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VE TOAN TU TRUNG BINH VA MOT SO TiNH CHAT*
LE HAI KHOI, NGUYEN LUONG PONG

Vién Cong nghé thong tin, Vién Khoa hoc va Cong nghé Viét Nam

Abstract. Averaging operators are useful in many applications, for example, in developing fuzzy
decision support systems, fuzzy logic systems, or fuzzy model-based control of complex processes.
This article deals with averaging operators and their characteristics. Other methods for generating
averaging operators and theirs relationship with T-norms and T-conorms are also investigated.

Tém tét. Toan tir trung binh c¢é nhidu tng dung réng rai, vi du nhuw trong viéc phét trién céc hé
trog gitip ra quyét dinh, hay céc bo do tim, trong cac hé logic md, hay cdc bo diéu khién dura trén mo
hinh m& 4p dung vao céc qué trinh trong thuat todn ra quyét dinh. Bai bio dé cap todn tir trung
binh va cdc tinh chat cia né. Cédc phwong phép sinh todn tir trung binh v mdi quan hé cia todn tir
trung binh véi T-chuan, T-d6i chuan (T-norm, T-conorm) cling dwoc quan tam khdo sét.

1. MO PAU

Trong [1,2] chiing toi da dé cap cc chuan, d6i chuan tam gidc (T-chuan, T-déi chuan) va
ing dung ctia ching trong mé hinh heuristic doi véi hé chuyén gia. Trong bai bdo nay ching
toi trinh bay mot cdch hé thong vé toan tir trung binh va mot s6 tinh chat quan trong cia
toan tir nay cling nhu cdc phwong phép tao todn tir trung binh méi va mdi lién hé cia toan
tir trung binh véi T-chuan va T-déi chuan.

Toan tir trung binh tuy da dwoc biét dén tir lau nhung chwa bao gior duwoc xem xét dwdi
gbéc do cua ly thuyét tap hop trudce khi 1y thuyét tap mo ra doi. Dubois va Prade [3,4] da
tiép can khéi niém toan tir trung binh tir quan diém cia 1y thuyét tap mo.

C6 thé tim hiéu sau hon ve T-chuan, T-d6i chudn va todn tir trung binh trong [5, 6].

2. KHAI NIEM TOAN TU' TRUNG BINH

Ciing giéng nhw T-chuan va T-déi chuan, toan tir trung binh khong phai 13 mot todn tir
cu the, ma né la thé hién cia mot ho vo han céc todn tir hai ngdi thda man mét sé tinh chat
nhdt dinh. Pinh nghia todn tir trung binh nhu sau ([3,4]).

Pinh nghia 1. Todn tir trung binh 14 mot ham s6 hai bién M: [0, 1] x [0, 1] — [0, 1] théa
man cic tinh chat sau Va,y € [0, 1]:

1.xAy< M(z,y) <xzVy M¢{A V]

2. M(z,y) = M(y,2) (tinh giao hoén);

3. M 14 ham s6 lién tuc va don diéu tang;

*Ho6 tro tir chirong trinh NCCB cap Nha nwréc, ma s6 2 004 06
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trong d6 z Ay = min(x,y), x Vy = max(x,y).

Tir tinh chat 1 suy ra todn tit trung binh M c6 tinh luy dang: M (x,x) = x. Tinh chit
nay cé thé thay ré ngay tir tén goi toan tir trung binh (trung binh cia hai s6 bang nhau phai
bang chinh hai s6 d6).

bé dé hinh dung vé toan tit trung binh va méi quan hé ciia né véi T-chuan va T-déi
chuan, cé thé xem Hinh 1 duéi day, trong dé =,y € [0, 1],

néu y=1,
8 =<y néux—lI,

0 trong céc truomg hop con lai,

x néu y=0,

8  y=<y néux=0,

1 trong cac truong hop con lai.

Tschizan . Tooan trtrung Wit - , T;aéi'éhué_ﬂ

T L)
T A Iy A
\ 7 S N ~) o ~
Hinh 1. Todn tir trung binh va T-chuan, T-doi chuan

Néi céch khéc, ¥ toan tir trung binh M(z,y), ¥ T-chuan T'(z,y) va T-ddi chuan S(z,y),
luoén c6 day bat dang thirc sau, qua dé cé thé thay dwoc mot phan méi quan hé giira todn ti
trung binh véi T-chuan va T-déi chuan:

8 <T@y <eAy< M@y <zVy< Sy s y (1)

3. CAC vi DU VE TOAN TU TRUNG BINH

Sau day 1a vi du vé mot s6 toan tir trung binh quen thude.

