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NGON NGU" NHOM CO LAP
LE QUOC HAN, NGUYEN THI BiCH

Khoa Toan - Tin, Trudong Dat hoc Vinh

Abstract. On isolate languages having a group as syntactic monoid. Languages mentioned in the
title are considered. We describe syntactic monoids of such languages and when they are regular we
provide different characterizations in terms of automata, grammars and so on.

Tém tAt. Trong bai bdo nay, chiing t6i khdo sit cdc ngon ngir ¢6 1ap ¢6 vi nhém cii phap 1a mot
nhém va mo t4 6tomét cla 16p ngdn ngtr nay. Trong trudng hop ching 13 ngén ngtr chinh qui, ching
t6i da mo ta duoc 6témat, van pham sinh ra ngon ngir dé.

1. MO PAU

Khéi niém ngdén ngr nhém dwge dwa ra bdi A.V. Aniximov ([1]) vao nam 1971. D¢ la
nhitng ngoén ngir nghich anh cia don vi qua déng cau cia vi nhém céc tir hitu han vao mot
nhém. Trong bai bdo nay, ching toi sé thay “don vi nhém” bdi “nhém con roi rac cia nhém”.
Lép ngon ngir nay thue suw chita 16p ngon ngw trong [1].

Gid st S la mot nira nhém. Quan hé p trén S dwoc goi la 6n dinh phdi (trdi) néu
Va,b,c € S, tir apb suy ra acpbe (hodc capeb). Mot quan hé twong dwong (phan xa, doi xing
va bac cau), on dinh phai (trai) trén S dwoc goi la mot twong ding phdi (trdi). Quan hé p
trén S dwoc goi 1a mot twong dang néu p vira twong dang phai, vira twong dang trai.

Gia sir S 1a mot nmira nhém va H la tap con cua S. Ta xét quan hé py C S x S nhu sau:

o = {(z,y) €S X Sluav € H <> uyv € H, Yu,v < S}.

Khi dé oy dwoc goi la twong ding chinh hay twong dang ci phdp cia H va vi nhém
thwong S/pg dwoc goi la vi nhdm ci phdp cia H trong S. Tap con H dwoc goi la rot rac
trong S néu twong dang e la twong dang dong nhat, nghia la (x,y) € pg <« =y.

Ta con xét twong dang mot phia trén S nhu sau:

Ry ={(x,y) € S X Slov € H <> yu € H, Yu € S}.

Khi dé Ry 1a twong dang phai trén S va dwoc goi la twong dang chinh phdi Duybrdy sinh boi
H trong S.

Gia st X la mot tap hop tuy ¥ va X* la vi nhém tur do sinh boi X véi don vi 1a tir A,
khi d6 méi phan tir khac don vi cia X* biéu dién dwoc mét ciach duy nhét dwédi dang tich
cla hiru han cdc phan tir cia X.

Theo tiéu chuin Suytstxenbejce ([2]), vi nhém con ¥ cia X* la vi nhém con tw do khi va
chi khi Vo € X*| tir cdc dieu kien Y NY @ vaYanY £ @suyraxz € Y.

~ Gia st X la mot bang chir cai htru han va X* la vi nhém con twr do sinh béi X. Khi dé
moi tap con bat ky L cia X* dwoc goi 1a mét ngén ngit trén X, con vi nhém cd phép cia L
trong X* sé dwoc goi la vi nhdm cii phdp cua L va dwoc ky hiéu la p(L). Ngon ngtt L duoc goi
1& ngon ngir nhém néu pu(L) 13 mot nhém. Theo [4], L 14 mot ngén ngtr ¢6 vi nhém cd phép
dang cau véi nhém G khi va chi khi ton tai mét toan cau ¢ : X* — G sao cho L = ¢~ '(H),
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trong d6 H la tap con roi rac cia G. Trong bai bdo nay, ta xét ngon ngtr L twong tng véi H
la nhém con roi rac cia G.

