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VE INFIMUM, SUPREMUM CUA CAC CAP PHAN TU
KHONG SANH PU'QC TRONG PAI SO GIA TU KHONG THUAN NHAT!
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Truong Pai hoc Su pham Quy Nhon

Abstract. In [9, 10] non-homogenous hedge algebras and their properties are examined. This work
is aimed to find infimum, supremum of two incomparable elements. It is shown that in some cases
these elements are determined directly, in many other cases they are determined by some recursive
formulars. The results found will be a basis to extend this an algebra to obtain an algebraic structure

which is sufficient for studying a linguistic logic.

Tém tat. Trong [9,10] dai s6 gia tir khong thuin nhat va nhiéu tinh chat cia né da dwoc nghién
ctru. Bai bdo khéo sat gia tri infimum, supremum cia cic cap phan tr khong sanh dugc. Chiing ta
thay ring mot s6 trirong hop 6 thé xéc dinh truc tiép cdc gid tri nay, nhiéu trudng hop khéc ching
duoc tinh théng qua mot s6 cong thirc dé quy. Céc két qud sé 13 co sd cho viec mé rong dai s6 nay

dé thu dwoc mot cau tric phong phii hon ¢é thé 1am co s& cho mét loai logic mé gid tri ngoén ngir.

1. GIOT THIEU

Khi xem xét mien gia tri cia bién ngoéon ngir theo quan diém dai s6, moi gia tri cua
mién nay dwoc sinh ra tir cic fterm nguyén thiy bdi viéc tic dong cia cdc gia tir (hedge).
Mién gid tri nay c¢é cau tric nhw la mot dai s6. Nhuw da trinh bay trong [9], cdu tric dai
6 X = (X,G, LH, <) théa man mot hé tién dé phu hop véi nglr nghia cia ngon ngtr tu
nhién va dic biét 14 nglr nghia cla gia tir Not so dwoc goi 1a dai s6 gia tir khong thuan nhat
(DSGTKTN). Ban than cau triic nay da cho phép ching ta biéu dién khé t6t mot s6 gia tri
ngon ngtr ¢ chira lién tir, dac biét 1a cdc gid tri ngon ngilr ¢6 chita gia tir Not so ma cdc phién
ban cta céc dai s6 gia tit trwée day chwa biéu dién dwoc, chang han phan tit (AA N)t c6 the
bi€u dién cho gia tri App.True or Not.True,... Dang tiéc, DPSGTKTN chwa phai la dan, tuy
nhién d6i véi nhitng cap phan tir khong sanh dwoc ¢é dang biéu dién nhat dinh, ching ta c¢é
thé thiét lap cong thitc xdc dinh supremum hodc infimum clia ching. Diéu nay cang c¢6 ¥
nghia khi né tré thanh co s& dé chiing ta tiép tuc mé rong DPSGTKTN nham dat dwoc mot
cau tric c¢é cac tinh chat dai s6 va logic di phong phi lam co s& cho logic gia tri ngon ngi
nhu dai s6 gia tit trong [5].

*Nghién ctu nay dwoc hd tro mot phin bdi Chwong trinh Qudc gia vé nghién ctu co bén trong Khoa hoc

tw nhién.
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2. CAC TINH CHAT CAN THIET

Duéi day 1 mot so tinh chat can quan tam.

Ménh dé 2.1. h,...hix > 2 khi va chi khi hix > « vé6i moi hy,...,h, € LH vax € X.
Ching minh.

(<) Néu hyz > @ thl hy # I. Khi dé ta cing ¢6 hyx > Iz suy ra h,...hix > x theo Hé
quéa 5.1 ([9]).

(=) Gid stt hy,...hix > . D& chirng minh phéan ching gid st rang hix < 2. Néu hyo = @
thi « la diém bat dong, suy ra h,...hi@ = @, mau thuan véi gid thiét. Néu hyz < 2 thi lap
luan twong tw nhw chitng minh cho diéu kién di ta thu dwoc h,...hjx < 2, mau thuan gia
thieét. Vay hix > . [ ]

Xét céc gia tri ngon ngilr sinh ra tir mot cap ha va kx bang viéc tac dong bdi cdc xau toan
tir 4,¢" twong tting vao chiing, véi gia thiét hx < kx va h, k cing thudc vao mot LH nao dé.
Bat dang thitc dhx < §'kx luoén luoén ding khi h, k va 6, thda man gid thiét trong hé qua
sau.

Hé qua 2.1. ([10]) (C1) Véi h,k € LHf, ha < kx va 6,8 € LH*, khi diéu kién sau day
théa man:

(i) h va k nghich bién hodc

(i) h ¢ S,k € S va dha < ha hodc

(iii) h € S,k ¢ S va d'ka > ka

tht dha < hae < kx < k.

Dé ¥ rang céc dieu kien (i), (i4), (iii) & day twong tng véi cac dieu kien (vi), (i47) va (v)
cia BPinh 1y 2.1(2) ([10]). Vi vay, néu diéu kién (C1) khong thda man thi theo Pinh 1y 2.1(2),
ta thay chi ¢é cdc trudmg hop sau day xdy ra:

(iv) h va k dong bién,
(V) h ¢ S,k €S vi dha > ha,
(viy he S,k ¢ S va d'ka < ka.

Gid st 6 = hy,...h1 va &' = ky,...k1. Trong hai trudmg hop (v) va (vi), néu hy va ki khong
cung thuéc LH® thi dha va §'ka khong sanh dwoc. Cu theé ta cé cdc ménh dé sau.

Ménh dé 2.2. Gid si hx < kx va Shx = hy...hihe > hx, ke = ky,..kikx, ¢ day
h,ke LHS, h ¢ S vak e S. Ta cd cdc khang dinh sau:

(i) Néu hy, ki khong cing thuéc LH® thi Shx va 6'kx khong sanh dwoc.

(i) 8’he > hx khi va chi khi hy, k1 cing thuoe LHC.

Ching minh.

(i) Néu hq, k1 khong cting thuoe LH® thi tir k € S va Tién dé (N1) trong [9], ta c6 hikx va
k1kx khong sdnh dwoc va do dé theo Tien dé N4(i) (|9]), dkx va ¢'kx khong sanh dwoc. Vi
vay 0'kx # kx. Tir gid thiét he < ka, h ¢ S, k € S, dha > ha va diéu kién dud trong Pinh
Iy 2.1(3) trong[10], ta két luan dha va 6'kx khong sdnh dwoc.

(ii) (=) Pé chitng minh phan chimg, gid st rang §’ha > ha va hy, ki khong cing thude LH®.
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Vi 6ha > hax nén theo Ménh dé 2.1, ta ¢6 hihx > hax. Do hq, k; khong cing thuoc LH® va
h ¢ S nén theo Tién dé (N1) ([9]), ta suy ra kiha < hax. Theo Ménh dé 2.1, ta ¢6 ¢'ha < ha.
biéu nay mau thuan véi gia thiét. Vay hq, ki cing thuée LH€.
(<) Gid st hq, ky cung thuoc LH®. Theo Tinh chat 1 (|9]), hi,k; twong thich va do dé
kiha > hz nén ¢'hx > hx theo Ménh deé 2.1. [ ]
Mot két qua twong tu dwoce phat biu qua ménh de sau day.
Ménh dé 2.3. Gid st hx < kx v dha = hy...hhz, ke = ky..kike < kx, ¢ ddy
h,ke LH, h € S vak ¢ S. Ta cé cdc khang dinh sau:
(i) Néu hy, ki khong cing thuée LHC thi Sha va 6'kx khong sanh duoc.
(i) 0kx < kx khi va chi khi hq, ki cting thudc LHC.
Vi vay, néu céac gia thiét cia Ménh dé 2.2 hoic Ménh dé 2.3 thda man thl mot cich phét

biéu khdc cta (i) trong cidc ménh dé trén 1a dha va ¢'kx sdnh dwgc luon kéo theo hy, ki cling
thuoc LH€.

