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Abstract. The discovery of dependencies and approximate dependencies in databases is one of the
problems that were interested by many researchers, such as Hong Yao, Howard J. Hamilton and Cory
J. Butz [2], H. Mannila, H. Toivonen, and A.l. Verkamo, [4] and Yka Huhtala, Juha Karkainen, Pasi
Porkka [3,6]. In this paper, we propose an algorithm to determine whether a dependency holds or
not by building the dependency matrices. So, we can find all multivalued dependencies X v, Y,
with a given set X. These algorithms based on partitions of tuples of the relation with respect to
values of the attributes.

Tém tit. Su khdm phé nhitng phu thudce va phu thude xap xi tir co s& dir liéu 13 mot trong nhirng
huéng nghién ctru dugce nhidu ngudi quan tdm. Cé6 thé don ¢t mot s6 nhém téc gid nhu: Hong Yao,
Howard J. Hamilton and Cory J. Butz [2], H. Mannila, H. Toivonen, and A.I. Verkamo [4], vd Yka
Huhtala, Juha Karkkainen, Pasi Porkka, Hannu Toivonen [5,6]. Trong bai bdo nay chiing toéi dua ra
moét thuat todn kiém tra phu thude va phu thude xap xi bang cich xdy dung ma tran phu thuoc, tir
dé tim tat cd phu thudc téi tieu X v, Y, v6i X 1a mot tap cde thudce tinh cho truge. Céc thuat

todn nay déu dua vao sur phan hoach cia quan hé twong tGmg véi gid tri cla cac thuoc tinh.

1. MO PAU

Su phu thuoc gitra cac thudc tinh cia co s& dit lieu quan hé bieu dién hinh dang cia cau
tric trong quan hé d6. Chang han nhu mot phu thuée ham X Y ¥ biéu dién st phu thuoc
cua gia tri thudc tinh Y theo gid tri thuoc tinh X: nhing gid tri cia thudc tinh X xdc dinh
duy nhat gid tri cia thuoc tinh Y. Hay phu thudc da tri X v s phu thudc cda Y
vao X doc lap véi cac thudce tinh con lai.

Viéc phét hién céc phu thudc trong co s& dir liéu rat can thiét cho muc dich kham ph4
tri thitc va khai ph4 dir liéu. Nhiéu téc gid [2-6] da tim cdch xay dung cic thuat toan nham
khdm ph4 nhirng mdi lién heé gitra cdc dir lieu. Trong bai bdo nay ching toi dwa ra thuat toan
tim tat cd vé phdi cida phu thuoc da tri X U thuat toan kiém tra phu thuoc da tri
xap xi chdp nhan dwoc véi sai s6 bé hon hoac bang mét gia tri ngudng khong am cho trude.
bé xay dung céc thuat toan nay, ching t6i da dwa vio khai niém ma tran phu thudc va céc
dac trung cla né cung cap moét cong cu méi cho viée kiem dinh phu thuée xap xi chap nhan
dwoc mot cach de dang.
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2. PHU THUOC VA PHU THUOC XAP X1

Trong bai nay ta luon xét A = (U, A) 1a mot hé thong thong tin véi U la tap cde dai
twong va A la tap cac thudce tinh. Vi moi u € U va a € A ta ky hiéu u(a) 1a gid tri thudce
tinh a cta déi twong u. Néu X C A la mot tap céc thude tinh ta ky hieu u(X) 1a bo gom céc
gia tri u(a) véi a € X. Vi vay, néu u va v 1a hai doi twong thude U, ta sé néi u(X) = v(X)
néu u(a) = v(a) véi moi thudc tinh a € X.

DPinh nghia 2.1. Cho X,Y C A, ta néi Y phu thudéc ham vao X trén U va ky hieu X Yy
néu

Vu,v € U u(X) =v(X) = uw(Y) =v(Y).

