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SO SANH VA KIEM DINH DO PHAN KY CUA CAC DAY
VA TAP DIEM TUA-NGAU-NHIEN MOT CHIEU

VU HOAI CHUONG, NGCUYEN CONG PIEU

Vien Cong nghé thong tin, Vién Khoa hoc va Cong nghé Viét Nam

Abstract. Discrepencies of quasi-random sequences depend on bases. The choice of a suitable
base has more experimental significance than theoretical. The main object of this paper is one-
dimensional sequences of two simple forms: van der Corput with base p and Richtmyer {n.a(p)},
where p is a prime number. Besides the case a(p) = /P is well-known, we tested following cases
a(p) =In(p), a(p) = sin(p), a(p) = cos(p), a(p) = arctan(p) and « are irrational mathemati-
cal constants. We also introduced equidistant (k/N, midpoint, V') point-sets and two pseudo-random
sequences R for comparison. Criteria for ranking is a mean discrepancy computed from 21 different
values V. Computational results show that modified forms generate numerical sequences with dis-
crepancy in the extreme: very small or very big depending on a choice of concrete base. The ranking
table lets us define priority using this sequences in certain quasi-Monte Carlo schemes.

Tém tat. Do phan ky cia cdc day twa-ngau-nhién phu thuoc vao co s6 dwrge dimg dén. Viéc chon
co s6 thich hop 1a van dé c¢6 ¥ nghia thirc nghiém hon 13 1y thuyét. B&i twong khdo sdt chinh
trong bai nay 14 cdc day mot chieu thudce hai dang don gidn: van der Corput co s6 p va Richtmyer
{n.a(p)}, trong A6 p 14 s6 nguyén t3. Bén canh a(p) = /p da duge thira nhan, ching toi thir kiém
dinh cdc dang cdi bién a(p) = In(p), a(p) = sin(p), a(p) = cos(p), a(p) = arctan(p) va « la
hiing s6 toan hoc vo ty. Mot s6 tap diém cach déu (k/N, trung diém, V') va hai diy gid-ngAdu-nhién
R duwgc dira vao dé so sanh. Tiéu chi xép hang 1 do phan k¥ trung binh tinh theo 21 gi4 tri N khac
nhau. Két qud tinh toan cho thiy cédc dang cdi bién néi trén tao ra nhirng day s c¢6 do phan ky &
hai théi cire: rat nhd va rit 1ém, tiy thudc viao co s6 cu thé. Bang xép hang cho phép x4c dinh thit
tu wu tién st dung cia céc day trong mot s6 so dod tiwra-Monte-Carlo.

1. MO PAU

Phwong phédp Monte Carlo ¢6 nhiéu wu thé cin ban, do dé dwoc ting dung ngay cang
rong rai. Tuy vay phwong phap nay c6 mot vai diém bt loi lien quan dén ban chat ngau
nhién cida nd, mot 1a chi dwra ra dwoc wée lwgng sai s6 xdc suat, hai 1a cde két qua mo phdng
thwong hoi tu khé cham.

Trong so do Monte Carlo, tinh ngau nhién ctia céc s6 hau nhir khong c6 y nghia, ma quan
trong nhat 1a s phan bd déu cia ching. Tir dé ndy sinh ra y twdng thay thé cic s ngau
nhién ho#ic gid-ngau-nhién (pseudo-random) bang céc day s6 hoan toan tat dinh nhung cé
phan bé rat deu. Phwong phép twa-Monte-Carlo (quasi-Monte Carlo, viét tat 1 QMC) sir
dung céc cac day twa-ngdu-nhién (quasi-random) nhir thé, nher d6 ¢ thé tim dwoce cic wée
lirong sai s6 xéc dinh véi téc do hoi tu 16n. C6 thé coi phirong phap tira-Monte-Carlo 13
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phién ban tat dinh cia phwong phédp Monte Carlo.