Vi du 3.1. 9 2y L
M (z,y) = 1 21 (x,y #0) (trung binh diéu hoa)
4z Y
€ oy
Vidu 3.2. Ms(z,y) = Vay (trung binh nhan)
Vidu 3.3. Ms(z,y) = x;Ly (trung binh céng)
Vidu 3.4.
—9 . .
My(z,y) = %7_? =1-M0-2,1-y) (467 ngau cia trung binh diéu hoa)
Vi du 3.5.

Ms(z,y)=1—+/(1 —2)(1—y)=1—Ms(1 —2,1—y) (d67i ngdu cia trung binh nhan)
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Nhédn zét. doi ngau cia toan tir trung binh cong & Vi du 3.3 van la né:

1 1 -
1—M3(1—x,1—y):1—< x);< y>x;y

M3<$7 y)

Viéc céc toan tir trén théa man nhitng tinh chat cia todn tir trung binh, cé thé ching
minh khéng may khé khan. Ngoai ra, luén cé day bat dang thirc lien hé sau day gitra cac
todn tir trung binh quen thudc trén.

My < My < M3 < My < Ms (2)
2 -2
vy <\/xy<x+y<1— (1—%)(1—y)<w.
z+y 2 2—x—vy

Hai bat dang thirc dau 13 bat dang thitc Cauchy; hai bat dang thitc sau cling dwa duwoc
ve bat dang thitc Cauchy véi viec doi bién a* = 1 —z,y* = 1 — .
Bay gio chiing ta xét mot 16p cdc todn tir trung binh cé tham s6 quan trong.

1
xP +yP\?r
Mo = (C55) >0 3

Ki hiéu M («, y) la dSi ngau cia My (x, y) ching ta cé:

(1_x>p+<1_y)p>;‘ (4)

M}f(m,y)l—Mp(l—x,l—y)l—< 5

Viéc chitng minh M, va M 1a céc todn tir trung binh twong ddi dé dang. Méi quan hé giira
M, M v6i céc todn tir trung binh trong cic vi du truée dwoc thé hién qua day bat dang
thitc sau

() Neu0<p<lthhe Ay < My(z,y) <

(i) Néu 1 > p thi 2 Ay < Mj(2,y) < Ty

xr+y
2
< My(a,y) <aVy;

< Mj(x,y) Sz Vy;

(iii) Néu p = 1 thi xdy ra dau bang & tat ci cic bat dang thirc trong (i) va (ii).
bé chitng minh tinh chat nay, ching ta st dung giai tich 16i. Khi p < 1,p # 0, ham s6
f(x) = aP 1a ham 16i. Vi vay cé bat dang thitc

f(@) + fy) < ("t
2 2
af 4 yP < x+y\’
2 2
1
aP +yP\r < x+y
2 2
r+y
4 Mp<x7y> <

Khi p > 1, ham s6 f(x) = 2P lai 14 ham 16m, vi vay bat dang thitc doi chieu. Cudi cing
néu p = 1, M,(z,y) tré thanh toan tir trung binh cong, bat ding thitc (i) va (ii) ding hién
nhién d6i v6i M (x,y). Viéc chiing minh cho Mj(x,y) dwoc thue hien bang cidch ddi bién
x* =1 —x,y* = 1 —y va chirng minh twong tu nhu véi M,(x, y).
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Moi lién hé ctia todn tir trung binh ¢ tham s6 M, (x, y) va My (x,y) v6i cac todn tir trung
binh quen biét con dwoc thé hién chat ché hon qua hai bang sau.

bai véi M, (x,y)

Po | oo | =1 | 0 | +1 | +4oo
plLl"gOMp(wyy) x Ny ;iyy ‘ VY m;y xVy
Déi véi My (2, y) :
Po . T 0 | +1 | too
Jim M(e,y) | @Vy % ‘ 1—/(1—-2)(1~-y) x;y x Ny