Bay gio xét trwong hop hy va kq cing thuée LH®. Khi dé chiing ta chwa thé khang dinh
gl vé tinh sanh dwoc gitra dha va ¢’kx. Tuy nhién mot két qud trong [10] ¢é lien quan dén
quan hé gitra dhx va ¢’kx nhu sau:

Hé qua 2.2. ([10]) Gid s h,k € LHf, ha < kx va 6 = hy,...hy, 0 = ky,...ky € LH*. Néu
mot trong cdc dicu kién sau day théa man:

(iv) h va k dong bién,

(v) h¢ S,k e S, 6ha > hx va d'hx > ha,

(vi) he S,k ¢ S, d'ke < ka va oka < ka

thi ta cé cdc khang dinh sav day:

a) dhz va 6'hx khong sdnh dwoc khi va chi khi dkx va 8'ka khong sdnh dvoc,

b) 6'hax < dha khi va chi khi §'ka < dka.

Trén co s& céc két qua trén, ching ta co gang thiét lap cong thitc tinh supremum va
infimum clia céc phan tir khong sanh duoc.

3. VE INFIMUM, SUPREMUM CUA CAC CAP PHAN TU

Gid st X = (X, G, LH, <) 1a mot BPSGTKTN véi G 1a tap cac phan tir sinh nguyén thiy
sap thit tu tuyén tinh. Néu z,y 14 hai phan tir khong sanh dwoc thi @, y phai dwoc sinh tir
cling mot phan tir sinh nguyén thuy. Vi nguoc lai gid stv rang @ € LH(a) vy € LH(b) véi
a,b € G va a < b, khi d6 theo (N4)(i) thi LH(a) < LH(b). Diéu nay dan dén # < y, mau
thuan véi o va y khong sanh dwoc. Do dé ching ta cé thé gid thiét rang x,y cé cing phan
tir sinh nguyeén thiy la a € G vi & = h,...h1a, y = k,,...k1a twong tng 13 hai biéu dién chinh
tac clia @ va y d6i v6éi a. Theo Pinh Iy 2.1 trong [10] ton tai chi s6 bé nhat § < min(m,n) +1
sao cho h; # k; trong dé cé the h; hoac k; la todn ti dong nhat I va h; = k; véi moi i < 5.
bat 6 = hp..hjp1, 8 = kpokji, h = hy va k = kj. Ta ¢6 @ = dhw va y = 0'kw véi
w = hj,l...hla.

3.1. Céc toén ti h va k khong cung thudéc LH®

Trong phan nay chiing ta xay dung mot s6 cong thirc tinh infimum va supremum cia hai
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phan tir khong sanh duwoc ¢é dang dhw, §'kw véi h, k khong cing thude LH®.
Pinh 1y 3.1. Gid sit @ = dhw vay = 6'kw khong sanh duoc, ¢ day h va k khéng cing thudc
LH®. Khi d6 ta co

xUy = w néu hw < w,
x Ny = w néu hw > w.

Chitng minh. Truéde tién, ching ta chirng minh cho truong hop supremum véi hw < w.

bPat v = hj_2...hia va w = hj_ju. Vi dhw, ¢’kw khong sanh duwoc va h, k khong cing
thuéc LH® nén hj; € S. That vay, néu hj_; ¢ S thi theo (N1) trong [9], hhj ju v
khj_1w luon sénh dwgce. Theo Hé qua 5.1 ([9]), 0hhj_1u va ¢’kh;_1u sénh dwoc, tic la dhw
va ¢'kw sdnh duwoc, mau thuan véi gia thiét. Vay hj; € S. Khi d6 chi ¢6 hai kha nang
LH(hj 1u) > hj_qu hoac LH(hj 1u) < hj_qu. Tuy nhién véi gid thiét hw < w tic 1a
hhj_iu < hj_ju, ta suy ra LH(hj_ju) < hj_ju hay LH(w) < w. Vay w > {=,y} hay w
la mot can trén cia {x,y}. Ching ta sé chimg minh w 13 can trén bé nhit titc 1a véi moi
z € LH(a) sao cho z > {z,y} kéo theo z > w.

Goi z = I,...lia la bi€u dién chinh tic clia z déi véi a. Trude tién, xét truomg hop
z € LH(w). Vi z > @ nén theo Pinh ly 2.1(2) ([10]), ta ¢6 [jw > hw. Chi ¥ rang w = h;_ju
va hj_1 € S cho nén h va l; cung thuéc LH€ vi nguoc lai thi theo (N1) ([9]) {;hj—1u va
hhj_1u cing la [jw va hw khong sdénh dwoc, mau thuan véi gid thiét. Lap luan twong tu déi
v6i z >y ta cling thu duoc k va [; cung thuoe LH¢. Ta suy ra h va k cung thuoc LH®, mau
thuan véi gid thiét. Nhw vay khong ton tai z € LH(w) sao cho z > {z, y}.

Bay gior ta xét truomg hop 2z ¢ LH(w). Tl gia thiét z > x, theo Pinh 1y 2.1(2) trong [10]
ta suy ra ton tai chi s6 bé nhédt j/ < j sao cho lyu > hju, & day w = hjy_y..hya. Néu ly
va hj khong cung thuée LHY thi theo He qua 5.1 trong (9], 2z = l,...Lyu > hj 1. .hjru = w.
Gid str I va hjy ciung thuée LH{. Ching ta sé chimg minh z > w bang quy nap theo do dai
s = j —j' tic 1a s6 todn tir trong bicu dién chinh tac cla w = hj_1...hju déi véi .

Véis = 1thi j' = j—1. Tacé lyu > hyu —=w. Vi hy = hj_y € S nén gitta hj va ly chi
x4y ra cic quan hé sau day: hy va ly dong bién, hy € S va ly ¢ S, hjy va Iy nghich bién.

a) Gid st hy va Iy dong bién. Vi z > =, tic 1a L,...Ly 1 lju > hy,...hhju nén theo Pinh ly
2.1(2)(i) trong [10], lp...lji 1hju > hy...hhju va ta suy ra Ly va h phai cing thuéc LH€,
bé&i vi néu Ly va k khong cling thuée LH€ thi theo (N1) trong (9] 141 hju va hhju khong
sénh dwoc. Theo (N4)(i) trong [9], lp...Ly1hjru VA Ry,...hhju khong sénh dwoc, mau thuan
v&i bat dang thirc vira thu dwoc. Lap luan twong tu, tir gid thiét z > y ta cing suy ra dwoc
lji41 va k cing thuoée LH® va vi vay h va k cling thuéc LH®. Piéu ndy mau thuan véi gia
thiét. Vay truomg hop a) khong xdy ra dong thoi véi z > {x, y}.

b) Gid st hyy € S valy ¢ S. T hw < w tikc 1a hhjpu < hpu va Ménh dé 2.1, ta ¢6
Ppp...hhju < hpu. Khi d6, néu z = l,...lyqlypu < Lpu thi tir cde diéu kién hy € S, 1y ¢ S,
z = lp..lylyu > hy..hhju = @ va Ménh dé 2.3, ta suy ra h va Ly cling thuée LH®.
Twong tw, tr z > y ta cing ¢6 k va [y 4 cung thuoec LH€, va do dé h va k cing thuoc LH®,
ta gap mau thuan. Vivay z = l,...Ly 11 lyu > lyu. Hon ntra, v lyu > hyu = w neén z > w.
c¢) Gid st hjr va Iy nghich bién. Khi d6 vi hy € S nén Iy cing phai thuéc S. Theo Tinh chat
4 trong [9] thi hjy va Iy khong cling thuoe ST hodc S™. Vi vay, tir lyu > hju va Tinh chat
5 trong [9], ta ¢6 LH(lju) > Lyu. Do dé z > w. Vay ching ta da ching minh khing dinh
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cho truomg hop s = 1.

