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VE TIEU CHUAN PAO HAM NHI PHAN

KIEM TRA TINH NGAU NHIEN
CUA MOT DAY NHI PHAN HU'U HAN

NGUYEN THI HAT YEN

S6 162, ngo 205, duwong Gidi phdng, Hai Ba Trung, Ha Noi

Abstract. In this paper, we would then present a demonstrate soundness of the standard and word
out the throat value in order to test randomness of finite binary sequences in various cases.

Tém tdét. Trong bai nay, chiing t6i dura ra phrong phép xdc dinh ngudng ciia tiéu chuan do phirc
tap dao ham nhi phan dé kiém tra tinh ngau nhién cia day nhi phan trong nhiéu truong hop khac
nhau v déng thoi chitng minh tinh ding dén cda tiéu chuén nay.

1. GIOT THIEU

Viéc kiem tra tinh ngau nhién cia day nhi phan da dwoc quan tam nhiéu (chang han nhw
nam tiéu chuan co ban [2]), test str dung tiéu chuan dé phirc tap Ziv Lempet [3],...). Dic biét
trong [1] céc tac gid dwa ra tiéu chuan do phitc tap dao ham nhi phan va van dung chiing dé
kiem tra khéa yéu nhung da khong dwa ra cac co s& khoa hoc cia tiéu chuan. Trong bai nay,
ching t6i s& chitng minh tinh dirng dan cia cac tiéu chuan nay va tinh toan gid tri ngudng
dé kiém tra tinh ngau nhién cia moét day nhi phan.

2. PO PHU'C TAP PAO HAM CUA DAY NHI PHAN

Pinh nghia 2.1. Gia sit ta ¢é day s* =s9,s5...s2 s? € {0, 1}, i=1,2,...,n Ta lap day méi

"
st = stsl...sl nhu sau:

1_ 0 0 1_ .0 0 1 _ 0 0
Sl - Sl 82 527 52 - 82 69537 "'7Sn71 - Snfl @Srw

trong d6 @ la phép cong loai trir bit.
Tir day s' ta lai tao ra day s? theo cach twong tu va cit nhu thé cho dén khi dwoc day
5™, m < n. Sau dé tién hanh tinh:

n—k k
54
PR = E P k=0,1,2,...,m.

i=1

Do phic tap dao ham nhi phin cia day s° 1a dai lwong r = pmax — Pmin, trong do
Pmax — max{p07 7pm}7 Pmin — min{p07 7pm}
Sau day la vi du tim do phitc tap dao ham nhi phan cia mét day ¢6 quy luat (lap lai):

Vi du 1. Day c6 quy luat
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Day nhiphén Gia trip
S(0) = 100010001000100010001000100010001000100011 0,2857142
S(1) =10011001100110011001100110011001100110010 0,4878048
S(2) =1010101010101010101010101010101010101011 0,525
S(3)=111111111111111111111111111111111111110 0,9743589
S(4) = 00000000000000000000000000000000000001 0,0263157
S(5) = 0000000000000000000000000000000000001 0,027027

= Pmax — Pmin = P3 — p1 = 0, 9743589 — 0, 0263157 = 0, 9480432.

Vi du 2. Baéi véi do phike tap dao ham nhi phan cia mot day ngau nhién:

Day ngiu nhién

Day nhi phan Gia tri p
S(0) = 010001110110011100101011110000011000101101 0,5

S(1) =11001001101010010111110001000010100111011 0,5121951
S(2) =0101101011111011100001001100011110100110 0,55

S(3) = 111011110000110010001101010010001110101 0,5128205
S(4) = 00110001000101011001011111011001001111 0,5263158
S(5) = 0101001100111110101110000110101101000 0,5135135

7 = Pmax — Pmin :p2_p0:0755_075:0705~

Day & Vidu 1 ¢6 tinh quy luat ro rang va » tién téi gan gid tri 1, trong khi dé day & Vi
du 2 “ngau nhién” hon va ¢é r tién téi gan gid tri 0. Ta nhan thay rang day cé gid tri » cang
gan gia tri 0 thi day dé cang ngau nhién hon.

3. TIEU CHUAN DO PHUC TAP DAO HAM NHI PHAN

3.1. X4c dinh ngudng

Do phitc tap dao ham nhi phan cia day s° ¢6 tinh chat 1a: » nhan gid tri 16n néu day
59 ¢é “quy luat ro rét”, va nhan gid tri nhé néu s° 1a day ngau nhién that sw. Ta can tim
nguwdng dé phan biét diy nio la ngau nhién thue suw va day nao 1a cé quy luat.