2. NGON NGU NHOM CO LAP

Ngon ngtr L trén X dwoc goi la ¢o ldp bén trdi (hay bén phai) néu Yu,z € X*, tlr v € L
va uz € L (hay twong ing xu € L) kéo theo x € L. Ngon ngir L dwoc goi 1a ¢6 ldp néu né co
lap ca bén trai va bén phai.

Tép con H cia nita nhém S dwoc goi 1a tdp con manh theo nghia Puybrdy, néu Va, b, x,y €
S, ttr az, ay,bx € H kéo theo by € H. Ngon ngtr L trén X dwoc goi la ngdén ngt manh theo
nghia Puybrdy, néu L 13 tap con manh cia vi nhém X*.

B& dé 2.1. Gid sit G la nhém va H la tdp con khdc rong cia G. Khi d6 cdc khdang dinh sau
la twong duong:

(i) H la tap con manh theo nghia Puybray cia G

(i) Néw by, ho, hs € H thi hihy hs € H.

(iti) H la lop ghép phdi (trai) theo mét nhém con cia G.

Ching minh.

(i) = (ii). Vi hy, ho, hs € H nén hohy'hy € H, hohy'hs € H, hihy 'he = hy € H; ma H la tap
con manh cia G nén hihshy' € H (& day ta sit dung dinh nghia trén véi a = hohy', b =
hihyt, @ = hy Vi y = h3).

(i) = (i). Gid st az,ay, bx € H. Khi d6 (bx)(azx) tay € H = by € H = H 1a tap con manh cia
G.

(i) = (iii). ViH#onénJdgc H. Gid st K = {x € G|gr € H}. Do e € K nén K # @. Néu
a,bc K thi ga,gb,g € H nén ga 'b = g(ga) t.gb ¢ H=ab~ ! ¢ K= K la nhém con cia G. Vi
G la nhém nén theo cich xac dinh K, ta suy ra H = gK.

(iii) = (i). Gid st H = gK, trong d6 K la nhém con cia G va hy, he,hs € H. Khi d6
hy = gkh hey = gk‘27 hs = gk‘g véi k17 k'27 ks € K. T dé

hlhglhg = gkj(gk'g)il.gk‘g = g.k‘l.kglgil.gkg = gk‘lk'glk'g S g[( = H -
Hé qua 2.1. Gid s¢ G la nhom va H la tdp con manh chita don vi cua G. Khi @6 H la nhom
con cia G.

Chitng minh.  Trong chirng minh Bo de 2.1, (i) = (iii), ta chi can 1ay ¢ = e. Khi dé
H = eK = K trong d6 K la nhém con cia G.

Pinh ly 2.1. Gid si L lo ngon ngit nhém trén X. Khi d6 cdc khang dinh sau day la twong
dwong:

(i) L la ngon ngt cé ldp.

(i) L = ¢ Y(H), trong @6 H la nhém con cia G vd ¢ : X* — G la toan cdu tir X* Ién G = pu(L).
(i) L la vi nhdm con tw do cia X*.

(iv) L chita tir rong A va la ngén ngie manh theo nghia Puybray.

Ching minh.