Chiing ta sé chitng minh truong hop hn% M,y(x,y) = /7y (céc trudong hop con lai ¢é thé
p‘)
chirng minh khéng may khé khin).

o pse X A T P
Xét ham s6 F(p) = My(x,y) = 5 va lay log ca hal vé ta cé
P + yP
log “—-
log F(p) = ——=—
p
St dung quy téc L'Hospital dé 14y giéi han vé phai
. xP + P xPloga + yP logy
08 1 1
= lim ——2— — lim 2 osw ey
p—0 P p—0 T +y 2
2
Tw dé | bl
v 1 . 1
p—0 2
& lin% F(p) = Jay.
p‘)
Vay lin% My(z,y) = ay.
p‘)

Nhu vay, 16p ham M, (x,y) da bao gom tat ca cac todn tir trung binh quen thude khi cho
p thay doi. Bén canh 16p My (2,y), con ¢6 mot s6 16p toan ti trung binh ¢é tham s6 khéc

nhu sau.
Vid .

idu3.6 Mes(z,y) = (@ Ay)(1 —p) + (x Vy)p. (5)
Vi du 3.7 Mo(z,y) = (@ A y)(lfp)(gc Vy)P. (6)

Hai vi du trén thudc 16p toan tir boi thuwomg va dong thoi 1a toan tir trung binh. Toan ti
boi thuwomg néi chung ¢é dang
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Cla,y) = F(a, ) PG (@, y)P,
trong dé, F(x,y), G(x,y) ¢ thé 1a T-chuan, T-déi chuan, toan tir trung binh hay mot s6 ham
hai bién khdc. Khi F(z,y),G(x,y) 1a todn tir trung binh thi C(z,y) cling la todn tir trung
binh.

4. CAC MENH PE VE TOAN TU TRUNG BINH

Sau day ching ta chitng minh moét ménh dé quan trong dé xay dung céc toan tir trung
binh.

Ménh dé 4.1. (Vé doi ngau).
Gid st M(z,y) la mét todn ti trung binh va f(t): [0,1] — [0, 1] la mot ham sé don diéu
chdat. Khi dé ham s6
Mi(x,y) = [ (M(f(2), f(9)))

cting la moét todn tf trung binh. M]’? dwoc goi la f—doi ngau cia M.
Ching minh.

Truéde hét, do M cé tinh giao hodn nén ta cé

Mi(x,y) = fTHM(f(2), f(©) = f (M(f(w), f(2)) = M}(y, ),

cé nghia la M]’? cing ¢é tinh giao hodn (thda man tinh chat 2 cia dinh nghia todn tir trung
binh).

M 14 ham s6 lién tuc, f~! cling la ham s6 lién tuc suy ra M}‘ cung lién tuc. M la ham
lién tuc tang, f la ham don diéu chat suy ra M7 = Y M(f(2), f(y))) cling 1 ham s6 lién
tuc tidng (thda man tinh chat 3 cia dinh nghia todn tit trung binh).

Chiing ta chi con phéai chimg minh M7 théa man tinh chat 1 cda dinh nghia todn ti trung
binh. Xét trwomg hop f gidm chat (twong dwong f~' gidm chit) theo diéu kién 1 cia todn
tr trung binh ta cé:

M(f(x), f(y)) < fl@)Vv f(y)
vi thé suy ra SEM(f@), f() > @)V ),
Khi ham f~! giam chat /L (M(f(x), (1)) — @Ay
nén ST M(f(), f(y) = @Ay
Tuong tu FHM(f(2), f(y) < aVuy.

Néu f ting chit (twong dwong f~! tang chit), chitng minh twong tu.

Vay x Ay < fH(M(f(x), f(y))) < @V y trong tat cd céc truomg hop, suy ra M7 théa
man tinh chit 1 cia dinh nghia toan ti¢ trung binh.