Gid stt ta c6 khang dinh z > {x, y} luén kéo theo z > w ding véi moi s < i. Chiing ta sé
chttng minh khang dinh cling ding véi s = ¢ + 1. Nhé lai rang hji, i€ LHY va hyu < L.
Khi dé ta thdy néu h = hj, k =1Ly, 6 = hj_i...hjyyq va &' = I,...1;yq thoa diéu kién (C1)
thi theo Hé qua 2.1, ta ¢ l,...Ljy 1w > hy_q..hy 1 hyu tic la z > w. Con lai, nhw da néi
trong Muc 2, chi ¢6 cdc truomg hop sau day xay ra: hy va ly dong bién; hy ¢ 8,1y € S va
hj_i..hju > hjru; hy € S, 1y & S val,..lyu < lyu. Ching ta sé chitng minh khang dinh
qua cac treong hop:

a) Gid st hy va ly dong bién. Pat w’ = hj_1...hj;1lyu. Theo He qua 2.2, hw' < w' vi
hw < w v dhw' khong sanh dwoc véi 6'kw’ vi dhw khong sdnh duoc véi 6'kw. Hon nira,
tr z > {dhw, §'kw} va Pinh 1y 2.1(2)(i) trong [10], ta suy ra z > {6hw’, §'kw’}. Do dé, néu
z € LH(w') thi twong tw nhuw truomg hop 2z € LH (w) da ching minh trén ta gap mau thuan.
Néu z ¢ LH(w') thi ton tai chi s6 j” véi j/ < j” < j sao cho l; = h; véi moi j/ < i < j”
va L > hjpu! | & day o = hjyrq. hylyu. Néu hjr va Ly khong cing thuoe LHY thi
theo Hé qua 5.1 trong [9], z > w’ va do dé z > w. Gid st hjn va l» cing thuée LHE. Vi
j—j3"<j—j3 =i+1thcla j—j <1ineén sk dung gid thiét qui nap, ta ¢ z > w’ va do dé
z > w bang cach 4p dung (N4)(ii) trong [9] cho lju > hju.

b) Gid st hy ¢ S, 1y € S va hj_i...hjyu > hyu. Theo Ménh dé 2.1, ta c6 hy 1 hju > hju
va x = (5hhj,1...hj/+1hj/u > hj/u. Viz= lp...lj/+1lj/u >x = (5hhj,1...hj/+1hj/u tire la 2z va
x sanh dwoc nén theo Ménh dé 2.2, ta ¢6 hjy4q va lyq cling thuoe LH€. Theo Tinh chat 1
trong [9], hjr 1 va by twong thich. Do dé [ 1hju > hju vata suy ra ly...Ly 1hyu > hyu
b&i Ménh dé 2.1, Ta thay h = hjyr, k= 1y, 6 = hj_1..hjy1 va &' = l,...Ly 41 théa man céc
gia thiét va dieu kién (v) trong Hé qua 2.2. Vi vay, phan chimg minh con lai twong tu nhuw
trong trudomg hop a).

¢) Chiing minh cho trwomg hop hy € S, Ly ¢ S va l,...Lyu < lyu twong tu nhu treong hop
b).

Vi chitng minh cho truomg hop infimum véi hw > w hoan toan twong tu nén ching ta
két thic viéc chiing minh dinh 1y. [ ]

3.2. Céc toan tir h va k cung thudéc LH®

Do cau tric cia DPSGTKTN kh4 phitc tap nén c¢6 nhiéu cong thire tinh todn khic nhau
tiy thudc vao quan hé gitra b va k. Trude tién quan tam dén céc truong hop: h, k dong bién;
h va k nghich bién véi mot s6 dieu kién va h, k khong dong thoi thuoe S. Chiing ta bat dau
v&i cdc ménh deé sau day.

Ménh dé 3.1. Gid sit h,k € LHf. Néu hw < kw thi dhw < dkw vdi moi w € X va mot
o€ LH".
Chitng minh. Néu h = k thi khang dinh 14 hién nhién. Gid sit A # k, néu hw = kw thi theo
Binh Iy 5.1(iii) trong [9], w 1& diém bat dong nén dhw = dkw. Gid sit hw < kw, chiing ta sé
chiitng minh khang dinh qua céc trwomg hop nhuw sau:

Néu h,k ¢ S hoidc h, k cing thuoc ST hodc S, thi theo Tién de (N4)(ii) trong [9] ta ¢
dhw < dkw.

Gidst h ¢ Svak € S. Khidé, tir hw < kw va Tinh chat 3 trong [9], ta ¢6 LH (kw) > kw.



VE INFIMUM, SUPREMUM CUA CAC CAP PHAN TU KHONG SANH DUQC... 247

Vi vay, néu dhw < hw thi dhw < hw < kw < dkw va néu dhw > hw thi theo (N4)(ii), ta ¢
dhw < dkw. Vi ching minh cho truomg hop h € S va k ¢ S twong tu nhu trueong hop nay
neén ta xét truomg hop con lai.

Gid str h, k € S va h, k khong ciing thudc ST hoac S~. Tir hw < kw va Tinh chat 5 trong
[9] ta suy ra LH(hw) < huw < kww < LH(kw). Do d6 dhw < dkw v&i moi 6 € LH*. Ménh
deé da dwoc chirng minh. [ ]

Tir Ménh deé 3.1 ta suy ra truc tiép hé qua sau.

Hé qud 3.1. Gid st h,k € LHf. Véi moi 6 € LH*, mot w € X, cdc khang dinh sau la
dung:

(i) 0(h V k)w > {ohw, dkw} néu hw > w,

(ii) (kA k)w > {0hw, dkw} néu hw < w.

Ching minh.

(i) Gia stt h,k € LHf va hw > w. Khi dé ta cing ¢6 kw > w. Vi hV k > {h,k} nén
(hV k)w > {hw, kw}. Theo Ménh dé 3.1, ta ¢6 d(h V k)w > {6hw, dkw}.
(i) Chitng minh khang dinh nay twong tw nhw chitng minh khang dinh (7). [ ]

Ménh dé 3.2. Gid sit h,k € LHf va h,k ¢ S. Khi @6 ta c6 cdc khang dinh sau day:
(i) Néu h va k sdanh dwoc thi h va k dong bién.

(ii) Néu h, k nghich bién thi hV k€ S va hANk € S.

(ili) Néu h,k dong bién thi hV k¢ S vah ANk ¢S.

Ching minh.

(i) Bé chirng minh phan chimg gia sit A v k nghich bién. Vi LH va X twong thich nén tir h
va k sanh dwoc, ta ¢ thé gid st rang hw < kw véiw € X. Chon [ € LH sao cho lhw > hw.
T h, k ¢ S va (N4)(ii) trong [9], ta c¢6 hw < lhw < lkw. Mat khéc, vi h va k nghich bién nén
lkw < kw va do dé cung theo (N4)(ii), lkw va hw khong sanh dwoc. Diéu nay mau thuan
véi bat dang thire vira méi thu dwoc. Vay h va k dong bién.