(i) = (ii). Gid st L= ¢ '(H). Khi d6 L 1a ¢6 lap nén L chita A. Suy ra e = ¢(A) € p(H). Gia
st a,b ¢ H. Khidé ton tai u,v € L sao cho ¢(u) =a, ¢(v) =b. Vi G la nhém nén ton tai w ¢ X*
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sao cho ¢p(w) =a 1. Khi dé ¢(wu) =e € Hnénww € L, mauec Lnénwec L =a ! = pw) c H.
Ta lai cé p(wuv) = @(w).o(u).p(v) = atab=5b¢€c H nén wuww € L = w € L = ab =
o(u).pv) = p(uv) € (L) = H. Vay H la nhém con cia G.
(i) = (i). Giad stt L = ¢~ !(H), trong d6 H 13 nhém con cia G. Thé thi tir w € L, ww € L =
o(u) € H, p(uw) = p(u).o(w) € H = p(w) € H vi H la nhém con cia G = w € L. Vay L ¢b
lap bén trai. Tuwong tuw, L c¢o lap bén phai nén tir dé suy ra L 1a co lap trén X*.
(ii) = (iii). Tl gid thiét L = ¢~ '(H) va H la nhém con cia G ta suy ra L 1a vi nhém con cta
X*. Ta chitng minh L la vi nhém con tuw do cia X*. That vay, gid sit w € X* thod man céc
dieu kién wLN L # ¢ va Lwn L # ¢. Khi d6 ton tai céc tir x,y € L sao cho wx = y va do dé
o(y) = p(wz) = p(w).p(x) € H, ma x € L nén ¢(z) € H, do d6 ¢(w) € H, vi H la nhém con cia
G, suy ra w ¢ L. Theo tiéu chuan Suytxenbécje ([2]), ta ¢6 L 1a vi nhém tur do cia X*.
(iii) = (ii). Vi L la vi nhém tir do ciia X* nén A ¢ L = ¢ = ¢(A) ¢ H. Stt dung tiéu chuan vi
nhém tir do néu trén, ta chitng minh dwoc: Va,b € H thi a! € H va ab € H nén H la nhém
con cua G.
(i) = (iv). Vi L = ¢ *(H), trong d6 H la nhém con cia G nén e € H = A € L Gia st
uz,uy,ve € L. Khi dé o(u).o(x), p(u).o(y), p(v).o(x) € H va H la nhém con nén ¢(vy) =
e(@)ey) = [p@).o(@)].lp@).0@)] " [pw).ey)] € H. Suy ravy € L. Vay L la ngoén nglt manh
theo nghia Puybray.
(iv) = (ii). V1 L chtta tlr rong A nén e € H.
Gid st ac, ad, be € H, trong dé a,b,c,d € G. Khi dé ton tai u,v,z,y € X* sao cho ¢(u) =
a, p(v) =b, plx) =c, p(y) =d. Vi L =¢ Y(H) nén tir ac,bd, bc ¢ H suy ra uz,uy,ve € L. Do
dé vy € L. Vi L la ngoén ngtt manh theo nghia Puybray = bd ¢ H. Vay H la tap con manh
theo nghia Puybray va chita don vi ciia nhém G nén theo Bé dé 2.1 ta ¢6 H 13 nhém con cla
G. Dinh 1y 2.1 duoc chirng minh. m

3. OTOMAT CUA NGON NGU NHOM CO LAP

Gid st L 1a ngon ngtr trén X va Ry 1a twong dang chinh phai Puybray sinh béi L trong
X*. Ta dinh nghia 6tomat dodan nhan ngbén ngtr L, ky hiéu w(L) la:

w(L) = {X*/Re, X, X, 6 {wlw e L}},

ma téc dung clia X* 1én X*/R; nhw sau: @.f = uf, trong dé @ 1a 16p twong dang (theo modun
R) chita tir w; ag = A 1a trang thai ban dau va {w|w ¢ L} duoc goi 1a tap trang théi cudi
Cung Ta sé ky hieu X*/Rp, la A va tap {w|w € L} la A’; con ham chuyén trang théi 1a 6, cu
theé ta viét d(a, f) = b thay cho @.f = uf, trong dé a =@ va b =7o.

Nhu vay, 6tomat doan nhan L sé la:
W(L> - {A7 X7 ag, 67 Al}7

trong d6 L = {w € X*|6(ao,w) € A'}. RO rang moi tir u € X* xéc dinh mot énh xa 6, : A — A,
con tir rong sinh ra d4nh xa dong nhat. Tap hop cic 4nh xa dé la mét vi nhém con cia vi
nhém céc phép bién ddi cia tap A va dwoc ky hiéu 1a T(A).

Ménh dé 3.1. ([6]) Vi moi ngon ngir L trén X, ta cé pu(L) = T(A).

Mot ngoén ngir L trén X dwoc goi 1a ngon ngir chinh quy néu né 1a ngén ngtr hiru han,
hodc thu dwoc tir céc tap con hiru han cia X* bang cich 4p dung mot s6 hitu han céc phép
toan hop, tich va lap.

Stt dung dinh 1y Klecne ([4]) chimg minh dwgc ménh dé sau:
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Ménh dé 3.2. ([4]) Gid st L la ngon ngi trén X. Khi d6, cdc khang dinh sau ddy twong
dwong:

(i) L la ngon ngw chinh quy.