Pinh nghia 2.2. Cho X,Y C A. Pat Z = A\ (X UY). Ta ndi Y phu thuoc da tri vao X
trén U va ky hieu X ¥ néu

HX) = w(X),
Vu,v €U tu(X)=v(X)=>HeU < HY)=u(Y),
HZ) =v(Z).

Trong nhiéu trudmg hop ta khong nhan dwoc X Ty nhung ton tai mot tap con V.C U
sa0 cho X —— Y. Néu tap V nhuw vay nhan dwoc bang céch loai bé mot s rat it céc bo
trong U, thi ta néi Y “phu thuoc da tri xap xi” vao X trén U. Mot cich chit che, ta dua
vao khai niém “sai s6 phu thuéc” dwoc dinh nghia nhw sau.

Pinh nghia 2.3. Cho X, Y C A. Ta goi gid tri sau la sai s6 cda phu thuoc da tri X Ty
min{Card({U\ V) |V CU; X Y, Y}
Card(U) '

e(X 4, Y) =

RO rang, X ¥ Kkhi va chi khi e(X SR Y) = 0. Trong nhiéu truong hop, ngoai cic
phu thuoc da tri, chiing ta cling can xac dinh cdc phu thudc xap xi ¢6 sai s6 khong vurot qué
mot gid tri ngwong e € [0, 1) cho trude.

ChoV CU va X C A. Ta goi tap hop

dom(V, X) = {w(X) |ue V}
13 mién gi4 tri cia V trén X. Mit khéc, trén V ton tai mot quan hé twong dwong INDV(X)
x4c dinh béi
Yu,v € V i (u,v) € INDV(X) & u(X) = v(X).

Ho cac 16p tuwong dwong trén V, tuwong tng véi INDV(X)7 dwoc ky hieu 1a [XV].

Bay gio cho X, Y C A la hai tap con cdc thuoc tinh. Gia si
Nghia la, véi moi bo u, v € U, ta cé

wW(X) = v(X) & (Eli Lu, v € Xi) (1)

WX UY) = o(XUY) & (Fj:uve)). (2)
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DPinh 1y sau cho ta cic dic trung cia phu thuoc ham va phu thuoc da tri.

Pinh Iy 2.1. Cho X,Y C A. it Z = A\ (X UY). Khi dé,

a) X YYe [VXi] = {X;} (hay n; = 1), véimoi 1 <i < m.

b) X =5 Y & dom(X;, Z) = dom(Y}, Z), véi moi 1 <i <m, 1 <j <.
Chitng minh

a) Hién nhién ding xuat phét tir dinh nghia ctiia phu thuoéc ham va (1)-(2).

b) (=) Gidsit X 5 Y. Vibao ham thite dom(X;, Z) D dom(in, Z) 1 hién nhién, nén
ta chi can chiing minh dom(X;, Z) C dom(in, Z),véimoi i, j. That vay, néu a € dom(X;, 7)
thi Jv € X; sao cho v(Z) = a. Ldy u € Yj suyrau € X; hay u(X) =v(X). Vi X 5 ¥ nén
ton tai ¢ € X; sao cho t(Y) = w(Y) (nén ¢ € Y;) vat(Z) =v(Z)=a. Vay a € dom(in, 7).

(<) Gia st dom(X;, Z) = dom(Y}, Z), véi moi 4,j. Lay hai bd bat ky u,v € U

ma u(X) = v(X), goi 7 va j la cdc chi 6 sao cho u,v € X; va u € Y; Viv € X; nén
a = v(Z) € dom(X*, Z) = dom(Y}, Z). Nghia la ton tai bo ¢ € Yj sao cho t(Z) = a. Vi
t,u € Y]’ nén {(X) = w(X)=v(X) va {(Y) = w(Y). Hon ntra ¢(7) = v(Z). Vay X Ly,

