

va nguoi choi muén thang hodc hoa thi phai boc tat ca cac dong diém s6 lwong twong tng
cho phép dé dat dwoc hién trang s6 diém trén céc déng z = (z1, 2o...2,) théa man:

g((21, 20...21)) = (g1(21), g2(22)...9n(2,)) = (0, 0...0) = O

trong d6 O dung dé ki hiéu vécto n chiéu véi cic toa do deu bang 0.
Vi du 3. Bai todn hon hop 1

Ngudi choi dwoc boc & mot trong k dong diem dau va & cd n — k dong diém con lai.
Khi dé, c6 thé coi nguoi choi dong thoi tham gia vao ca hai tro choi: mot tro choi tong
& k do thi dau va mot tro choi tich & n — k tro choi con lai. Va nhw vay, dé€ thang hoic
hoa trong tro choi nay, nguoi choi phai chon dwoc s6 diém thoéa dong thoi: fi ((wy, aa...xx)) =
gi(@1) + ga(wa) + -+ gnlzr) = Ova fol(Tps1, Trto @) = (Gor1 (@rt1)s Grora(Trra)...gn(Tn)) =
0,0...0) = 0.

Ham grundy tong hop can théa man
[, @2..2n) = (fi(zn, @o.2k), fol@ri1, Tryo..2n)) = (O, O).

Vi du 4. Bai todn hon hop 2

Ngudi choi phai béc & it nhiat mot dong diem va khong qua k (0 < k < n) dong diem. Trong
trueomg hop nay, tro choi tré thanh tro choi tich trén chinh hop chap k cia n do thi. Ta coi
tro choi gom hai phin & moi buéce choi. Do thit tw cdc do thi trong qué trinh choi la khong
quan trong, nén sau moi lan chon, tién hanh phan nhém lai cdc do thi. Do ngwoi choi phai
chon t (0 <t < k < n) trong s6 n déng diém nén chic chan cé it nhdt mot dong dwoc boc. Ta
chia n do thi ra thanh hai nhém: nhém mét gom n— ¢+ 1 do thi trong dé c¢é diing mot do thi
dwroc chon va nhém 2 gom ¢ — 1 do thi con lai. Nhw vay, & nhém 1, tro choi twong tng véi
tro choi tong va & nhém 2, tro choi twong tng véi tro choi tich. Nguoi choi tién hanh choi
trén ca hai nhém do thi doc lap, va do dé ¢é thé coi tro choi ban dau la tich cia hai tro choi
nhé hon trén hai nhém do thi néi trén. DE chién thang hoac hoa trong ca tro choi, ngudi
choi phai chon dwoc trang thai nhan cia do thi tich cia hai nhém do thi.

Gid sit tai mot bwée nao dé, goi cdc do thi thudc nhém 1 dwoce danh s6 14: 4, 4411...4, Va
céc do thi thuoec nhém 2 duwoe danh s6 13 41, ig...50_1.

+ Ham grundy tng véi nhan cia nhém do thi 1 1a

f1<(xit7xit+1"'x’ﬂ>> - git<xit> + iy (xitJrl) + + gln(xln> =0.

+ Ham grundy tng véi nhan cia nhém doé thi 2 1a



334 DANG HUY RUAN, BUI VU ANH

fQ((xil7x7;2"'xit—l>> - (.gil (xi1>7 Gis (xi2>"'g7;t—l<xit—l>> - (07 00) =0

Ham grundy tong hop ing véi nhan cia do thi
f((xluxllen» - (f1<(xi17xi2"'xit>>7 f2(<xit+17xit+2"'xin>>> - (07 O)

Trong truong hop k = 1, tro choi trd thanh tro choi trén do thi tong, va néu k = n tro
choi trd thanh tro choi trén do thi tich.

Nhéan xét

- Trong tro choi tong, néu khi xudt phat, tat cd cdc dinh cia d6 thi déu da dat trang théi
nhan thi nguoi choi triede sé thua (néu ngudoi di sau biét luat dé thang). Néu c6 mot s
dinh da dat trang thai nhan va mot sé dinh chwa dat trang thai nhan thi ngudi choi trrée sé
thang néu s6 dinh khéng & trang thai nhan la 1.

- Trong tro choi tich, néu & trang théi biéu dién ban dau c¢6 moét sé dinh cia do thi da dat
trang thai nhan va mot s6 dinh doé thi khong la nhan, thi nguwdi chon dwoc dinh cudi cing
khong la nhan s& thang. Chién lwoc dé tao ra diéu nay ngay tir khi xuat phat la khé vi su
d6i tinh chat luan phién tir trang thai nhan sang khong la trang thai nhan. Tinh chdt nay chi
khong thay doi khi & mot dinh nao dé khong cé canh (hay cung) nio (twong tng la khong
con diém dé boc). Tuy nhién van cé thé theo doi s6 diém con lai dé chon dwgc mot cich tot
nhat cé thé cé, vi du néu déng diém nao con s6 que it hon m thi phai boc hét (dé dwa né ve
trang thai nhan khong déi) va khong dé lai dong diém nao con lai s6 que it hon m sau khi
béc.

Tém lai, ddi véi 16p cdc tro choi d6i khdng gom hai d6i thid, biéu dién dwoc trén céc do
thi chdp nhan ham grundy thi ¢ thé sit dung cic két qua cia ham grundy dé dwa ra cic
chién lwoc gianh chién thang. Sit dung céc két qua trén, cé thé lap trinh dé tao ra cic tro
choi d6i khang gitra ngwdi va may tinh hodc moé hinh héa cdc bai todn trong thuc té thanh
mo hinh trén do thi cé dang trén, nham tim ra chién lwroc gianh phan thiang trong thi dau
canh tranh.
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