Trong [1] cdc tac gid da gidi thiéu khéi niém do6 phite tap dao ham nhi phan va van dung
dé kiém tra khéa yéu. Tuy nhién, cac téc gid nay da khong dan gidi viéc xdc dinh ngudng
clia tiéu chuan trong cdc trueong hop khic nhau.

Ménh dé 1. Néu ay,as,...,a, la cdc bi€n ngau nhién doc lip, cé cing phan phéi [2], nhin
gid tri trong tap {0,1}:

Pla,=0}=1/2, k=1,2,...,n
thi by —a; ©as; by —as ®as;...; by 1 = an_1 D a, cung doc ldp, cé cung phan phoi.
Plop=0y=1/2, k=12 ... ,n—1.

Chitng minh. Truéc hét, xét
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P(by =0) = P{a; ®as =0}
= P{a; = as}
= P{l(ar = 0) vh (as = 0)] hotic [(as = 1) vi (s = 1)]}

_ P{Z[(al =) va (ap =9)]}

1

=S UP{(ar = 1) v (a = i)}]

i=0

= Z [P{a; =i} P{as = ¢}]

0

—

[

1

=3 [1/2x1/2]

ot

Két qua nay ding cho moi b;, ¢ = 1,2,...,n. Bay gio ta chitng minh rang by, by doc lap.
Xét:

P{b; =0, by =0} = P{(a1 Das = 0) va (ag @ asz =0)}
= P{(a; = az) va (a2 =a3z)}
= P{(a1 =0va a2 =0)va (ae =0va a3z =0)} hoac
P{la; =0va az =0)va (a2 =1va a3 =1)} hodc
P{la; =1va az=1)va (a2 =0va a3 =0)} hodc
P{la;=1va az=1)va (ae=1va a3 =1)}

—

= P{Z[(al =) va (az =d)] va Z[(az =Jj)va (as =j)l}

J

=
=}

1

= P{Z Z[(al =¢va ag =1) va (a2 =7 va a3 =j)|}

=0 ;5=0
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P{b1 == 07 bg == 1} :P{<CL1 @CLQ == 0) Véy (CLQ @ag == 1)}

= P{{a1 = a2) va (az # as)}

= P{[(e1 = 0) va (ag = 0)] hoac [(a1 = 1) va (ag =1)] va
[(ag =0) va (a3 =1)] hoac [(ae =1) va (az =0)]}

= P{[(e¢1 = 0) va (az =0) va (a3 = 1)] hoac
[(a1 = 1) va (ap=1)] va (az = 0)]}

=1/2x1/2x1/2+1/2x1/2x1/2

— 0,25

Twong tu, ta cé:
P{b1:17 bQZO}:O7257 P{b1:17 b2:1}10725

Tém lai P = {b; = ¢, by =} = 0,25 v6i moi &,n € {0,1} nghia la by, b, doc lap. C6 thée
mé rong phwong phap trén bang quy lap dé chitng minh » — 1 bién ngau nhién by, bs, ..., b, 12
doc lap trong toan bé.

Ménh dé 2. Gid sit s° = 5959...s0, trong d6 s9, i=1,2,...,n 14 cdc bién ngau nhién doc lap,
cung phan phdi déu, nhan gid tri trong tap {0,1}. Khi dé véi xdce sudt (1 — )™ ta co:

u(o/2)
|Pmax - rnin| S I <*>
VIL— MM
Chatng minh. Ta xét trudmg hop sau day: ai,as, ..., an; by, ba, ..., b, 13 hai day trong dé moi
day gom céc bién ngau nhién doc lap, phan phoi déu va hai day ¢é doc 1ap véi nhau.
Goi x 1a 86 cdc s6 1 trong day ay,as,...,an, * = Y. a;, tan suit Py = (1/n)Y a; = x/n.
i=1 i=1

Theo dinh 1y giéi han trung tam dang tich phan [4], ta c6:
L x
P{|P0—P|<5}:P{‘E—p‘ <€} :P{—€< E—p<g}

:P{—E<x_np<€}:P{a £<:Jc—np<8 E}

n pqg /P Pq
n n n n
= Qe ——@(—8 —)z@g, ——[1—@8 —]
V pg Pq V pg Pq
n
=20,/ ——1=(1—-«
- ( )
= o L2128 = e /D —wa)2) = e =u(e/2) /Y
Pq 2 Pq

Vay véi xdce suat (1 — «) trong dé p = 1/2, ta cé:

‘%Z -3l u<a/2>\/% - “;“/;)

Twong tu, véi xdc suit (1 — a) ta cé:

D I

Két hop hai bat dang thitc trén day, véi xde suat (1 — a)?, ta dwoc:
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1< 1’“b
2 h

< u(o;/Q) (% + %) < u(a/2) max{%; %}

Vay véi xdce suat (1 — )™ ta co:

1< 1 1< 1
3 BRI

1 1A 1
‘ ,Zai— —Zai Su(a/Q)( ) 4 k=0,1,...,m.
n—j= n—kizl n—1m
Do dé wle/2
|pmax_prnin| S ( / ) )
n—1m

|
Vi du 3. Ta xét mot vai gid tri cu thé cla a nhw sau: o = 0,05, m = 6 thi (1 — ) ~ 0, 74;
a=0,025thi (1—a)®~ 0,86 a=0,01thi (1 —a)®~ 0,04
Véin =500 va m = 6,a = 0,01 theo cong thire (*) ta cé:
M ~0,116.
vn—m+1

3.2. K&t qua tinh toan

Sau day 1a gid tri u(a/2)/v/n —m ciia do phitc tap dao ham nhi phan trong mot s6 truomg

hop dic biét: m = 6, xac suat (1 — «)S.

a | 0,02 0,15 0,1 0,05 0,025 0,01

Do dai n
256 0,082 | 0,091 | 0,104 | 0,124 | 0,142 | 0,063
500 0,058 | 0,065 | 0074 | 0,088 | 0,101 | 0,116
1000 0,041 | 0,046 | 0,052 | 0,062 | 0,071 | 0,082
1500 0,033 | 0,037 | 0043 | 0,051 | 0058 | 0,067
2000 0,029 | 0,032 | 0037 | 0,044 | 0,050 | 0,058
2500 0,026 | 0,029 | 0033 | 0,039 | 0045 | 0,052
3000 0,024 | 0,026 | 0,030 | 0,036 | 0041 | 0,047
3500 0,022 | 0,024 | 0028 | 0,033 | 0,038 | 0,044
4000 0,020 | 0,023 | 0026 | 0,031 | 0,035 | 0,041
4500 0,019 | 0,021 | 0025 | 0,029 | 0033 | 0,038
5000 0,018 | 0,020 | 0,023 | 0,028 | 0032 | 0,037
10000 0,013 | 0,014 | 0017 | 0,020 | 0022 | 0,026
50000 0,006 | 0,006 | 0,007 | 0,009 | 0010 | 0,012
100000 0,004 | 0,005 | 0,005 | 0,006 | 0,007 | 0,008

3.3. Tiéu chu&n do phirc tap dao ham nhj phan

Theo muc 3.1 véi gid thiét day nhi phan 13 cdc bién ngau nhién doc lap, cing phan phdi
deu trén tap {0, 1}, khi m = 6 v&i xdc suat (1 — )8, do phirc tap dao ham nhi phan r cda day
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bé hon vé phai cia (*). Vi vay ta sé 1ay vé phai cia (*) dé xdc dinh ngudng cia tiéu chuan
dao ham nhi phan.

Ro6 rang la khi n > 50.000 bit thl ngudng cia do phirc tap dao ham nhi phan xdp xi dwéi
0,01. Céc két qua (khong ching minh) trong [1] phit hop v&i két qua & day trong truomg
hop mitc ¥ nghia a=0,1 (do d6 (1 — a)® ~0,53). Véi cde vi du & muc 2.2 va can ¢tk vao bang
tiéu chuan & muc 3.2, ta thay véi day dau tién hoan toan bi loai bd vi » qué 16n so véi cac
gid tri trong bang, con & day thi hai n < 256 va r=0,05 thwe s nhd hon gid tri 0,104 trong
bang, Nhu vay day nay dwoc chap nhan.

Chii - Nén kiém tra cd day bu cia day ban dau theo tiéu chuan nay (day bu la day thu
duwoc bang cach thay moi phan tir ciia day ban dau bang mét phan bu ctia nd).

4. KET LUAN

Pé kiém tra tinh ngau nhién cia moét diy nhi phan, nguwoi ta da dwa ra tiéu chuin dé
x4c dinh dé phitc tap dao ham nhi phan. Phwong phap nay cé wu diém la tinh todn don gidn
nhung rat ¢6 hiéu qua, cé thé tng dung dé kiém tra tinh ngau nhién cia day nhi phan.
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