3. PAC TRUNG PHU THUOC BANG MA TRAN PHU THUOC

Trong muc truée, chiing ta da dwa ra dieu kién can va du dé X Ty ding. Dua vao két
qué dé, ching ta sé xay dung thuat toan kha thi dé kiém tra moét phu thudc ding bang sir phan
hoach trén cdc gid tri thude tinh. Vi moi ¢ ¢6 dinh, ta ky hieu dom(X;, Z) = {o, o, ..., a5}
va [V = {v}, Y3, .. .,Yqi} (ttrc 1a ¢ = m;). Chiing ta sé thiét 1ap mot ma tran phu thuoc
D' = (dys)pxq duwoc dinh nghia bdi

i {1 néu a, € dom(Ysl:, 7Z),
0 néua, ¢ dom(YY, Z),

va ky hiéu

P q q P
B3 S » 3
r=1 s=1 s=1 r=1
Tir dinh nghia suy ra d,s = 1 khi va chi khi c6 mot bo ¢ € Y ma t(Z) = a,.. Do dé tong céc
q
s6 trén hang thit r clda ma tran Z d,s chinh la s6 cdc bo (nam rai réc trong cic Y7) cé gia

s=1

P
tri tai thudc tinh Z bang o, con tong céc s6 trén cot thir s: Zd’”s lai chinh 1a Card(Y}).
r=1
Hien nhién ||Di|| = Card(X;). Néi cich khéc, s6 bo ctia X; chinh la s6 cdc 6 1 xuat hién
trong ma tran D?. Ta néi ma tran D? 1a ddy dac néu d,, = 1, véi moi r, s. Mot diéu thd vi
la phu thuoc da tri X Yoy 6 thé duoc dic trung hoan toan bdi cdc ma tran D?. Pieu dé
duwoc khang dinh trong dinh 1y sau.

Pinh 1y 3.1. X =5 Y & Di lo ma tran diy ddic véi moii € {1,2,...,m}.
Chitng minh. Gia stv X ¥, Theo Binh 1y 2.1 , véi moi i ta ¢6
dom(YE, Z) = dom(X;, Z) = {ay, g, ..., 0}, 1<s<q=n,
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Do d6, d,s = 1 véi moi r, s, nén D? 13 ma tran day dac.
Nguwoc lai, gid st cdc D? déu la ma tran diay dac. Véi moi o, € dom(X;, Z) va Y
(1 <s<q)tacéds =1nén o, € dom(YE, 7). Vay dom(X;, Z) = dom(Y{, 7). Tiec la
U
X —Y.
Dé thgy X Y5 ¥V khi v chi khi X 5% YV, Vi — T..n. Pinh 1§ 3.1 thiee ra khing dinh
rang X i,y néu va chi néu D' 1a ma tran day dac. Tir dé, néu X —>74> Y thi ¢ it nhat

mét ma tran D? khéng day dic, hay néi cach khdc, ton tai X; ma X —>74> Y. Mot cau héi kha
tu nhién 14 néu cac D? “gan day dac” thi Y ¢é phu thuoc xdp xi X hay khong? Dé danh gia
kha nang “gan day dic”cia ho ma tran phu thuoc, duéi day ching toi sé dwa ra khai niém
ve do day dic cia mot ho ma tran.

Cho C va D la céac ma tran chi chita cdc gia tri 0 hoac 1. Ta néi C' la ma tran con cia D
va ky hiéu 14 C' < D néu C cé thé thu dwoc tir D bang cich x6a di mot s6 hang va cot nao
dé. Néu D khong phai 14 ma tran day dac, ta can tim ma tran con day dac 16n nhat cia D.
Cu thé, ta ky hiéu

k(D) :=max {||C| | C < D va C day dac}.
véi ||C]| 1a tong gid tri cdc phan tir cia ma tran C. Bay gio twong tng véi ho cic ma tran
{D',D? ..., D™} ta goi d6 day ddc ciia ho ma tran nay la gid tri sau

> k(D)

s(DY,D?* ..., D™) = .
> ID
=1

Ro rang, s(D', D?,..., D™) < 1 v, tir Dinh nghia 2.3 va Dinh 1y 3.1 ta c6
s(DL D% ... D" =1eX-Lyedx Lv)=o0.