(4i) Gid sit hV k ¢ S. Ro rang h va h V k sdnh duoc. Vi vay, tt h,hV k ¢ S va (i) ta suy ra
h va hV k dong bién. Vi vai tro cia h va k nhw nhau nén bang 1ap luan twong tw ta ciing cé
k va hV k dong bién. Do dé h va k dong bién, mau thuan véi gid thiét. Vivay hVEk € S.
Khang dinh con lai dwoc chirng minh twong tur.

(737) Gid st AVE e S. NeuhVke S thihe S vih<hVkvaS laideal. Diéu nay
mau thuan véi h ¢ S. Gid st hVE € ST. Vi h va k dong bién nén h # N va k # N.
Theo giad thiét h ¢ S nén h va N nghich bién va do dé theo (ii), ta c6 h AN € S. Néu
hAN € St thitasuyra h € ST, mau thuan véi gid thiét. Vi vay hA N € §—. Tuwong tu
tac6 kAN €S vaviS laideal nén (RAN)V (EAN) € S. Vi LHf la dan phan phdi
nén (hAN)V (EAN) = (hVE)AN. Dodé (hVk)AN €S . Mit khic, tir hV k € S va
Ménh deé 3.2 trong [9], ta ¢6 AV k > N, kéo theo (hV k) AN = N ¢ S, mau thuan véi két
qua trén. Vay hV k ¢ S. Vi chirng minh cho khang dinh A A k ¢ S hoan toan twong tir nén
ménh dé da duoc chiing minh. [ ]

Véi cac két qua chuan bi & trén, bay gio chiing ta phat biéu dinh 1y sau.
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Pinh ly 3.2. Gid si ® = dhw = hy,..hj1hw vay = d'kw = ky,...kj 1 kw la hai phin te
khong sdnh dugc voi h,k € LHS. Khi d6:
(1) Néu mét trong cdc diéu kién sau dday théa man

(i) h va k dong bién,

(ii) h, k nghich bién, dhw > hw va §'kw > kw,

(iii) h ¢ S, k€ S va hw < kw,

(iv) he S, k¢S, hw < kw va hji1,kj 1 € LHC

thi
2Uy = dw' U (5//w’ V(?’? w' = (hVEkw nf,u hw > w, (F1)
0z2/Ud 2 véi 2 = (hAk)w néu hw < w.
(2) Néu mét trong cdc diéu kién sau ddy théa man
(i) h va k dong bién,
(ii) h, k nghich bién, Shw < hw va 6'kw < kw,
(i) h ¢ S, k€S, hw < kw vi hjs1, kj € LH®,
(iv) he S, k¢S va hw < kw
thi
2Py = dw' N (i/w’ V(?‘? w' = (h A k)w nf,u hw > w, (F2)
0z'Né 2z véi 2= (hV E)w néu hw < w.

V61 gid thi€t vé phdi cia cdc dang thite (F1) va (F2) ton tai.
Truwée khi chitng minh dinh 1y ching ta phét biéu va chirng minh bé dé sau day.

B& dé 3.1. Cho @ = 6hw = hy,...hjirhw vay = §'kw = kpy...kj1kw la hai phin t khong
sdnh dugc, ¢ day hw > w va h,k € LHE. Gid s z la phan @b bt ky thudéc LH(w) cé bi€u
dién chinh tdc d6i véi w la l,..Ljw va ljw > (hV k)w. Néuz > {x,y} va mot trong cdc dicu
kién (i)-(iv) trong Pinh ly 3.2 (1) théa man thi z > {6(h V k)w, d' (R V k)w}.

Chitng minh. Néu l; va h V k khong ciing thuoe LHY thi tir [jw > (hV k)w va Hé qua 5.1
trong [9], ta suy ra z > {d(hV k)w, ¢'(hV k)w}, véimoi 6,0 € LH*. Gid st l;,hV k € LHf.
Khi d6 theo Bo dé 2.1(i) trong [10], v6i moi z € LH (l;w), véi moi 6,0’ € LH*, ta ¢6

z > 0(hV k)w hoac 14 z va §(h V k)w khong sénh dwoc,

z > 8 (hV k)w ho#ic 14 z va §'(h V k)w khong sanh duoc.

Tuy nhién véi dieu kién cia h, k trong bé de nay, cdc khang dinh thit nhi trong khang
dinh trén khong xdy ra. That vay, gid sit z vd 6(h V k)w khong sanh dwoc dong thoi z va
8'(hV k)w cung khong sanh dwoc. Theo Dinh 1y 2.1(3) trong [10], v6i AV k, [;, w twong tng
déng vai tro hj, k; va x(;), mot trong ba truomg hop sau day c6 thé xay ra:

a) Truomg hop h V k, [; dong bién va z # {6lw,d'l;w}. Khidé hV k va l; déu khong thude
S hoac ching ciing thudc S hoiic cling thuoec S, Ta xét lan lwot céc kha nang:

+hVEkll; ¢S T ljw> (hVk)w va hw > w ta suy ra ljw > hw. Vi X va LH tuong
thich nén [; > h, tirc 1a I; va h sénh duge. Néu h ¢ S thi theo Ménh deé 3.2(i), h va l; dong
bién. Do dé tix z % dljw, I; ¢ S, Ljw > hw va Pinh 1y 2.1(3)(i) trong [10], ta suy ra z va
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x = dhw khong sanh dwoc, dieu nay mau thuan véi gid thiét z > 2. Neuh € Sthih € S, vi
ngwoc lai néu A € S thi ton tai l; ¢ S val; > h, diéu ndy méau thuan véi Ménh deé 3.1 trong
[9]. Bang 1ap luan twong twr ta ciing thu dwoc k € S~. Vi S~ la mot ideal néen AV k € S—,
mau thuan véi gid thiét AV k ¢ S.

+ hVk,l; € ST: Xét truomg hop h ¢ S, néu dhw > hw thi tr z 2 él;w, I; € S va Dinh ly
2.1(3)(ii), ta suy ra z va x = dhw khong sdanh dwgc, mau thuan véi gid thiét. Néu shw < hw
thi theo gia thiét cia bé de, chi xdy ra cdc kha nang (i) va (iii) trong Pinh 1y 3.1(1): Néu kha
nang (i) xay ra thi h, k dong bién. Vi h ¢ S nén k ¢ S va theo Ménh de 3.2(iii), AV k ¢ S.
biéu nay mau thuan véi gid thiét AV k € ST. Néu kha nang (iii) xdy ra thi h ¢ S, k € S
va hw < kw. Theo Tinh chat 3 trong 9], LH (kw) > kw, ta suy ra kw < é'kw va vi vay
dhw < §'kw. DPiéu nay mau thuan véi gid thiét @ va y khong sdnh dwoc.

Xét truomg hop con lai la h € S. Néu h € ST thi theo Tinh chét 4 trong [9], h va l; dong
bién vi l; € ST. Do d6 tir z # dl;w va Pinh 1y 2.1(3)(i), ta ¢6 z va dhw khong sdnh dwoc,
mau thuan. Néu h € S~ thi theo gid thiét vé h va k trong bd de, chi xdy ra cdc kha ning
(i) va (iv): Néu kha nang (i) xdy ra thi h, k dong bién. Deé thiy k phai thuoc S~ va do dé
hVk € S, mau thuan véi hV k € ST. Néu khd nang (iv) xdy ra thi k ¢ S va hw < kw. Do
A6 h <kvihVk=k¢S, mau thudn véi hV k€ ST

+ hVE,l; € S mau thuan duoc suy ra twong tu nhw trudmg hop trén.

b) Truong hop hVk ¢ S, 1; € S, {6(hV k)w,d' (hV k)w} > (hV k)w va z 2 {6l;w, §'l;w}.

