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KET QUA MG1 VE DO THI HAMILTON TOI DAI
VU DINH HOA!, PO NHU AN?
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Abstract. A graph is called a maximal uniquely Hamiltonian graph if it has the maximum number
of edges among the graphs with the same number of vertieces and exact one Hamiltonian cycle.
Maximal uniquely Hamiltonian graph was studied by Sheehan [5]. Sheehan proved that maximal
uniquely Hamiltonian graph with n > 3 vertices contains [%2] + 1 edges. He confirms that for every
n > 3 there is only maximal uniquely Hamiltonian graph. In this paper, we construct two maximal
uniquely Hamiltonian graphs with 9 vertices, and show that for every n > 7 there are at least 2[712;7]

maximal uniquely Hamiltonian graphs.

Tém tdt. Mot do thi duoc goi 13 db thi Hamilton t8i dai néu nhu né ¢6 s6 canh nhiéu nhit c¢é thé
trong céc do thi ¢6 cling s6 dinh va ¢6 ding mot chu trinh Hamilton. 6 thi Hamilton t6i dai duoc
Sheehan [5] nghién ctru. Sheehan da chimg minh rang do thi Hamilton t6i dai véi n dinh 1a duy
nhat va ¢6 ding [%-| + 1 canh. Trong bai ndy, ta béc bé két qua cia Sheehan bang cach chi ra hai
dé thi Hamilton t6i dai 9 dinh va xay dung ol"5]
phép ding cau.

dé thi Hamilton t6i dai n dinh sai khéc nhau qua

1. MO PAU
Trong bai bdo nay, ching ta chi néi dén cic do thi hitu han vo6 hwéng. Moi ky hiéu va

khai niem & day dwoc 14y tir [1]. Cho truéc mot d6 thi don vo hwémg G, ta goi mot chu trinh
C cia G 1a chu trinh Hamilton néu nhw né di qua tit ca cic dinh cia do thi G.

Hinh 1. D6 thi ¢6 hai chu trinh Hamilton

Trong Hinh 1 ta ¢6 mot do thi véi hai chu trinh Hamilton khac nhau. D6 thi khong ¢é
chu trinh Hamilton véi nhiéu canh nhat da duwoc nghién citu bdi Erdés cling nhu mot s6 nha,
toan hoc khdc. Néu do thi G c6 mot chu trinh Hamilton thi né dwoc goi la d6 thi Hamilton.
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Mot do thi chi ¢6 ding mot chu trinh Hamilton dwoc goi 1a @6 thi Hamilton t6% dai néu nhu
né c6 nhiéu canh nhat trong s6 cac do thi cliing ¢6 s6 dinh va ¢é ding moét chu trinh Hamilton.
Lép cdc do thi nay dwoc nhiu nha todn hoc nghién ctru, ban doc c6 thé xem thém [5]. Do
thi trong Hinh 2 1 do6 thi Hamilton t6i dai 5 dinh.

Hinh 2. D6 thi Hamilton t5i dai 5 dinh

Sheehan [5] da x4c dinh s6 canh ctia do thi Hamilton t6i dai c6 n dinh. Mot van dé twong
tw nhu vay da tirng dwoc Erdds gidi quyét, khi ong xem xét cédc @6 thi khong c¢é chu trinh
hamilton. Erdos dit cau hdi, trong céc do thi khong cé chu trinh Hamilton, do thi nao cé
nhiéu canh nhat. Két qud cta Erdos [4] cé thé néu trong dinh Iy sau.

Pinh ly 1. (Erdos) Cho trudc mot do thi don vo hudng G (k) véin dinh va £ canh. Néu
mot dinh P cia G}(k) ¢6 bac d(P) > k, ¢ day k la s6 ty nhién thda man 1 < k < g, thi ta

dat
n—1 9
1+max{ 5 Jrﬁ}zﬁ(k:,n).
Khi @6 ta co:

1) Moi d6 thi G} (k) voi £ = £(k,n) déu la d6 thi Hamilton,

2) Tén tai mot do thi Gzl(k n)71<k> khong cé chu trinh Hamilton.

Dai véi do thi Hamilton t6i dai, Sheehan [5] da nghién ctru bai toan twong tw la tim s6
canh nhiéu nhat ¢é thé cia do thi n dinh véi duy nhat mét chu trinh Hamilton. Két qua
twong tu dwoc Barefoot va Entringer [2] nghién ctru véi diéu kién bo sung 1a hai dinh ke nhau
bat k¥ ctia do thi cho truéc dwge néi véi nhau bdi mot dwong Hamilton (dwomg chira toan
bo céc dinh cia do thi). Ta goi mot do thi nhw vay la @6 thi Hamilton lién théng t6% dai va
khong nghién ctru 16p do thi dé & day. Cho truwéde mot do thi G véi n dinh ¢6 duy nhat mot
chu trinh Hamilton C. Ta dénh s6 céc dinh trén chu trinh Hamilton C theo thi tu ngwoc
kim dong ho 1a vy, vs, ..., v, (Hinh 4). Nhu vay cdc canh cia C' ¢ dang (v;, v;11) (s6 dinh
duoc tinh theo mod(n)). Nhirng canh khong thuoe C' duwge goi la dwong chéo. Pudng chéo
(vi,vj) v6i i < j dwge néi rang ¢é @9 dai k, véi k = min{j —¢,%+n — j}. Trong hinh 3, cic
dudng chéo (1,8) va(l,4) déu ¢ do dai 3.