(i) Otémdt w(L) dodn nhédn ngon ngi L 1o hicu han.

(i) Vi nhém ci phdp p(L) la hicu han.

Chi ¥ rang su twong dwong gitra (i) va (i) c¢6 thé suy ra truc tiép tir dinh Iy Mylhill -
Norode ([12])

Gid st L 13 ngon ngtr tréen X. Khi dé otomat w(L) dugc goi 1a tach dwocnéu Va, b € A, tix
5(a,x) = 5(b,z) kéo theo a = bVx ¢ X. Otomat w(L) duoc goi la ddy du, néu Yo € A, Ya € X,
ton tai b € A sao cho (b, z) = a.

Pinh 1y 3.1. Gid sit L la ngon ngt chinh qui trén X. Khi @6 cdc khang dinh sau day la
twong duong:

(i) L la ngon ngie nhém co ldp.

(ii) Otémdt w(L) = (A, X, ao, 6, A') la tdch dwoc va A' = {ag}.

(i) Otomdt w(L) = (A, X, ao, 6, A') lo diy @i va A' = {ao}.

Chitng minh. Ta sé chimg minh su twong dwong gitra (i) va (ii), con su twong dwong gitra
(i) va (iii) duwoc lap luan twong tu.

(i) = (ii). Vi p(L) 1a mot nhém va T'(A) = p(L) nén T(A) cing la mot nhém, do dé6 moi
phan tir cia T(A) kha nghich. Mat khdc, T(A) 1a nhém con ctia vi nhém cc phép bién dai
cla tdp A, nén moi phan tir cia T(A) déu la don d4nh. Néi riéng ra, Vo € X, ta c6 6, : A — A
la don anh. Do dé tlr §,(a) = §,(b) suy ra a =b. Do dé w(L) la tach duoec.

Ta lai c6 L la ngon ngtr co lap nén A € L = ag € A’. Hon ntra, Yu € L thi ux € L & = €
L, Ve € X* vi L ¢6 lap, do déw= A nén A’ = {ao}.

(i) = (i). Vi L la ngon ngtr chinh qui nén theo Ménh dé 3.2 ta ¢6: A hiru han = T(A)
hitu han. Ta chirng minh rang Vd, € T(A), ta c¢6 6, la don dnh. That vay, néu u = A thi
khang dinh dé 1a hién nhién.

Gid st w# A. Khi dé v = zy.75...7,, nén tir
d(a,u) = é(b,u) = 8(a, x1x9...7,) = 5(b, T122...7,) = 6((a, x1x9...T5 1), Tn) = 6((b, Z1T2...T0_1), Tp)

= §(a, x1x9.. 25 —1) = 6(b, x1T2..Tp 1) = ... = 6(a,x1) = 6(b,x1) = a =,
trong dé x1,xs, ...,z € X. Vi A la hiru han nén don anh éu: A — A cing la toan anh va do dé
5. 1a song anh. Suy ra T(A) la vi nhém con ciia nhém hiru han (gom tit ca céc phép thé cia
tap A), nén ban than T'(A) cing 1a mot nhém (httu han), ma p(L) =2 T(A) nén p(L) 1a nhém
(httu han) = L la ngén ngr nhém (chinh qui).

A ={ap} nénuclLeu=aou=As(uwcLsrcl, Yoac X*). Vay L 1a co lap.

Ching minh Pinh 1y 3.1 két thic. n

Gid st L la ngon ngtt trén X. Khi d6 otomat w(L) = (A, X, ag, 6, A’) dwoc goi la lién
théng manh néu Ya,b ¢ A, ton tai u,v € X* sao cho &(a,u) = b va &(b,v) = a. Otémét w(L)
dwoc goi 1a én dinh néu tir d(ag, u) = 8(ap, v), ta suy ra 8(a, u) = é(a, v) Ya € A.