Téng quéat hon, ta ¢é két qua sau.
Dinh ly 3.2.
s(DYL,D2,....D™) =1 —e(X =5 V).

Truée khi chimg minh dinh 1y nay, ching ta can lam ro ¥ nghia cia cédc ma tran con
C? < D*. Nhw nhan xét sau Dinh 1y 3.1, D? khong diy dac khi va chi khi X —)5724 Y. Lic d96,
ta can xéa mot s6 bo trong X; dé thu dwoc tap V; C X; ma X Y ¥, Theo Dinh 1y 2.1, ton
tai gid tri o, € dom(X;, Z) ma a, & dom(Y{, Z), v6i mot s nao dé. Nhu vay, dé thu dwogc
tap hop V; C X; ¢6 kha nang thda man phu thuée X Y ¥ ta cin thye hién mot trong hai
thao tdc co ban sau:
(A): Xéa tit cdc ca bo t trong 16p Y.
(B): Xéa tat ca cdc bo t € X; ma ¢(2) = a.
Néu thue hién thao tac (A) thi tap V; C X; thu dwoc s& twong tng véi ma tran con C?
nhan dwoc tir D? bang cich xéa di cot s. Con néu thuc hién thao tdc (B) thi tap V; C X;
thu dwoc s& twong tng véi ma tran con C* nhan dwoc tir D? bang cdch x6a di hang . Nhuw
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vay, dé cé dwoc phu thuoce ding X iy chiing ta can phai xéa di cac dong va cot trén ma
tran phu thuoc D? d€ c6 diroc ma tran con day dic C?. S6 bo phai x6a chinh 1a tong s6 phan
tir ¢6 gia tri 1 trén cdc dong va cot cda D bi xod. Tic la Card(X; \ V;) = || D — ||C?||, hay
Card(V;) = ||CY||. Tém lai, viec tim tap con V; 16n nhat cia X; théa man X iy twong
dwong véi viec tim ma tran day dac C* < D? ¢6 ||C?| cue dai (tie 1a ||CF|| = k(D?)).

Chitng minh Pinh ly 3.2. Tt nhirmg phan tich trén ta thay, néu goi V; la tap con cé so
phan tir 16n nhat cia X;, théa man X G Y, thi Card(V;) = k(D?). Mat khéc, dé ¥ ring

Card(U) = Z | D?||. Nén tir Pinh nghia 2.3 ta c6

- Card (U\ 6 Vi)

U i=1
X Y) =
(X —==Y) Card(U)
ZCard(Vi)
=1- lzlmi = 1—s(D', D?%...,D™).
> ID
i=1
binh Iy duoc chirng minh. [ |

Pé minh hoa, chiing ta xét hé théng cho trong Bang 1. Trong dé,
[(X]=A{X1, X2}, Xi = {ti,lo,ta, ta, Us, ts, b7, Is, to, o}, X2 = {t11, iz},
Y] = {v], Y, 3},

3/11 - {t17t27t37t4}7 3/21 - {t57t67t7}7 3/31 - {t87t97t10}7

d0m<X17 Z) — {aly Qaig, O3, Oy, 045}7

dom (Y}, Z) = {oq, ag, as, aq },

dom(Yy, 7Z) = {as, ay, a5},

dom(Yy, Z) = {oq, ag, au },

Yo = {2, Y2} VP ={tn}; YZ={ti},

dom(Xy, Z) = dom(Y, Z) = dom(YZ, Z) = {as}.