Néu §(h V k)w = (h V k)w thi (hV k)w la diem bat dong. Vi h va h V k cing thudée LHY
nén theo Dinh 1y 3.1 trong [10], hw la diém bat dong. Diéu nay mau thuan véi gid thiét la
hw > w.Vay §(h V k)w > (hV k)w.

Néuh ¢ Sthit hVk ¢ S varorang h va hVk sdnh dwoc, theo Ménh dé 3.2(i), ta c6 h va
hV k dong bién. T 6(hV k)w > (hVk)w va Ménh dé 2.1, ta suy ra ki1 (RV k)w > (hV k)w.
Do h v hV k dong bién nén hj1hw > hw va cing theo Ménh dé 2.1, ta ¢6 dhw > hw. Vi
vay tit h ¢ S, 1; € S, hw < ljw, z # 6l;w va Pinh 1y 2.1(3)(ii), ta suy ra z va @ khong sdnh
dwoc, mau thuan véi gia thiét.

Néu h € S thi k ¢ S. That vay, gid stt k € S. Néu h va k khong cing thude ST hoiac S
thi theo Ménh de 3.2 trong [9], AV k& € ST, mau thuan véi gid thiét AV k ¢ S. Néu h va k
cting thuoc S thi tir Pinh nghia S trong [9], ta ¢6 AV k € ST, mau thuan. Twong twr, néu
h va k cling thuoc S~ thi AV k € S, mau thuan. Vay k ¢ S va bang lap luan twong tw nhuw
truomg hop h ¢ S & trén ta lai gdp mau thuan.
¢) Trudbng hop hVk € S, 1; ¢ S, Ly..lj1ljw < Liw va b, (hV E)w 2 {6(hV k)w,d'(hV
k)w}. T ljw > (hV k)w va hw > wtasuyral; > hVk NéuhVke ST thil; € ST
vi ST 1a mot filter trong [9]. Préu ndy mau thuan véi gia thiét [; ¢ S. Néu hV ke S~ thi
tir {h,k} < hVk va S la mot ideal trong [9], ta suy ra h,k € S~. Theo tinh chdt 4 trong
9], R va RV k dong bién. Do dé theo Hé qué 2.2, tir L,...Lj11 (R V k)w # §(h V k)w ta suy
ra l,...Ljs1hw # dhw. Két hop véi h € S,1; ¢ S, hw < Ljw, l,...ljl;w < [jw va Pinh 1y
2.1(3)(iii), ta két luan l,...lj41ljw va dhw khong sdnh dwoc, tikc la z va  khong sdnh dwoc,
mau thuan véi gid thiét.

Nhu vay ta cé z > {5(hV k)w,d (R V k)w}, bo dé da duwoc chimg minh. |
Bay gi¢’ ta chirng minh Dinh ly 3.2.

Chitng minh. Ching ta chiing minh phan (1) cia Dinh Iy trong trudmg hop supremum véi
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gid thiét hw > w. Theo Hé qua 3.1, 6(h V k)w > dhw = x va 6 (A V k)w > dkw = y.
Vay néu 6(h V k)w Ud (hV k)w ton tai thl né la mot can trén cia {z,y}. Bay gid ching
ta sé ching minh né la can trén bé nhét titc 1a véi moi z = l,...lha sao cho z > {x, y} th
2> {3(hV k)w,d (hV k)w}.

Xét truong hop z € LH(w). Khi dé z = I,...L;w. Vi z > {z, y} nén theo Pinh 1y 2.1 trong
[10], ta ¢ ljw > {hw, kw}. Do X va LH twong thich nén i; > {h,k} va do d6 l; > hV k.
Nhuw da biét LH{ 1a mot dan con cia LH®+ I nén hV k € LH va vi vay h v h V k cing
thuoc LHY. Theo Tinh chat 1 trong [9], h va h V k twong thich cho nén tir hw > w ta ¢
(hV k)w >w. Do dé ljw > (hV k)w.

Gid stt ljw = (hV k)w. Néul; # hV k thi theo Pinh ly 5.1(iii) trong [9], w la diém bat
dong. Ta suy ra hw = w, mau thuan véi gia thiét. Vivay [; = hV k. bé chirng minh cong
thitc (F1) cia dinh 1y, ta xét Tan lwot cdc trwdomg hop sau:

+ h, k dong bién. Truéc tién ta gia thiét h, k ¢ S. Theo Ménh dé 3.2(iii), ta c6 hVEk & S.
Ro rang h va h V k sanh duoc nén theo Ménh de 3.2(i), h va h V k dong bién. Hon nira,
(hVk)w > hw vi AV k > h va hw > w. D€ yrang l; = AV k nén z = ,...L; 11 (hV k)w. Do d6
ap dung Binh 1y 2.1(2)(i) trong [10] cho & = dhw < l,...[j 11 (RVk)w = z ta cé z > 6(hV k)w.
Lap luan twong tw ta cing thu dwoc z > §'(h V k)w.

Xét truomg hop h, k cling thuoc ST hoac S—. Gid sit h, k cling thudc ST, vi ST 13 mot
loc nén hV k € ST. Theo Tinh chat 4 trong [9], ta cé h va bV k dong bién. Do dé phan con
lai cia chiing minh twong tu nhuw truong hop trén. Chitng minh cho trwong hop h, k cing
thuéc S~ hoan toan twong tu.

+ h, k nghich bién va dhw > hw,d'kw > kw. Khidé h ¢ S va k ¢ S. That vay, néu
h,k € S thi theo Tinh chdt 4 trong [9], h € ST va k € S~ hoic ngwoc lai. Theo Tinh chit
5 trong 9], dé thdy dhw va ¢'kw luon sdnh dwoc va diéu nay mau thuan véi gid thiét. Vi
treong hop c¢6 ding mot toan tir A hoic k thuoc S luén mau thuan véi gid thiét 1a h, k nghich
bién nén h ¢ S va k ¢ S. Khi d6 theo Ménh dé 3.2(ii), h V k € S. Nhu vay, ta da cé h ¢ S,
hVk € S, dhw > hw cho nén tir & = dhw < l,...[;11(hVk)w = z va Dinh Iy 2.1(2)(ii), ta suy
ra z > 0(h V k)w. Vivai tro cia h va k nhu nhau nén bang lap luan twong tu ta thu duwoc
z>0(hVEk)w.

+h¢ S keSS vahw<kw T gd thiét hw > w tasuyrah <k vadodéhVk=k.
Vi vay tir z > y = d’kw ta c¢é ngay bat dang thic z > §'(hV k)w. Bay gio ta sé chirmg minh
z > 8(h V k)w. That vay, néu dhw < hw thi theo Tinh chat 3 trong [9], shw < hw < kw <
LH(kw), ta suy ra @ = dhw < §'kw = y, mau thuan véi gid thiét. Do dé dhw > hw va vi
vay theo Pinh 1y 2.1(2)(i) trong [10], tir @ = dhw < ly...l; 11kw = z, ta suy ra z > dkw tic la
z>0(hVk)w.