Ta thu dwoc két qua sau:

Pinh 1y 3.2. Gid sit L la ngoén ngit trén X. Khi @6 ba khang dinh sau la twong dwong:

(i) L la ngon ngw cé ldp va phdn xa manh theo nghia L ¢d bon tinh chit:
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1) Yu,v € X*, wv, uc L=v € L.

2) Yu,v € X*, wv € L =vuc L.

3) Yu,v € X*, u, ve L= wvc L.

4y Moi tir thuée X* la mét doan ban ddu cia mot it nao d6 thudc L.

(i) p(L) la mot nhom va £ = {[ullu € L} la don vi cia p(L).

(iii) Otomdt w(L) = (A, X, ao, 6, A') dodn nhin ngon ngit L la lién thong manh, 6n dinh va
A" ={ao}.

Ching minh.
(i) = (ii). Yu € X*, Jv € X* sao cho vu € L (tinh chat 4). Khi dé Va,y € X* ta ¢b
zvuy € L = vuyx € L (tinh chat 2) = yx € L (tinh chat 1) = ay € L= x.Ay<c L.

Pdo lai, néuay € L = yx € L = vuyr € L = xvuy € L. Do d6 (vu, A) € pr, = [vu] = [A] =
[v][u] = [A] = [v] 1& nghich ddo cia [u] trong vi nhém w(L) = p(L) 1a moét nhém.

Ta la,i c6 L # @ theo tinh chat 1, do dé néu w € L thl tr w.A,u € L = A € L = L chita
don vi cia p(L). Gid st w € L, theo chitng minh trén, ta ¢6 zuy € L & xy € L, Yx,y € X* nén
[u] = [A] = £ 1a don vi cia M(L)

(i) = (i). Gla st (L) 14 mot nhém va £ 1a don vi cia u(L). Khidbww € L, w € L = [u].[v] =
[uv] = [A] va [u] = [A] = [v] = [A] Vi [A] l& don vi cta u(L) = v € L va L = [A].
Ta lai ¢6 wv € L = [u].[v] = [uv] = [A] = [v].[u] = [A] = [vu] = [A] = vu € L.

w, v € L= [u] =[A]

[v] = [A] = [wv] = [u].[v] = [A] = w € L.

Mat khac, Vo € X*, 3y € X* sao cho [z].[y] = [A], VI u(L) la nhém = xy € L.

(i) = (iii)). Vi £ la don vi cia u(L) nén Yu € L, ta ¢6 [u] = [A] = (ux € L & Az € L, Vx ¢
X Y=>u=A= A ={ag}. Ya,b,c A, a =7, b=71, Jx,y sao cho [u].[x] = [v] va [v].[y] = [u] =

{:5; - { EEZZ;S

Ta lai cé: p;, C Ry, ta can chimg minh R, C g

Gid st (u,v) € R va zuy € L = [z][u].[y] = [A] = [u][y][z] = [A] = wyxr € L = vyx € L, Vi
(u,v) € Ry = [v][y]lz] = [A] = [=]|v][y] = [A] = vy € L. Tuwong tw avy € L = xuy € L, Va, y €
X* = [ul=|v] = (w,v) € pr.

Do dé %L = QL.

Ta ching minh tinh on dinh cia w(L). Gid st d(ag, u) = 6(ap,v) = T =7 = [u] = [v], Vi
R =pr = (ruy € L& xvy € L, Yo,y € L). Dat T = «a, ta ¢6 §(a,u) = d(a,v), Ya € A nén w(l)
la 6n dinh.

= § la lién thong manh.

(iii) = (ii). T tinh 6n dinh ctia w(L) ta suy ra Ry C pr ma ta ludn luén cé p;, C Rz nén
N1, = pr. Vi A’ = {ao} nén £ la phan tir don vi cda p(L). Ta chimg minh p(L) 1 mot nhém.
That vay, Yu € X*, do tinh lién thong manh cia w(L), Jv € X* sao cho é(a,v) = ao, trong
dba=u=uw =A = [w]=[A], Vi Ry = 9o = [u].[v] = [A] = [¢v] ]a nghich ddo cia [u] trong
w(L) = (L) 1a mot nhom.
Ching minh dinh 1y két thic.
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4. VAN PHAM CUA NGON NGU NHOM CO LAP