Béang 1
U |X|Y | Z
tl 1 A aq
tg 1 A a9
t3 1 A a3
t4 1 A iy
t5 1 B a3
t6 1 B iy
t7 1 B ax
tg 1 C (a5]
tg 1 C (85}
th 1 C (87}
tn 2 B ax
tlg 2 C (8753
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Hai ma tran D! va D? lan luot dwoc thiét lap nhur sau

[V v v
a1 0 1

e 10 1 p?_ YP g
a3 1 1 0 ! (8753 1 1
ay 1 1 1
(8753 0 1 0

U
Ro6 rang, D? day dic. Tuy vay, D' khong day dac nén X —4 Y. C6 thé ki€m ching
dwoc cédc ma tran con day dic 16n nhat cia D! va D? 1a

bieu dé twong ting véi viec xéa hoan toan 1é6p Y3 = {t5,ts, 17}, cic bo trong X; cb
HZ) = az la {t3,t5}, cé H(Z) = a5 1a {tr} (tong s6 c6 4 bo can xod). Do day dic cla
{D', D%} 1a
cri+fc? s 2
le,DQ:H =— =",
N P EN P P

. . 2 1
Do dé, ta ¢é sai s6 phu thude e(X v, Y)=1- 3= 3

Tt Pinh 1y 3.2 va vi du trén ta thay, chi can lam viéc trén cdc ma tran phu thuodc, cu
thé 1a tir gia tri do day dic cia ho ma tran phu thuoc, ching ta ¢6 thé tinh dwoc sai s6 phu
thudc va tir dé khang dinh phu thuoc c¢é chap nhan dwoc hay khong. Trong phan sau ching
ta sé ban chi tiét van dé nay.

4. THUAT TOAN KIEM PINH PHU THUOC XAP Xi

Tir dinh nghia ta thay viéc x4c dinh s(D!, D%, ..., D™) chi yéu dua vao viéc tinh gia tri
k(D%). Vi vay, truwée tién ching toi s& xay dung thuat todn tim ma tran day dac C* < D!
sao cho ||C?|| = k(D?). Tir d6 thiét lap thuat toan kiém dinh mét phu thudc xap xi c6 chap
nhan dwoc khong.

4.1. Y twdng thudt toan

Pé dé hinh dung, ching to6i trinh bay ¥ twéng thuat toan théong qua mot vi du cu the.
Chung ta hay khéo st lai hé thong duoc cho trong Bang 1. Ta can phai xdc dinh céc ma tran
day dic C' va C?, 1én nhat ¢6 thé, sao cho C' < D! va C? < D% Trong ma tran D', ching
ta can can nhic xem nén giit lai s6 d,.s nao cho ma tran C*. R rang, céc gia tri d,s = 0 (nhw
d1 2, dz22...) bat buoc phai duge loai bo. DSi véi céc d,s = 1 chiing ta thit tinh todn xem cin
logi b6 t6i thi€u bao nhiéu sé 1 khdc trong ma tran néu quyét dinh git lai vi tri nay. Chang
han, d&i véi dy 1, néu cho phép dy ; € C' thi bat bude phai loai di cot 2 (Y3') va dong 5 (as),
do d6 s6 gid tri 1 can x6a it nhat 1a 3. Ta dat g1 = 3 va goi d6 1a hé sd logi b6 cia d ;.
Tuwong tu, ddi véi ds 2, néu muon gitr lai vi tri ndy cho C! ta can xda céc cot 1, 3 va cc dong
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1, 2, nén phai xéa it nhat la gs» = 7 s6 1. RO rang 1a nhing vi tri ¢6 hé s6 loai b6 cang bé
cang can dwoc wu tién giit lai cho ma tran C'. Mot cach tw nhién, ta gn g,s = oo cho cic vi
trf d,, = 0. Cudi cling ta nhan dwoc ma tran sau, goi 14 ma tran hé sé loai bé cia D'

[ Y Y Yy

ap 3 oo 4
1 |2 3 oo 4
G = ag 4 5 o
a0 1 4 3
ag oo 7T o0

Nhin vao ma tran nay ta thay vi trf (4,1) ¢é hé s6 loai bd bé nhat (g1 = 1) nén quyét
dinh gitr lai vi trf nay. Diéu d6 dong nghia véi viec xéa di dong 5, ma tran D! trd thanh (s6
0 in dam cho biét vi tri mé&i bi xo4).