+heS k¢S hw <kwvahj,kjin € LH® Lap luan twong tu nhu trén, ta cé
hVk=kvaz>dhVkw TrheS k¢S, hw<kw vaTinh chdt 3(ii) trong [9], ta c6
LH(hw) < hw va vi vay néu ¢'kw > kw thi dhw < §'kw. Piéu nay mau thuan véi gid thiét.
Vay ¢'kw < kw. Theo Ménh dé 2.1, ta ¢6 kj 1 kw < kw, diéu nay kéo theo hj 1 kw < kw va
dkw < kw b&i VI hjiq, ki1 € LH. Néu z > kw thi z > dkw. Néu z < kw thl tir 6hw < z
va DPinh 1y 2.1(2)(iv) trong [10], ta c6 z > dkw. Vay ta c6 cdc bat dang thitc can chimg minh
khil; = h \V k.

Néu ljw > (hV k)w thi ta 4p dung Bo dé 3.1 va thu duge z > {5(h V k)w, d'(h V k)w}.
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Xét truomg hop z ¢ LH(w). Vi z > {x,y} nén theo Dinh Iy 2.1 trong [10], ton tai
chi 86 j/ < j sao cho v6éi moi ¢ < j/, I; = h; va lyu > hyu, & ddy u = hjy_1...hja va
w = hj_1..hyrhyu. Néu ly va hy khong cing thuée LHY thi theo Hé qua 5.1 trong
9], ta ¢6 ngay cdc bat ding thic can ching minh 1a z > {d(h V B)w,d (b V k)w}. Gia
st lj va hy cing thuée LHE. Khi dé néu hy, Ly, hjy...hj1, L.l déng vai tro twong
tng cia h, k,d, 0" trong Hé qua 2.1 va thda man diéu kién (C1) thi theo Hé qua nay ta cé
z =l dyqlyu > lpu > hyu > hj_y...hyihyu. Tl bat ddng thite cudi cing va Ménh dé
2.1, ta ¢6 hjru > hjy1hju. Lai 4p dung Ménh dé 2.1 cho bat ding thic nay ta thu duoc
hjru > {0(hVEk)hj_1..hjhyu, 6’ (RVE)Rj 1. .hj 1 hyu}. Do dé z > {o(hVk)w, o' (hVE)w}.
Con lai, nhwr da néi trong Muc 2, chi ¢é ba truomg hop sau day cé thé xdy ra:

a) hy va ly dong bién.

b) hj/ ¢ S, lj/ €5 va hjfl...hj/ﬂhj/u > hj/u.

C) h]/ € S, l]/ ¢ S va lp...lj/+1lj/u S l]/u

Bay gio ta s& chitng minh khang dinh bang qui nap theo s = j — 5’ 4 s6 toan tit trong
bieu dién chinh tic cia w déi véi u.

Véis=1thij/=j—1. Khidé l;_ju > hj_ju = w. Ching ta xét lan lwot céc truong
hop da néi trén.

+ Gia st hj_1 va lj_ dong bién. Vi hw > w tikc la hhj_1u > hj_ju nén theo Hé qua
2.2(b), ta ¢6 hlj_yu > l;_ju. Cing theo Hé qua 2.2(a), ta cé dhl;_ju va 0'kl; _u khong sdnh
dwoc vi @ = 6hhj_ju va y = 0'kh;_ju khong sanh dwoc. Tu z > {x,y}, ;1w > hj_u
va Pinh Iy 2.1(2)(i) trong [10], ta suy ra z > {0hl;_ju,d'kl;_ju}. Pat v’ = [;_ju, ro
rang z € LH(w'). Do dé nhu da chimg minh cho truomg hop z € LH(w), ta c6 z >
{6(hV K)lj_1u, 0" (R V k)l;_qu}. Diéu nay kéo theo z > {6(h V k)hj_1u,d'(hV k)h;_qu}, tic
1a z > {0(h V k)w,§'(h V k)w} bang cich 4p dung (N4)(ii) trong [9] cho I;_1u > h;_ju.

+ Gid st hj_y ¢ S,1;_1 € S. VI hw > w nén ta cing ¢6 kw > w va do dé theo Ménh
deé 2.1, ta ¢6 {0hw, d'kw} > w tic 1a {dhh;_qu, 8'kh; qu} > hj_ju. Vi dhw va ¢'kw khong
sanh duoc, tie 1a dhhj_u va 0'khj_qu khong sdnh dugc nén theo Hé qua 2.2(a), dhl;_qu va
0'kl;_1u khong sanh dwoc. Hon nwra, tir z > {x,y}, [_1u > hj_ju va Pinh 1y 2.1 (2)(ii), ta
suy ra z > {0hlj_qu, d'kl;_ju} va vl vay, tuong tu trudng hop a) ching ta cing ching minh
dugce rang z > {d(h V k)w,d (R V k)w}.

+ Gid st hjy € S, ¢ S. Khi d6 tir hj_qu < I;_ju va Tinh chat 3 trong [9], ta c6
LH(hj 1u) < hj_qu. Ta suy ra hh;_qu < hj_qu, tic la hw < w, mau thuan véi gia thiét
hw > w. Vay khi s = 1 treong hop nay khong xay ra.

Bay gitr, gid st rang z > {dhw, §'kw} luén kéo theo z > {§(hV k)w, &' (hV k)w} ding véi
moi s < ¢. Ta sé& chitng minh khing dinh ciing ding véi s = ¢ + 1. Nhé lai rang s = j — 5’
va hju < Lpu. Pat w' = hj_q..hypilyu. Trude tién, ching ta chitng minh rang trong
céc truomg hop (a)(b)(c) néi trén, ta luén c6 khang dinh (*) nhw sau: z > {dhw', 6'kw'},
hw' > w' va dhw', 6'kw’ khong sdnh dwoc. That vay:

a) Trudmg hop hjr valy dong bién. Vi dhw va ¢’'kw khong sénh duoc, tire 1 dhh;1...hj 1 hjru
va 0'khj_1..hjp1hyu khong sdanh dwoe nén sir dung Hé qua 2.2(a), ta cé dhh;_1...hjlju
va 0'khj_q...hj1lyu khong sdanh dwoc. Vay ohw’ va ¢'kw’ khong sanh dwoc. St dung Hé
qua 2.2(b), tir hw > w ta suy ra dwogc hw’ > w’. Hon nira, vi hjr, I; dong bién va hyu < lyu
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nén tir z > dhw tic la z > dhhj_1..hyhyu va Dinh 1y 2.1(2)(i) trong [10], ta suy ra
z > 6hhj_1...hjyi1lyju = dhw'. Bang lap luan twong tu ddi véi 2 > d’kw, ta cing suy ra
dwoc z > d'kw'. Vay z > {dhw', 'kw'}.

b) Trudng hop hy ¢ S,l; € S va hj_q..hjihjyu > hyu. Theo Ménh dé 2.1, hjhju >
hju va cling theo ménh dé nay, ta c6 {0hhj_i...hj1hju, 6'kh;_1...hy1hju} > hyu. Do dé
st dung Hé qua 2.2 nhu treong hop a), ta cing ching minh dwoc hw' > w’ va dhw', §'kw’
khéng sanh dwgc. Hon ntra, vi hy ¢ S, 1y € S va ohhj_y...hjy1hypu > hyu nén tir z >
Shw = 0hhj_1..hj1hju va Pinh 1y 2.1(2)(ii) trong [10], ta suy ra z > dhh;_1..hj1lyu,
tikc 1 z > dhw’. Tuwong tu ta cling cé z > d'kw’.