Céc day twra-ngau-nhién con duwgce goi la cac day c6 do phan ky thap (low-discrepancy
sequences) hogc can-ngau-nhién (sub-random). Céc day khéc nhau da dwoc nhiéu tdc gid
nghién cttu theo cdc quan diém Iy thuyét va ng dung thuc té. Huréng thit hai dwoc quan
tam nhiéu hon, vi viée diing céc co s6 cu thé nao dé dat dwoc do phan ky thap nhat 1a van
dé c6 y nghia thwe nghiém hon 1a I thuyét. L. Finschi ([2]) da tinh toan cu thé do phan ky
cia mot sé day nhiéu chiéu nhw Halton, Sobol, Faure. N. V. Hung va B. V. Thanh ([9]) so
sanh céc day twa-ngau-nhién V ([11]) v6i cde day ngau nhién va gid-ngau-nhién.

Trong bai bdo nay ching t6i so sdnh 95 day twa-ngau-nhién (thuoc 7 nhém khdc nhau),
3 tap diém céch déu (k/N, trung diém, V) va 2 day gid-ngau-nhién R do mdy tinh tao ra.
Dbai twong khdo sét chinh 14 hai dang don gidn: van der Corput véi co s6 p va Richtmyer
{n.a(p)}, trong d6 p 1a s6 nguyén t6. Thong thuong nguoi ta dung a(p) = /p. Ching t6i thir
nghiém thém céc truong hop a(p) = In(p), a(p) = sin(p), a(p) = cos(p), a(p) = arctan(p) va
a 1a hing s6 todn hoc vo ty. Tinh déu cia 100 day va tap diém mot chiéu néi trén dwoc
kiém dinh theo tiéu chi quan trong nhat 14 do phan ky (discrepancy) va duwrgce xép hang theo
gid tri trung binh tinh trén 21 day c¢6 d6 dai N khac nhau.

2. PO PHAN KY

Do phan ky la dic trung pho bién nhat cia tinh déu, dwoc nghién ciru tir nhitng niam
1930. Diing hon dé 1a do do tinh khong déu cia phan bo, hay néi cdch khac 1a do 1éch so véi
phan bd déu. Cédc khdi niém, dinh 1y va céch tinh do phan ky dwoc trinh bay cin ké trong
([2,56,8]). Dudi day chi 1a nhirng dinh nghia co ban nhét.

2.1. Cac dinh nghia va dinh ly

bat I = [0,1] 1a doan thang dom vi va I® = [0, 1] x ... x [0, 1] 14 siéu 1ap phwong don vi s
chiéu. Cho mot hinh 1ap phwong con J C I® véi mot dinh 14 goe toa do va mot day hiru han
X ={z},0 < k < N} clia N diém trong I°.

Pinh nghia 1. D6 phan ky cuc bo (local discrepancy) 1a
Dn(J, X) = |A(J, X) /N = Vy(J)|
trong d6 A(J, X) 1a s6 diem z € J va Vi(J) 1a s6 do thé tich (A6 do Lebesgue) ctia J.
Pinh nghia 2. D¢ phan ky sao (star discrepancy) hay do phan ky goc cia mot day
X = {xk,0 < k < N} duge dinh nghia bdi hé thite
D3,(X) = sup Dy(J, X).
JepP

C6 thé coi 46 phéan ky sao D3 nhir sai phan tuyét déi 1ém nhét gitta xdc sudt déu lién tuc
va xdc suat déu rod rac trén tat cd cdce hinh 1ap phwong con cia I® ¢ chira goc toa do.
Gitra Dy va D}, c6 cdc hé thire:
Dy(X) < Dy(X) < 2°.Dy(X).

Nhwr vay véi s ¢6 dinh, ca hai dai lwrong nay cé cing do 1ém. Trong trwdmg hop mot chiéu
(s = 1), Niederreiter chitng minh dwoc rang
Dy 21/2N, Dy 2 1/N
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va cd hai dat dwoc cuc tidu khi x, = (2k — 1)/2N. DPay la trung diém cia céc doan
[(k—1)/N,k/N], va duge goi 1a tap céc trung diém ho#ic day trung diém. Chu ¥ rang tap
nay khong phai la N diém dau tién cia mot diy vo han, vi ching khéng con gia tri tirong
tng véi cac tap diem (N + 1), (N + 2)... phan tit. Thong thwomg céc day dwoc coi la ¢6 do
phéan k¥ thdp néu D} ¢6 do 16n bac O((log N)*/N). S6 hang logarit c6 thé bi it vao mot
luy thira ndo dé cia N, dan dén can O(1/N1=€) véi moi e > 0.