[ Vv v
a1 0 1
1 ez 10 1
D= a3 1 1 0
iy l 1 1
arx 0 Q 0

Tir day, tinh lai ma tran hé s6 G'', chon giit lai vi tri ¢6 hé s6 (dwong) bé nhat, x6a cic dong
cot thich hop rdi viét lai ma tran D', tinh ma tran G'... Qué trinh lip nay két thic khi ta
nhan dwoc ma tran G chi chita cdc gid tri 0 va co. Cu thé, tiép tuc thao tdc déi véi ma tran

trén ta duoc

[ YY) v [ YY) vl
ap 2 oo 3 a; 1 0 1
1 ax 2 oo 3 1 az 1 0 1
— Dl =
- as 3 5 oo| as 1 0 0]
iy 0 4 2 (6 7] 1 Q 1
as 00 00 00 as 0 0 0
[V Y vy [V Y v
a; 0 oo 1 a1 0 1
1 oz 0 oo 1 | oy 1 0 1
p— D p—
=G az 3 o0 o - az 0 0 0 -
as 0 oo 1 ay 1 0 1
as 00 00 00 as 0 0 0
[V Yy YN
aq oo
‘—)Glz

ag o0 00
ag 0 o
a5 00 00
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Cuéi ciing ta nhan diroc ma tran con day dac C' gébm séu s6 1. D6 ciing chinh 1a s6 céc gid
tri 0 con lai trong ma tran G'. Lic dé, k(D) = ||C]| = 6. DSi véi D? thi ciing bang ky
thuat nhuw trén ta thu dwoc G2 = (0 0). Nén C? = D% va k(D?) = |C?| = 2.

4.2. Thuét todn t6ng quat xac dinh d6 day dic

Bay git chiing t6i sé dwra ra thuat todn tim cdc k(D?). Trudc hét, d6i véi moi ma tran phu
thuéc D?, chiing ta can xay dung ma tran hé s6 phu thuéc G* (thi tuc Compute_G?). Mot
cich tong quat, ma tran G = (g,s) dwoc xay dung nhuw sau: Néu d,, = 0 thi dat g,, = oo,
ngwoc lai, néu d,s = 1 thi g,s 1a tong s6 cac s6 1 t6i thieu can phai loai dé giir lai s6 1,4
trong ma tran phu thuée D?, nhirng s6 1 chic chan bi loai 1a nhitng s6 nam trén dong w ma
dys = 0 hodc nam trén cot v ma d,, = 0. Néi cich khéc, khi gitt lai s6 1,5 thi phai loai céc
86 lyp néu dys * dp, = 0. Tém lai, ta cé

o0 néu d,, = 0,

Grs — E Ay MU dys = 1.
dus Xdrv =0

RO rang, g,s = oo néu d,; = 0, g,s = 0 néu d,, = 1 va viéc gitr lai vi trf nay khong doi hoi
phdi xéa di bat ky s6 1 nao. Cudi ciung, g,s = > 0 néu d,; = 1 va viéc gitr lai vi tri nay doi
héi phai xéa di it nhat I s6 1 khéc.

Néu ma tran G chi gom cac gid tri 0 va oo thi cac vi tri twong tmg véi gid tri 0 sé xéc
dinh mot ma tran con day dac cia D?, thuat toan dirng. Trong trudng hop nguwoc lai, ching
ta can xac dinh vi tri 1p, véi gp, > 0 ddng dwoc gitr lai nhat. Véi ¥ nghia cia cic g, nhw
da phan tich trén, ro rang vi trf nay can théa man dieu kién sau