Mj thda man ca ba tinh chdt cia todn tir trung binh nén né cing 1a moét toan tir trung
binh. |

Véi céch xay dung nhu trén, M7 duoc goi la f—doi ngau cia M. Vay néu mot ham so
hai ngoi M 14 todn tir trung binh thi f—doi ngau cia né cing la todn tir trung binh. Trong [11],
H.Dyckhoff dwa ra mot cich xay dung toin t& trung binh md rong la
D(z,y) = fH{(1 —p)f(z) +pf(y)),0 <p <1, trong d6 f(=) lién tuc va don diéu chat. C6
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A~ ~ ~ A ’ s 2 A ’ . 1 . s N N
thé thay D(=,y) khong déi xing, né chi déi ximg khi p = 5 Khi dé, D(z,y) la truwong hop
dic biét cia toan tir trung binh déi ngau M7 & trén véi M (2, y) = i ;r Y

Khi chon mot ham s6 f(x) cu thé, vi du nhw f(x) = 1 — 2, ching ta cé thé thiy ngay
todn tir My(x,y) trong Vi du 3.4 1a d6i ngau cia todn tir Ms(x,y) trong Vi du 3.2. Vi vay
chi can chiing minh M5 la todn tit trung binh ta suy ra My clng la toan tit trung binh (doc
gid c6 the thdy dieu twong tuw doi véi My va Ms).

ty chinh 14 ham <6

Néu chon f(x) = «P thl 2P-d6i ngau cia toan t Mz(w,y) =

1
xP +yP\?r
Mp<x7y) - < 2

tit trung binh vi né 13 2P —doi ngau cia Ms.

. Vi vay cé thé thdy dwoc cach khac dé chitng minh M, 1a mot todn

Mot céch nita dé xay dung toan tit trung binh méi la stt dung ménh dé sau.

Ménh dé 4.2. (Vé phép hop toan ti trung binh).
Gid stt My (2, y), Ma(z,y), Ms(x,y) la cdc todn i trung binh. Khi dd ham sé

M(.%‘, y) =M (M2<$7 y)? M3<$7 y))

cung la mot todn i trung binh.

Ching minh.
Truée hét, do My, Mo, M3 cé tinh giao hoan nén suy ra M cing cé tinh giao hoan.
M7y, Mo, M3 1a ham s6 lién tuc ting suy ra M cing lién tuc tang.

Cudi cung, do

e ANy < M(x,y)
.%‘/\y< M2<x7y> :>M<$,y):Ml(M2<$,y),M3<$,y)) ZM1<$/\y,$/\y):$/\y
v ANy < Ms(z,y)

Tuong tu ta cing ¢ M(z,y) <z Vy
Vay ham s6 M thda man cdc tinh chat cia dinh nghia todn tir trung binh nén né 14 mot
todn tir trung binh. [ |
Ap dung ménh dé trén cé thé xay dung dwoc nhieu toan ti trung binh méi tir céc todn
tit trung binh co ban da biét. Vi du nhu cdc todn tir tu doi ngau sau:

Va1 =V—a—y
2

(x +y)? —day(e +y —2)
2@+y)(2—2—y)

M6<x7y> ) M7<$,y) -

13 todn tir trung binh vi

Mg(a,y) = Mz (Ma(x,y), Ms(2,y)), M7= Ms(M(x,y), My(x,y)).

5. VE KHA NANG MO RONG TOAN TU TRUNG BINH CHO NHIEU BIEN
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Mot van dé duoc dat ra 1a khd ning md rong todn tir trung binh cho nhiéu bién. Mot
trong céc cach dé mé rong 1a dinh nghia dé quy todn tir trung binh cia n bién théng qua
toan tir trung binh cia n — 1 bién. Cu thé nhw véi trueomg hop 3 bién

M('x:y:Z) - M<M<$7y)7z) - M<x7 (y,z)),

hay truomg hop n bién

M<m17 7mn> - M<M<x17 7xn71)7$n> - M<m17 M<m27 7mn>>

bé lam duwoc diéu nay ching ta can tinh dén tinh chdt két hop cia todn tit trung binh. Tiéc
rang khong phai todn tir trung binh nao ciing ¢é tinh chat két hop. Cu thé c¢é két qua sau.

Ménh dé 5.1. (Veé tich chat két hop)
Khéong ton tai todn it trung binh nao tang chdat trén khodng (nao dé) thuéc |0,1] x [0, 1]
ma lai c6 tinh chdt két hop

M(M(z,y),z) = M(z, (y, 2)). (7)

Ching minh.