¢) Truong hop hjy € S, 1y & S va byl lyu < Lpu. Khi A6 vi z = 1.l 11w sdnh dwoc
véi @ = dhhj_i...hj11hjru nén theo Ménh dé 2.2, ta ¢é hjyy va Ly cing thuoe LHC. Vi
lp-..ljii1 1w < lyu nén theo Ménh dé 2.1, 1y lyu < lyu. Do dé hyqlyu < lyu va cing theo
Ménh dé 2.1, ta c6 {dhhj_1..hjilyu, 0'khj_1...hyqlyu} < Lyu. Vi vay sit dung Hé qua
2.2 nhu trudmg hop a), ta cing chimg minh dwoc hw' > w' va dhw', §’kw’ khong sdanh dwoc.
Hon ntra, vi hy € S,y ¢ S va l,...lyilyu < lyu nén tr z > dhw = dhhj_q..hj1hju va
Dinh 1y 2.1(2)(iv) trong [10], ta suy ra z > 0hh;_q...hy1lyu, tic la z > dhw’. Twong ty ta
c6 z > dkw'.

Tir khang dinh (*) ta thay néu z € LH(w’) thi twong tuw nhu truomg hop 2z € LH(w) da
chitng minh trén ta ¢6 z > {d(hVE)w', &' (hVE)w'}, tike 1a z > {0(hVE)hj_1...hj1lju, o' (hV
k)hj-1..hjilypu}. Vay z > 6(hV k)w,d'(h V k)w bang cdch dp dung (N4)(ii) trong [9] cho
lj/u > h]/u

Bay gitr, gia st riing z ¢ LH (w’). Khi d6, ton tai chi s6 j thoéa man j/ < j < j sao cho
voimoi i < i’ <", Iy = hy va L' > hou! v = by kel Viw' = hy oy
nén s6 todn ti trong bidu dién ndy bing j —j <j—j =i+1, ticlaj—j <i. Tir khing
dinh (*) va gid thiét qui nap ta suy ra z > {§(hVEk)w', 6'(hV k)w'} va vi vay 4p dung (N4)(ii)
trong [9] cho ljiu > hju ta 6 cdc bat dang thic can chitng minh z > {6(hV k)w, 8'(hV k)w}.

Truong hop hw < w cing nhw cong thire cho infimum dwoc chirng minh tuwong tu.

Vi phan (2) la két qua dwoc suy ra tir (1) bang nguyén tac doi ngau nén ching ta két
thic viéc chirng minh dinh 1¥. |

Bay gio chiing ta quan tam dén cdc truomg hop khi A va k& nghich bién, trir mot trwomg
hop da xét trong Pinh 1y 3.2.
Pinh 1y 3.3.Gid st @ = dhw, y = d'kw la hat phan b khong sinh duoc, ¢ day h,k € LHf
va h, k nghich bién. Khi d6 ta cé:
(i) Néu 6hw < hw v 8 kw > kw thi

{6/(h Vk)w néuhw >w

"(hAK)w néuhw <w

A S(hAk)w néu hw >w
X pr
Y (hV k)w néu hw < w
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(ii) Néu Shw < hw va & kw < kw thi

(hV Ek)w néu hw >w
zUy = .
(hAE)w néu hw < w

(i) Néu Shw > hw v 8 kw > kw thi

(hAKk)w néu hw > w
xNy = P
(hV E)w néu hw <w

Chitng minh. Trudc tién, ching ta chimg minh rang: h,k ¢ S; h va k khong sanh duoc;
hV k€ ST. That vay, néu h,k € S thi tir h, k nghich bién va Tinh chdt 4 trong [9], A va
k khong cling thuoe ST hodc S~. Theo Ménh dé 3.2 trong [9], A v& k luon sanh duoc nén
khong mét tinh tong quat, ta cé thé gid st rang hw < kw. Theo Tinh chdt 5 trong [9],
Shw < hw < kw < §kw, mau thuan véi gid thiét @ va y khong sdnh dwoc. Vay h,k ¢ S.
Khi d6 néu h va k sianh dwoc thi theo Ménh de 3.2 (i), h va k dong bién. Diéu nay mau
thuan véi gid thiét. Vay h va k khong sdnh dwoc. Vi b,k ¢ S va h, k nghich bién nén theo
Ménh dé 3.2(ii), hVk € S. Vih<hVkva S laideal chonén néu hVke S thihe S,
diéu nay mau thuan véi h ¢ S. Vay hV k€ ST,

(i) Ching ta ching minh cho cong thitc supremum véi hw > w. Khidé (hVEk)w > w. Vi vay,
tr AVE € ST va (N4)(i) trong [9] ta c6 LH(hVk)w > (hV k)w kéo theo &' (hVEk)w > (hVk)w.
Vi h,k € LH{ nén theo Hé qua 3.1, (hV k)w > hw. Két hop véi gid thiét hw > dhw ta
thu dwoc 8'(h V k)w > dhw. Hon nira, theo Hé qua 3.1, ta ¢6 §'(h V k)w > d'kw. VI vay
8 (hV k)w 1a mot can trén cua {=,y}. Ching ta sé chimg minh ¢’(hV k)w 1a can trén bé nhét
cla {z,y}.

Giad st z > {z,y}, trude tién ta xét truomg hop z € LH(w), khi d6 z = 1,...L;w. Vi
z > {a,y} nén theo Pinh 1y 2.1(2) trong [10], [;w > {hw, kw}. Néu l; va k khong cing thude
LH thi l; va h V k cing khong cing thuoe LHY va do dé theo Hé qua 5.1 trong [9], ta ¢
z > 0'"(hV k)w. Néu l; va k cing thuoc LHE thi lap luan twong tu nhu trong chitng minh
Binh Iy 3.2, I; = hV k hodc Ljw > (hV k)w.

Gidsitl; =hVk Tacdk¢ S, hVEkeS, kw<(hVEwvadkw > kw. Vivay, tir gia
thiét z > y = §'kw va DPinh 1y 2.1(2)(ii) trong [10], ta suy ra z > §'(h V k)w.

Bay giv gid sit rang ljw > (h V k)w. Diéu nay kéo theo I; > hVk vido dé l; € ST Wi
hV k€ ST. Theo (N4)(ii), 0'ljw > ¢'(h V k)w. Hon nita, ta c6 ljw > kw, k ¢ S,1; € S va
d'kw > kw. Vi vay theo Pinh 1y 2.1(2)(i) trong [10], tir z > y = ¢’kw ta suy ra z > ¢'l;w.
Do d6 z > ¢'(h V k)w.

Xét truomg hop z ¢ LH (w), khi dé theo Dinh 1y 2.1 trong [10] ton tai chisd 5’ < j sao cho
Lipw > hju va l; = h; v6imoi i < j'. Néu ly va hy khong ciing thuoe LHE thi tir Lyu > hyu
va Hé qua 5.1 trong [9], ta ¢6 z > §'(hV k)w. Néu Iy va hy cing thuoe LHY thi ta sé ching
minh quy nap theo s = j — 5.

Chi ¥ rang (d, hw, (hV k)w) khong 1a bo ba tinh tién nhung (&', kw, (hV k)w) 13 bo ba
tinh tién. Do dé nhu la mot phan cia phép chitng minh niy cho Pinh 1y 3.2 ta nhan duoc
z>0(hVEk)w.

Truomg hop hw < w dwoc chitng minh twong tw. Bang phép doi ngau ta suy ra dwoc
cong thitc cho trueomg hop infimum. Vi vay cdc cong thite trong (i) da duoc chimg minh.
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(i) Bay gio ching ta chiing minh cho cong thire (ii) v6i dieu kien hw > w. Vi AV k > {h, k}
nén (hV k)w > {hw, kw}. Theo gid thiét hw > dhw va kw > ¢'kw nén (hV k)w > {x,y}.
Ta sé chimg minh (hV k)ww 1a can trén bé nhat cia {z,y}.