Ghv — min{grs | Grs > O}

Vé6i quyét dinh gitr lai gid tri 1p, ta phdi x6a di cdc s6 1,5 lién quan (tirc 1a thda man
dps * dpy = 0) va nhan dwoc ma tran D méi (thu tuc Modify_D?). Qua trinh tiép tuc cho
dén khi nhan dwoc ma tran G? chi gom cdc gid tri 0 va co. Thuat toan dwoc trinh bay chi
tiet nhuw sau:
Thuét toan 1. (Xéc dinh k(D?))
Input D%
Output k(D?).
B1. k:= || DY|.
B2. Compute_G*.
B3. Xic dinh gp, = min{g,s | g-s > 0}.
B4. Néu gp, = oo thl Output k& va dirng;
Nguwoc lai, sang Bb.
B5. Modify_D%  k:=k—gn,; Quay lai B2.
Proc Compute_G?
For r € {1,....,p;}; s € {1,...,¢;} do
If' dps =0 then gys:= o0
Else
Grs \— 07
For uw € {1,....,p;};v:={1,...,¢;} do
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If? dys * dypyy = 0 then gpg := grs + dyy EndIf?
EndIf!
EndProc Compute_G*
Proc Modify_D?
For r € {l1..p;};s € {1..¢;} do
If d,, * dps = 0 then d,.s := 0.
EndProc Modify_D?

Gid st ma tran D? ¢6 kich thuée p; x ¢;. Lic dé, thi tuc Compute_G? ¢6 d6 phitc tap
tinh todn O(p?q?), con thi tuc Modify_D? ¢ dé phitc tap tinh todn O(p;g;). Do d6, dd phite
tap clia mdi vong lap 1 O(p?q?) va thuét todn xdc dinh k(D?) cé do phitc tap tinh todn trong
truomg hop xau nhat 14 O(pq¢?). Chd ¥ rang, néu ky hi¢u a; = Card(X;) = ||D?|| thi ta c6

wée lwong: ; < pigs < @2,

4.3. Thuét toan ki€ém dinh phu thudc x4p xi
Trong phan nay, ching ta sé danh gid xem gitra hai tap thudc tinh da cho X,Y C A, phu
thuoc X Ty chap nhan duoc véi sai s6 € cho truée khong.

T Dinh 1y 3.1 va Dinh 1y 3.2, ching ta thdy rang, phu thuoc X Loy chap nhan
dwogc néu s(D', D%, ..., D™) > 1 —e Tic la

i k(DY) > (1 — ¢)Card(U).

Thuat toan dwoc xay dung nhw sau

Thuét toan 2. (Kiém tra phu thudc chap nhan dwoc)
Input Heé théng thong tin A = (U, A),
Cac tap X, Y C A;  Gia tri nguong e = 0.
Output e(X 4, YV)<e?
B1. s :=0; OK:= TRUE.
B2. Fori € {l,...,m}do
Xay dung D?;
s = s+ k(DY);
If s > (1 —¢) x Card(U) then Exit.
EndFor.
OK:= FALSE.
Trong thuat todn trén, m chinh 1a s6 16p twong dwong cia IND(X). Gia sit Card(U) = n
v méi ma tran D? ¢é kich thuée p; x ¢;. Khi d6 viéc xay dung céc ma tran D? ¢6 thé thuc
hién bang cach sap xép cac doi twong trong U, vi vay do phitc tap cia thuat todn xay dung
diy cdc ma tran D! 14 O(nlogn) vi dé phitc tap cia thuat todn kiém chimg phu thuoc xap
xi dwoc xéac dinh bdi vong lap For & B2. Thuc chat & day chiing ta thuwe hién hai vong lap,
mét vong lap xay dung cdc D! va mot vong lip tinh sai s6 phu thuée. Vong lap tinh sai s6

2

m
phu thudc c6 do phitc tap trong truwong hop xau nhat 1a O(Z pf’qf’) Vi p;q; < a7, nén do

=1

m
phitc tap tinh todn cia Thuét toin 2 khong vuot qua O(nlogn + Z ).
i—1
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5. THUAT TOAN TIM KIEM PHU THUOC TOI TIEU

Mot phu thuoe X Ty dwroc goi 1a t6i tieu vé phai va ky hiéu X Y néu véi moi

Y'Y, X —>U74> Y’ Khi dé, néu X yvthiy = YiUYsU---UY,, véi X—[>]—>minYl- véi moi
1 <4 < n. Vivay, trong phan nay ching toi chi dat van dé tim kiém tat ci cac phu thuoc
t6i tiéu vé phai véi vé trai X 1a mot tap con céc thuode tinh cho truée .