Gid st todn tit trung binh M téng chit trén (a,b) x (¢, d) C [0, 1] x [0, 1]. Do tinh chat
giao hodn cia M nén khong mat tinh tong quat cé thé coi a < ¢. Chon 2,y,z € [0, 1] sao
choz <y <zvax € (a,b)cony,z € (¢,d). Khidé, Jy; € (¢,d) sao cho y > y1 > =, Vi
thé M(x,y) > M(x,y1) (do M ting chit trén (a,b) X (¢,d) ma x € (a,b),y,11 € (¢,d)). Bén
canh d4, theo tinh chat 1 cia toan tir trung binh M (z,y1) > @ A y; = x. Vay M(z,y) > x.

T bat dang thitc cudi cing suy ra Jx; € (a,b) sao cho M(x,y) > a1 > x. Vi thé
M(M(z,y),z) = M(x1,2) > M(x, z) (do M tang chat trén (a,b) X (¢,d) ma x, 21 € (a,b), z €

(c,d))) tic 1a ta c6 M(M(z,y),z) > M(2/, 2). (*)
Mat khéc, z =y V z > M(y, z) nén suy ra M(x, z) > M(x, M(y, z)). (**)
T (*) va (**) ta ¢c6 M(M(z,y),z) > M(x,z) > M(x, M(y, z)). Ttic 1a todn tir trung

binh M khong cé tinh chat két hop. [ ]

Nhdn zét. Trong [5], Mizumoto da néu mot y rang khong ton tai todn tit trung binh tang
chat ma cé tinh két hop. Ménh dé nay 1a két qua manh hon két luan trén vi chi can todn
tir trung binh tang chit trén bat ¢t khodng nao di nhé dén dau C [0, 1] x [0, 1] thi né cing
khong thé cé tinh két hop.

Sau day 1a mot vi du vé mot todn tir trung binh c¢é tinh két hop (goi 1a todn tir median
[5]). Puwong nhién, todn tir nay khong tang chit trén bat cir khoang nao thuoc [0, 1] x [0, 1].

x néup <z <y,
Yy nfux <y <p

M(x,y) = Medy(x,y) = L ’ (8)
P neuz < p <y,

Med,(y,x) néuy <,

v6i tham s6 p € [0,1]. Y nghia cta todn tir ndy 13 18y phan tit & gitta khi sdp tht tu ba s6
x,y, p.

Nhdn zét. Cling c6 thé coi gid tri cla Med,(z,y) 1a s6 thudc [z, y] ma gan p nhit. Pay chinh
1a co s& cho viée chitng minh tinh chét két hop cia Med,(z, y).
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Trong céc tai liéu tham khéo vé Med,(x,y) déu khong thay chitng minh tinh chat két
hop cia todn tir nay, vi thé ching t6i trinh bay chimg minh tinh chat dé nhu mot ménh de.

Ménh dé 5.2. Todn ti trung binh Med,(x,y) cd tinh chdt két hop.

Chitng minh. That vay, Va,y, z € [0, 1], dat a = min(z, y, 2), 8 = max(z, y, z) xét céc trudmng
hop cia p doi véi o, 5.

Néup < a : Medy(z,y) = min(z,y) = Med,(min(x,y), z = min{min(z,y), z} =
min{z, y, z} = a. Twong tu, Med,(x, Med,(y, z)) = .

Vay Med,(Med,(x,y), z) = Med,(xz, Medy(y, z)).

Néup > B : Med,(x,y) = max(z,y) = Med,(max(z,y), z) = max{min(z,y), z} =
max{z,y, z} = 8. Twong tu Med,(x, Med,(y, z)) = 8.

Vay Med,(Med,(x,y), z) = Med,(xz, Medy(y, z)).

Néu a < p < 3, ta sé chimg minh Med,(Med,(x,y), z) = p. That vay, xét hai truong
hop:

+ Khi Med,(x,y) = p, dé thay Med,(Med,(x,y), z) = Med,(p, z) = p.

+ Khi Med,(z,y) > p, (hoac Med,(x,y) < p,) thi p phai thuéc doan [z, Med,(x, y)] hodc
doan [Med,(x,y), z] vi néu khong p khong thé nam gitra o, 8. Vi p thudc mot trong hai doan
trén nén Med,(Med,(x,y), z) = p.