Sheehan dwra ra dinh 1y sau trong [5]:

Pinh 1y 2. (Sheehan) Do thi t6i dai véin dinh cé ding [%2] + 1 canh.
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Sheehan [5] ciing chiing minh rang do thi t6i dai véi n dinh 13 duy nhat va dwoc xdc dinh

nhu sau
0

]

Hinh 3. D6 thi Sheehan 10 dinh

Ta danh s6 cdc dinh trén chu trinh Hamilton C' theo thtt tw ngwoc kim dong ho 1a
0,1,2,...,n— 1. Tiép dé, ta bo sung tat ci cdc canh dang (7,7) véi 4 la s6 1& va j > i. Khi
dé6 dé thay rang do thi thu dwoc 1a do thi chi ¢6 mot chu trinh Hamilton va ¢é ding [%2] +1
canh. D6 thi thu dwoc theo céch xay dung nay dwoc goi 1 @6 thi Sheehan.

Két qua trén cia Sheehan la sai. Trong Hinh 4 ta dwa ra moét phan vi du véi hai do
thi Hamilton t6i dai 9 dinh sai khdc nhau qua phép dang cau. Hai do thi trong Hinh 4 13
hai d6 thi c6 duy nhat mét chu trinh Hamilton. Ca hai do thi déu cé ding [‘i—g] +1=21
canh, 14 s6 canh nhiéu nhat ma mot do thi véi duy nhdt mot chu trinh Hamilton ¢é thé
c6 dwoc. Ngoai ra, chiing khong hé dang cau véi nhau, do day bac cia chiing theo thit tuw
(d(v1), d(v2), d(vs), d(vs), d(vs), d(ve), d(v7), d(vg), d(vg)) nguge kim dong ho trén chu trinh
Hamilton sé 14(2,8,2,7,3,6,4,5,5) va (2,8,2,7,3,5,5,4,6). Dinh cé bac la 6 trong do thi thir nhat
ké vé&i hai dinh bac 3 va 4 trén chu trinh Hamilton, con trong do thi thit hai, dinh cé bac 6
chi ké vé4i hai dinh bac 4 va 2 trén chu trinh Hamilton.

Hinh 4. Hai d6 thi Hamilton t6i dai 9 dinh

2. XAY DUNG PO THI HAMILTON TOI DAI

Ta néu thuat toan xac dinh do thi Hamilton t6i dai » dinh nhw sau. Ta xuat phét tir mot
chu trinh C ¢6 n dinh. Ta chon dinh ag tuy ¥ trén C va xdc dinh
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X1 - {.%‘0}7
Y, = 0.

Néu tap dinh X; va Y; da dwoc xé4c dinh, thi ta xéc dinh dinh 2; ¢ X; sao cho ton tai 2’ € X;
cach @; khodng cach 2 doc theo chu trinh C, va y; 1a dinh ke véi @; va 2’ tréen C. Tap hop
X, va Yy duoc xac dinh theo quy tac sau:

Xip1 = X; U{ai},
Yir1 = YiU{yl,

véii=1,2,...,[5] -1 Do thi G thu dwoc tir C bang cich b sung cic canh néi cc dinh y;
véi tat ca cac cdc dinh khong thude X, UY;. 1. Dé dang thay rang do thi Sheehan 13 do thi
duoc xac dinh theo thuat toan trén khi cdc dinh x4, .. SR ER dwoc chon theo chiéu nguoc
kim dong ho doc theo C. Vé&i n < 8, thuat toan cia ta chi cho mét do thi Hamilton t6i dai
duy nhét va ching déu la do thi Sheehan. Vé&in = 9, thuat toan cho ta hai do thi khac nhau
nhuw trong Hinh 5. Pay chinh 14 hai d6 thi da dwoc dwa ra trong vi du Hinh 4. Dé thay rang

bac cia cdc dinh cia do thi G la

d(;<.%‘o) - 2,
do(z;) =i+1 Chomoiigg—l,
do(y;) =n—1 Choinigg—l,
da(x) = [g] +1 cho moi dinh con lai.
o *n
l!l"-1 I!'II‘1 ¥a
®
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Hinh 5. Hai d6 thi Hamilton t6i dai 9 dinh
Pinh 1y 3. Do thi G véin dink thu duoc theo thudt todn la do thi Hamilton t6i dai n dinh.
Chitng minh: Truédc hét ching ta thay G la do thi cé s6 canh la [%2] + 1, vi cdc do thi thu
dwoc theo thuat todn déu cé s6 canh nhwr nhau, va do thi Sheehan 1 do thi cé [72—2] + 1 canh