Thuat toan ching toi sap dé nghi st dung mét phan ¥ twdng cia Tane [5] khi cic tc
gid nay thiét ké thuat toan tim cdc phu thudc ham khong tam thwong dang X \ {C} — C.
Cu thé, ching t6i sé tim céc tap con Y C A théa man X—[>]—>minY theo thit tu ting dan cia
Card(Y). Nghia la, viéc tim kiém vé phai cia phu thudc xudt phat tir ho céc tap ¢ mot
phan ti, tap c¢6 hai phan tir ...

Goi L; 1a ho céc tap thuoc tinh Y ¢6 kich thuée i va ¢é kha nang thoéa X Loy, wi
XY thi X NY = 0 nén ching ta khéi tao Ly = {{a} | a € A\ X}. Hon na, néu
Y € L; vi X500,V thi Y khéng the 1a tap con ctia tap Y! € L; v6i j > i ma X~ Y7
hay Y sé khong tham gia vao viéc xay dung ho L;, véi moi j > 4. Vi vay & day ching toi

dung thém ho M; lru céc tap Z € L; ma X —[>]74> Z va xay dung ho L;+; dwa vao M;. Cu
thé, sau khi tim tat ca cdc phu thuoc X—>U—>minY véi Y € L;, ching ta xay dung L;.q bang
cach 1ay hop hai tap bat ky Yy, Y2 € M;, néu hop nay cho ta mot tap c¢é ¢ + 1 phan tir thi
dwa né vio L;i 1. RO rang, M; khédi tao bang L;, khi ¢6 mét phu thuoe X Ly ding véi
Y € L; thi loai Y khdi M;.

Ngoai ra, néu Z = A\ (X UY) thi tir X 5 ¥ ta ciing c6 X —— Z va Card(Y) +
Card(Z) = Card(A\ X). Vi vay qud trinh tim kiém cia ching t6i chi dién ra trong cdc ho
L; v6ii < Card(A\ X)/2.

Thuét toan 3.
Input Heé théng thong tin A = (U, A),
Tap con X C A.
Output Tat ca phu thuoc X Y.
Bl.::=1; L1 :={{a}|ac A\ X}.
B2. While ¢ < Card(A \ X)/2 do
Ml‘ = Li;
For Y € M; do
1t X -5 Y then
Output X—[>]—>minY;

EndIf
EndFor
Compute_L;41
ti=1+1

EndWhile.

Proc Compute _L;
Lipq1 =0
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For X, Y € M;, X #Y do
Z =XUY;
If Card(Z) =i+ 1 then
Liy1 = Liy1 U{Z}
EndIf
EndFor
EndProc Compute _L;1
b6 phitc tap tinh todn cia thuat todn nay dwoc xdc dinh béi vong lap While & B2. Tai
moi bude cia vong lap, ching ta xét tat ca cdc phan tit clia M; vi kiém tra phu thudc, sau
d6 tinh L;+q theo M;. Chu y rang Card(M;) < Ci (k = Card(A\ X)). Mat khéc, do phitc

tap cla thuat todn kiém tra phu thuoc la O(nlogn + Zx?)7 con do phite tap cia thu tuc

i=1
Compute_L; 1 1a O<C(23ard(Mz)> = O(Card(M;)?). Vi vay do phitc tap tinh toan ctia Thuat
k/2 m
toan 3 trong trudmg hop xau nhat la O(Z Ci x (nlogn + Zx?)) — O(2? x (nlogn +
i=1 i=1

Zx?)) Trong d6, k = Card(A\ X), n = Card(U), m la s6 16p twong dwong cia IND(X)
i=1

va x; 1a luc lwong cua l6p twong duong X;, 1 < i < m.
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