Tuong tu, Med,(x, Medy(y, z)) = p. Vay Med,(Medy,(x,y), z) = Med,(x, Med,(y, z)).
Nhu vay todn tit trung binh M (z,y) = Med,(x,y) ¢6 tinh chit két hop. [ ]

Nhan zét. Cing c6 thé chirng minh tinh chat két hop bang céch khic. Theo nhan xét
da nhac & trén, todn tiv Medy(w,y) 14y phan tir gan p nhat trén doan ddi s6 [z, y]. Xét
Med,(Med,(x,y), z) va Med,(x, Med,(y, z)), viéc 1ay phan tir gan p nhat khong phu thude
vao thit tu 18y doan [, y| hay [y, 2] truéc, r6i két hop véi phan tik con lai nén todn tir Med,
c¢6 tinh chat két hop. Ngoai ra ¢6 thé mé rong cho nhiéu hon hai bién. Khi dé todn tir Med,
cho n bién lay phan tir gan p nhét trén doan tao bdi min{n bién } va max{n bién } dé.

Tuy khong thé mé rong todn tit trung binh téng quat cho n bién bat ky bang tinh chét
két hop nhung ta ¢é thé mé rong trong trueomg hop n 1a luy thira cia co s6 hai, tite 13 n = 27,
That vay, khi dé ta ¢é thé dinh nghia dé quy todn tit trung binh cho 2¢ bién nhur sau

M('xly 7$2d> - M<M<x17 7'%‘2‘1*1)7 M('x2*1d+17 7x2d>)' (9)

6. KET LUAN

Toan tit trung binh la su b6 sung day di cho cac toan tir T-chuan va T-déi chuan trong
cdc phép toan hai ngoi trén tap [0, 1].

Bai bao da dwa ra cdc vi du pho bién vé cdc toan tir trung binh ¢é va khong c¢é tham so.
Bén canh dé, mét s6 ménh dé nham xay dung cac toan tir trung binh méi tir cdc toan tir da
biét dé m& rong tap cac toan tir trung binh hitu ich cling dwoc dwa ra.

Thuc té 1a trong céc tinh hudng ra quyét dinh, con ngudi khong két hop céc su kién
giéng nhur mo6 phdng bdi todn tir chuan va déi chuan tam gidc (T-norm va T-conorm). Mic
du chuan vi doi chuan tam gidc 1a nhitng ho toan tir mé phéong phép AND va OR mot cich
tong quat nhat, nhung khi két hop hai gid tri nao dé, chuan va déi chuan tam gidc bi giéi
han bdi min vi max. Vi du nhw dit bién 16n hon ¢é tang dén dau thi chuan tam gidc cia hai
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bién cling khong thé virot qud gid tri bién nhé hon. Vi vay, dé tién dén gan hon dén viéc
mo phong cdc qud trinh suy ludn ciia con ngudi, cac hé tro gidp quyét dinh thuomg sit dung
thém ca todn tir boi thuwong trong viéc két hop céc s kien. Toan tir nay 13 mot toan ti trung
binh va nhw da néi nam gitra chuan va déi chuan tam giac, nén gid tri cie nhéd cla mot bién
c6 thé bu dap bdi gid tri rat 1ém cia bién con lai dé ddm bdo két qua cudi cling khong qué
16n va cling khéng qué nhé, ¢6 thé chap nhan dwoc.

Ho toan tir trung binh c¢é nhiéu tng dung rong rai, dac biét la trong viec phét trién céc
hé tro gitip ra quyét dinh ([§]), hay cdc bo do tim ([9]). Viéc lra chon todn tir két hop 1a toi
quan trong doi véi cdc xit 1y cla cdc hé thong nay trong viéc moé phdng qud trinh ra quyét
dinh cda con nguoi.

Mot s6 hé thong khéc sit dung toan tir trung binh ¢é thé ké dén nhwr mé hinh céc tir noi
thudc ngon ngir hoc trong hé logic md Mamdani ([7]), hay nhu trong bo dieu khién dua trén
mo hinh m& 4p dung vao cdc qué trinh phitc hop trong thuat toan ra quyét dinh ([10]).
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