Van pham la mét danh sach G = (N, X, P, o), trong dé:
(i) N la bang chir céi phu, N = {p1,p2, ..., pr}-
(ii) X la tap hop hitu han cdc phan tir, goi 1a bdng chi cdi chinh, thod man diéu kién
XNN =g, khidéV =NuUX dwoc goi la bang chir cdi hon hop.
(iii) P 1 tap htru han cdc cdp tir (u,v), trong dé v € N* — {A}, v € V*. Néu (u,v) € P thi ta
ding ky hiéu v — v. Khi d6 P dwoc goi 1a tdp cde qui tdc thé.
(iv) o la ky hiéu bo tro, o € N, goi 1 ky hiéu ban dau.

s, . 3 ’ [N ~ N
Ta né6i y sinh ra (truc tiép) z, k¥ hiéu y = 2 néu Juy,ug,u,v € V* sao cho u — v va
’ .~ ~
Y = wjulg, 2 = wivug. 1a Ky hiéu y =* 2z néu 3z, 29, ..., 2, sao cho

Y=21 = 2= ..=> 2, =2

Ngon ngtr L duoc goi 1a ngoén ngir sinh bdi van pham G, néu:
L=Awe X*lo =" w}.

Khi dé ta ky hieu L = L(G).

Khai niém vin pham trén dua ra béi Chomsky lan dau tién vao nam 1959, va da toé ra
¢6 nhieu ing dung trong mAdy tinh, ching han may Agon ([4]). Chiing t6i dwa vao loai van
pham sau day dé moé ta cdc ngén ngir nhém chinh quy.

Vin pham G dwoc goi la thudn tuy bén phdi, néu G gom cic quy tac sau:

(i) pi — 2q; sao cho véi mdi @ € X, p; chay khap N va {¢;} 13 mot hodn vi cda {p;}.
(i) p — A véi it nhat mot p € N.

Néu dieu kién (ii) dwoc thay bang dieu kien (ii’)

(ii)” p — A khi va chi khi p = ¢ thl van pham G dugc goi 1a thudn tdy bén phdi chat.

Twong twr nhw chitng minh Pinh 1y 3.1, ta ¢6 thé chitng minh dwoc ménh dé sau (xem

[5]).

Meénh dé 4.1. Gid st L la ngon ngie chinh quy trén X. Khi @6 cdc khang dinh sau day la
twong duong:
(i) u(L) l& mot nhom.
(i) w(L) = (A, X, ao, 6, A') tdach duoc.
(ill) w(L) = (A, X, ao, 6, A") day du.

Tt Pinh 1y 3.1, ta mo6 tad dwoc van pham cia ngon ngr nhém chinh quy.
Pinh 1y 4.1. Ngon ngw chinh quy L la ngén nge nhém khi va chi khi L duoc sinh béi van
pham thudan tiy bén phds.
Ching minh.
biéu kién can:

Gid st L C X* la ngon ngr nhém chinh quy dugc dodn nhan bdi otomat w(lL) =
(A, X, ag,6, A’) htru han va tach dwoc. Ta xay dung van pham G nhu sau:

G = <N7 X7 P7 0)7

trong dé N = A, o = ao, cdc quy tac thudc P la:

~
® a; — xa, Né€U a;,al, € A, © € X sao cho §(a;,x) = al.
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ea—AnéuacA.
Thé thi:

+ RO rang a; chay khap N, va do L 1a ngén ngit nhém nén moi z € X, J, la song anh tir
A lén chinh né. Do dé {a}} = {a;}.

+ Ton tai a € A sao cho §(a,A) € A’ (hién nhién). Do dé ton tai it nhit « € N sao cho
a— A.

Nhuw vay, G thuan tiy bén phai. Ta hay ching minh L(w) = L(G), titc 1a van pham xay
dung nhw trén sinh ra L.
Truée hét ta ching minh L(G) C L(w).
Gid st v € L(@), khi dé ¢ =* u. Hai truong hop cé thé siy ra:
o Néu u = A vi o =* v, thi do ton tai 21, 29, ..., 2, sao cho

Z2] — 0 = uip1v1, VOl p1 —q1

29 = urqivy, (w1, qu,p1,v € VS =(NUX)*
Zk—1 — Uk —-1Pk—1Vk—1

2k = Uk 19k —1Yk—1, VOl Pp_1 — qp—1.