duoc xac dinh theo thuat todn trén khi cdc dinh x4, .. SR ER dwoc chon theo chiéu nguoc
kim dong ho doc theo C'.
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Mat khéc, ta s& chirng minh rang C 13 chu trinh Hamilton duy nhéat cia ¢ bang cich
chitng minh rang cic canh khong thuéc C' (dwgc bo sung thém vao do thi G trong qud trinh
thue hién thuat todn) khéng nam trén chu trinh Hamilton nio cia G cd. DPiéu nay dwogc
chitng minh bang quy nap theo i(i = 1,2, ..., [g] — 1) rang cic canh bo sung trong qué trinh
thue hién thuat toan khong thude chu trinh Hamilton nao ca. Thue vay, gid sit C’ 1a mot chu
trinh Hamilton cia GG. Do dinh x¢ va 21 1a hai dinh bac 2 nén hai canh cia ching phai thuéc
(', va nhu vay suy ra la céc canh (29, y1) va (21,y1) 1a canh cia C’. Do d6, cdc canh khéc
(dwoc b6 sung vao khi thwe hién thuat todn) xudt phat tir ;1 khong thuoc C’. Ta cé thé bod
cic canh nay ra khoi do thi G dé dwoc do thi G ma khong lam héng chu trinh €. Khi dé
C’ 1a chu trinh Hamilton cia Gy va trong G thi dinh 25 cé bac 2. Hién nhién, hai canh con
lai ciia C xuat phat tir 22 thude C’ va suy mot cdch twong tu nhw lap luan véi y; 1a hai canh
thuoc C xuat phat tir yo 1 hai canh thudéc C’... ta lai bd céc canh duwoc bo sung vao G khi
thuc hién thuat todn dé thu dwoc do thi G, cit 1ap luan nhw vay, ta sé thay tat ca cic canh
thudc C' déu la canh cia chu trinh €', nghia 14 C = C’. Vay C la chu trinh Hamilton duy

nhat cia G. .
Vo o v, *o :
X S N e
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Hinh 6. Bon do thi Hamilton t6i dai 12 dinh

Véin = 12, ta c¢6 4 do thi Hamilton t8i dai nhw trong Hinh 6. Céc day bac cia dinh cia
chung mot cach twong tng la

2,11,2,10,3,9,4,8,5,7,6,7
2,11,2,10,3,9,4,7,6,7,5,8
2,11,2,10,3,8,5,7,6,7,4,9
2,11,2,10,3,7,6,7,5,8,4,9

(
(
(
(

e N S S

Tiép theo, ta chirng minh dinh 1y sau:

Pinh 1y 4. Voin > 9 ta cd it nhdt 2
qua phép dding cdu.

=21 4o thi Hamilton t6i dai vdi n dinh sai khdc nhau

Chitng minh: Khi thuc hién thuat todn, ta 14y cdc dinh @1, 2 theo chiéu nguwoc kim dong ho
tréen C' tinh tir @p. Tiép d6, cdc dinh x;, (i = 3,4, ..., [5] — 1) duoc lay tuy ¥, va ro rang cé
2 cach lira chon ching. Nhuw vay moi céch xdc dinh day 23, 24, . . 2] cho ta mot do thi
Hamilton t6i dai theo Dinh 1y 3. Lwu ¥ rang véi hai céch chon Iwa khéc nhau thi ta thu dwoc
hai d6 thi khéc nhau qua phép dang cau, vi day bac cia ching giong hét nhau nhung lai ¢é
hoan toan khéac han nhau trong cdch phan bé trén chu trinh Hamilton (khoéng heé triing nhau
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qua phép quay). Do ¢é ol31-1-3 44 thi thu duwoc do cich lwa chon day x3, 24, . . SR, cho
nén ta cé 2" dd thi Hamilton t6i dai, ma dé thay rang ching déi mot sai khidc nhau qua
2 ~ , ., ﬁz n—7 A . . . . . s . ,
phép dang cau. Tém lai ¢6 it nhat 2" 571 do thi Hamilton t6i dai v&i n dinh sai khac nhau
qua phép dang cau. [ ]
Nhw vay, véi moi n > 7, ta ¢é it nhat 21" 44 thi Hamilton t8i dai. Qua kiém tra thuwc
té véi vai gid tri », ta khong tim thay mot do thi Hamilton t6i dai nao khéc, cho nén cé the
n—7 N e . N ~
la, chi ¢6 ding ol* 771 46 thi Hamilton t6i dai ma thoi.

Gid thuyét 1. (6 ding 2/"5) @6 thi Hamilton (i dain > 7 dinh.
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