Xét truong hop z € LH(w), khi dé z = I,...L;w. Vi z > {dhw, ¢'kw} nén theo Pinh 1y
2.1 trong [10], ta ¢6 ljw > {hw, kw}. Tuwong tu nhu trong chirmg minh DPinh 1y 3.2, ta suy ra
l; = hVkhoic ljw > (hVk)w. Néeul; =hVkthiz€ LH((hVk)w). VihVke ST va
(h V k)w > w nén theo (N4)(i) trong [9], ta ¢6 LH((hV k)w) > (R V k)w. Vay z > (A V k)w.
Gid st Ljw > (hV k)w. Néul; va hV k khong cing thuoc LHY thi theo Hé qué 5.1 trong [9],
ta c6 z > (hV k)w. Gid st I; va h V k ciing thuoc LHf. Vil; > hVkvahVk € ST nén
l; € ST. Theo N4(i) trong [9], LH ({;w) > ljw. Do d6 z > Ljw > (hV k)w.

Xét truomg hop z ¢ LH(w), khi d6 ton tai chi s6 j' < j sao cho Lyu > hyu val; = h;
véi moi i < j', & day w = hy_1..hia v6i a € G. Néu ly va hjy khong cling thuoe LH{ thi
theo Hé qua 5.1 trong [9], ta c¢6 z > (hV k)w. Néu Iy va hy cing thuoc LHE thi ta sé chitng
minh quy nap theo s = 5 — j’. Chttng minh nay twong tu nhu chimg minh trong Pinh 1y 3.2
véi chid ¥ rang céc két qua tir treomg hop z € LH (w) dwoc van dung cho z € LH (w') 13 bat
dang thitc z > (R V k)w.

Chimng minh cho truong hop hw < w mot cdch twong tw. Vi (iii) dwoc chimg minh hoan
toan twong tu nhw (ii) nén Pinh 1y da dwoc chitng minh. [ ]

Cudi cling, ching ta quan tam dén trudmg hop ¢é ding mot gia tir k hoiac k thude S va
hji1,kjiq1 khong cuing thuée LH*.

Pinh 1y 3.4. Gid st « = dhw = hy,..hj1hw vay = 6'kw = ky,...kj 1 kw, ¢ day h, k € LHY,
hw < kw va hjiq1, kj11 khong cung thuoc LH. Khi do

(i) Neuhe S,k ¢ S thhe Uy = kw.

(i) Neuh ¢ S,k e S thix Ny = hw.

Chitng minh. (i) Gid stt hw > w. Vih € S,k ¢ S va hw < kw nén theo Tinh chat 3 trong [9],
LH(hw) < hw, ta suy ra dhw < kw. Néu ¢’kw > kw thl §’kw > dhx. Diéu nay mau thuan
véi gid thidt @ va y khong sanh duge. Vay {0hw, d’kw} < kw. Chiing ta sé chirng minh rang
v6i moi z > {dhw, d’kw} thi z > kw.

Gid stt z € LH(w) va z = ly...Ljw. V1 z > {0hw, 'kw} nén theo Pinh 1y 2.1 trong [10] ta
¢6 ljw > {hw, kw}. Lap luan nhw trong ching minh Pinh 1y 3.2 va chd ¥ rang trong truong
hop nay hV k =k, ta ¢6 I; = k hodc Ljw > kw (**).

Xét truong hop l; = k. Pé ching minh phan chitng, gid st rang z = ...l 1kw < kw.
Theo Ménh dé 2.1, ta ¢6 lj 1 kw < kw. Vi 8'kw = ky,...kj11kw < kw nén cing theo Ménh deé
2.1, ta ¢6 kj 1 kw < kw. Vivay tir k ¢ S va (N1) trong [9], ta suy ra kj 1,141 € LH®. Theo
gid thi€t hj 1, kj41 khong cing thuéc LH® nén hjy va lj11 khong ciing thuée LH®. Do dé,
tir hw < kw, h € S,k ¢ S, 1.l kw < kw va Ménh dé 2.3, ta suy ra dhw = hy,...hjo1hw
va z = ly...lj 1 kw khong sanh duwoc, mau thuan véi gid thiét. V1 z va kw luon sénh dwoc
néen z > kw.

Truomg hop ljw > kw. Néu l; va k khong cling thuoe LHY thi theo Hé qua 5.1 trong (9],
ta ¢6 z > kw. Gid st [; va k cung thuoc LH. Néu l; € S thi tr ljw > kw, k ¢ S va Tinh
chat 3 trong (9], ta ¢6 LH(ljw) > ljw. Do d6 z > kw. Néu l; ¢ S thi theo Ménh dé 3.2(i),
tir k ¢ S va l; sdnh dugc v6i k ta ¢ [; va k dong bién. Vi vay, néu z = L.l lw < Ljw
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thi tir 0'kw = kyp,...kj1kw < kw, dé dang ta ¢6 141 va kjq cing thuée LH®, suy ra lj11 va
hj+1 khong cing thuée LHC. Theo Ménh dé 2.3, z va dhw khong sanh duwoc, diéu nay mau
thuan véi gid thiét. Vay z > Ljw > kw.

Bay gior chiing ta gid st rang z ¢ LH(w). Theo Dinh Iy 2.1 trong [9] ton tai chi s6 bé
nhét j° < j sao cho lyu > hjyu véiu= hjy_y..hja. Néuly va hjy khong cing thuoe LHS thi
theo Hé qua 5.1 trong [9], ta ¢6 z > kw. Néu [y va hy cling thuée LHY thi ta ching minh quy
nap theo s = j — j’ twong tw nhw chitng minh Pinh Iy 3.2, véi chi ¥ rang két qua dwoc van
dung tir trwomg hop z € LH (w) sang cho trueong hop z € LH(w') 14 bat dang thite z > kw.

Truong hop hw < w, ta chi can thay (hV k) bang (h A k) trong buéc (**) va ching minh
cho treomng hop nay hoan toan twong tu.

Vi (ii) dwoc suy ra tir (i) bang nguyén tac doi ngau nén dinh Iy da dwoc chimg minh. m

Vé phéi cila céc dang thitc trong cdc Pinh Iy 3.1, 3.3, 3.4 luén ton tai. Tuy nhién diéu
nay déi véi Dinh 1y 3.2 con phu thude vao viéc ton tai supremum va infimum cia céc cap
phan tir méi xudt hién trong vé phai cia céc dang thie (F1) va (F2). Pay ciing chinh 1
nhitng treomg hop giéi han trong Pinh 1y 3.1. D& cé duwoc s ton tai nay, ching ta s& mé
rong PSGTKTN trong mot bai bao sau.

4. KET LUAN

Bai bdo da tiép tuc nghién cttu va phat hién nhirng tinh chat cia Pai s6 gia tit khong
A7 N ~ . N ~ v ’

thuan nhat. Cu the 1a da chi ra infimum va supremum clda mot s6 cap phan tir. Céc két qua

N ~ ~ N S ~ ’ 2 ’ A N ~ 1\ b} A b}

nay cho ta thay ro rang hon vé cau tric cia né dong thoi sé la co s¢& quan trong cho viec mo

~ & ’ N ’ AN . ~ . ~ o2 b 4 .

rong nham thu dwoc cau tric giau hon c¢é thé lam co s& dai s6 cho mot loai 1ogic mo gia tri
ngon ngir ¢6 chira trang tir nhan Not so.

L&i cAm on. Téc gid xin chan thanh cdm on PGS. TSKH Nguyén Cat Ho da c¢6 nhimg ¥ kién qui
biu trong qué trinh hoan thanh bai bio.
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