(Ta ky hieéu p;, q; thay cho a;,a’). Thé thi z;, = u = A, nén tir ding thirc cudi cing va dinh
nghia vi nhém tu do, ta phai cé:

Up 1= g1 = Vg1 = A

Theo céch xay dung cac quy tac cla P, ta thdy py_1 € A’ VA 2,1 = pp_1, Véipp_1 € A, AANX =
@ ma 2, 9= 2, 1 Nén phai ¢ 2, | =2 o= ... = 0.

T dé o = App1.A =ap € A. Vipp1 € A, ma &(ap,A) = ag € A’ nén A € L(w), hay
u € L(w).
o Néu u = ay@g...,, V&i @; € X thi ton tai 21, 20, ..., 2, 880 cho 0 = 21 = 2 = ... = 2, = u, Nén
0=z = w1p1v1 = Qg, Za = U1q1v1, VoI p1, a0 € N ma V* 1a vi nhém tu do sinh béi N U X, véi
NN X =@, nén tir dang thitc dau ta phai cé:

up = vy = A, p1 = ao.

Gid str g1 = A, thé thi ap =p1 — A, nén ag € A’ v 2o = A.

Theo cich xay dung P, ta phdi ¢6 25 = 23 = ... = 2z, = u, nén v = A. Va do a¢ € 4’, nén
phéi ¢6 uw= A € L(w).

Néu ¢ # A, thé thi ¢1 = yiay, véi y € X, ay € N. Khi db tlr zo = uopove = y1a1, 23 —
UaGava, V&I pa,ar € N; vi,ve € V*, 31 € X va NN X = @, nén tir dang thitc dau, suy ra
vg = A, pa2 =ay, ug =y (theo dinh nghia cia vi nhém tu do trén V = N U X). Khi dé:

Hodc g2 = A, suy ra z3 = 24 = ... = 2z, = u (theo quy tic xay dung P) va tir A6 u =y, a1 =
pa € A', Ma ag = p1 — y1a; nén tir §(ag,y1) = a1 € A, suy ra y; € L(w) hay u € L(w).

Hodc g = ysas, Véi yo € X, as € N, thé thl tir 23 = uspsvs = yiyeas, 24 = usqsvs VGi
P3— g3, Y1, Y2 € X; py,as € N; NNX =@ vaug,vz € V¥ = (NUX)*.

Suy ra vz = A, ps = as va uz = y12. Do d6, hodc gz = A thi w = 24 = ... = 2, trong dé
zy = y1yaN A = y1ya, az = p1 = a1y, nén 6(ao, y1) = ai; a1 — yaas nén 6(ar, y2) = az = ps € A',
Vips — g3 = A

Do dé d(ag, v) = d(ag, y1y2) = 8(a1,y2) = az € A'. Suy ra u € L(w).

Néu ¢z = yzas, v6i ys € X, az € N, thl 1y luan tiép, sau khong qué k buéc, ta di dén:

1) Hodc 1a u € L{w).
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2) Hodc 1a 2z, = y1ya...20a8 = X122...2m, V6i x; € X, ap € N va theo dinh nghia cia vi
nhém tw do trén (N U X)* ta suy ra k+1=m vay =x; (1 <i<k), ap =z V6i ap € N va
xm € X, trong d6 NN X = @. Mau thuan.

Nhu vay, tir v € L(G), ta suy ra v € L(w). Hay L(G) C L(w).

Bay gio ta chitng minh L(w) C L(G).

That vay, gia st u € L(w), suy ra é(ag, u) = a’ € A’ thi hoac u = A, suy ra d(ag, A) = ag € A,
nén ag — A; ma o =ag = A.ag. A, u=A=AAA nén tir ag — A, ta ¢cé o =* u, vay v € L(G).

Hoacwu = xyxo..xp, véiz; € X, (1 =1,2,....,k) vad(ag, x1) = a1, 6(ar,x2) = as, ..., (a1, %) =
ap =a € A', (Vi u € L(w)) nén

ag — T1G1, Q1 — ToQa, ..., 0,1 — Tpap, VOI ap — A.

Thé thi, vi ¢ = ap = A.ap. A, x1a; = A.xyar. A, nén o = x1a; Vi ag — xia;.

Vi zia1 = x1a1.A, 212901 = 21x0a0. A, NEN 2101 = T1X2as VI a1 — Toas.

VI a2 1ap1 = X129.. 2k 1ap_1.N\, uwar = x1..2pap. A, NN .. Tk 101 = UpGp_1 VI
A1 — TpQf.

Vi uap, = vwap. A, v =w.A A, nén uay = u, Vi ap — A.

Do dé o =* u, hay u € L(G). Vay L(w) C L(G).

Ta da ching minh L(w) = L(G).
biéu kién du:

Giad st L sinh bédi van pham G = (N, X, P, o) thuan tiy bén phdi. Ta xdy dung otomat
w(B, X, P, by, B') nhu sau:

B=N, B ={pe N|p— A}

Theo 2) ta c6 B' # @&, by = o va p(pi,x) = ¢; néu p; — xq;. Vi p; chay khap N va {¢]} la
mot hoan vi cia {p;} nén p, 14 Mot ham chuyén trang thai tir B 1én chinh né.

Lap luan nhu chitng minh diéu kién can, ta c¢é6 L(B) = L(G).

Gid st w(L) = (A, X, ag,d, A') 1& 6tomat dodn nhan L (trong dé A = X*/Ry). Xét twong
ing:

p: B — A,
b—u

v p(bo, w) = by va p(bo, w) = p(bo,v) kéo theo

(bo, uv) = D((bo, u), w) = p((bo, v), w) = p(bo, w)
nén ww € L & ovw e L, Yw € X*, tc la uw="1.

Do dé ¢ 13 mot anh xa, hon nira né 1a mot dnh xa lén. Vi Ry 1 twong dang phai nén
wu = wu, suy ra ¢(bg, wu) = @(bg, w).u hay ¢(bu) = ¢(b).u v&i p(bg, w) = bow = b. Vay ¢ la mét
toan cau o6tomat.

Gid st z € X, thé thl Va € 4, @ = @, Jb € B sao cho ¢(b) = @ ma G thuan tdy phai, nén
I € B': p(b,x) = b (tikc 14 ¥ — zb) hay b'x = b. Suy ra o(b)x = ¢(b).

Gid st (') = a’. Thé thi 6(a’, x) = a hay a'd, = a, suy ra &, la toan dnh tir A lén A. Mat
khéc, ¢ la toan anh tir B lén A nén cardB > cardA, ma B hiru han nén A httu han.

Do dé w(L) = (A, X, ag,d, A') 1a 6tomat hiru han va day du.

Vay L la ngon nglr nhém chinh quy. m
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T Dinh 1y 3.2 va Pinh 1y 4.1, v6i chd y: Ngbén ngtr nhém chinh quy L la ngébn ngtr c6
1ap khi va chi khi A’ = {ao}, trong d6 w(L) = (4, X, ap, s, A') 1a 6tomat t6i ti€u doan nhan L,
ta co:

Hé qua 4.1. Ngon ngte chinh quy L la ngén ngte nhém co lap khi va chi khi L dwoc sinh boi
van pham thudn tiy bén phdi chdt.

5. KET LUAN

Bai bdo da de cap dén cac dieu kién dé mot ngon ngr nhém la ngoén ngir ¢d 1ap va mo
ta4 dang diéu 6tomat cia cdc ngdén nglr nhém ¢o6 lap chinh qui hay phan xa manh. Viéc khao
sat 6tomat cla cidc ngdn ngir nhém co lap tong quat 14 mot bai todn md va hita hen nhieu
két qua thd vi. Trén co s& dé da mo td van pham cida cdc ngon ngtt nhém chinh quy ¢o lap.
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