Pinh 1y 1. Day v6 han X = {xx,0 < k < N} phdan b6 déu trong [0,1)® néu

limDN({:Ek,O < k < N}) = 0, N — o

hodc twong dwong nhw thé

lim Dy({zk, 0 < k< N}) =0, N — o0.

2.2. Céc uwéc luwgng vé do phan ky va tdc do hai tu

= loglog N
Day ngau nhién thwe D% = O( %

Day twa ngau nhién (46 dai vo han) D3 = O((log N)*/N).

Tap diém twa ngdu nhién (d6 dai hiru han) D% = O((log N)*~!/N).

Nam 1954 nha todn hoc K. F. Roth da xéc dinh dwroc can dwéi cho N diém trong khong
gian s chiéu

) (theo luat logarit 1ap).

D > O((log N)*"D/2/N),

Trong béo cdo nghién ciru thire nghiém dd phan ky cua cic day twra-ngau-nhién nhiéu
chiéu ([3]) L. Finschi nhan xét rang déi véi moi day ¢é do phan ky thap a1, 29, ... trong khong
gian s chiéu, ton tai hang s6 Cy sao cho

Dig(a1, o x) < Co(l0N)/N + O((In N)™ /)
va da tinh dwoc cdc gid tri Cs doi véi mot s6 day véi cde chiéu khac nhau.
2.3. Do phan ky trong truwdng hop mot chiéu

Trong truomg hop mot chiéu, Ao phan ki cia day so xg, o1, ..., zy_1 dwoe dinh nghia nhw
sau
D(zo, x1,...,an-1) = D = sup [Sn(x)/N — x|,
0zl
trong d6 Sy(x) 1a s6 diém thuoc khoang [0, z).
Néu z; da dwoce sap z1 < 29 < ... < zy thi hé thitc trén day dwoc rit gon thanh cong
thitc Niederreiter (xem [10])
1
D=1/2  — — — N.x;l.
/2+ max [i— 5 — Nl
Cong thirc nay cho ta thay cuc tidu cia D 1a 1/2 va dat dwge khi 2; = (i — 1/2)/N trong
d6i =1,2,..., N (xem [10]). Trong truomg hop N c6 dinh, day s6 nay 1a t6i wu theo tiéu
chuan cta do phan ky. Nhung khi chuyén tir N sang (N + 1) thi tat ca moi diém déu phai
thay déi. Vi du day s6 t6i wu véi N = 3 1a (1/6, 3/6 va 5/6), véi N = 4 lai 1a (1/8, 3/8,
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5/8, 7/8). Nhuw vay khong thé xay dung dwge mot day vo han cic diém x; sao cho doan
X0, T1, T2, ..., T, (k = 2...N) ndo cing phan b déu t6i wu.

2.4. Can Koksma-Hlawka

Do phan ky khong chi 14 do do quan trong cia phan bd déu ma con déng vai trd chinh
trong viéc gidi han sai s6 cia xap xi tich phan. Két qua then chdt trong hwéng nay 1 bat
ding thitc Koksma-Hlawka do Jurjen Koksma cong bé nam 1942 cho trwong hop mot chiéu
va dwoe Edmun Hlawka tong quét hod vao nam 1961 ([5]). Theo dé sai s6 tich phan dwoc
gi¢i han bdi tich cia hai dai lwrong: mot dai hrong chi phu thude vao ham dwdi dau tich phan
f (qua do do bién phan toan phian), dai lwong kia chi phu thudc vao tap diém dimg dén (qua
Dy, tite 1a do 1éch so v6i phan bo déu).

Duéi day 14 mdi quan hé gitra cdc day twa-ngau-nhién va phép tich phan tira Monte-

Carlo.
N
Tich phan s chiéu I(f) = [ f(z)dz duge xép xi bang Q(f) = (1/N) > f(zk), trong dé
Is k=1

zi, 14 day twa ngau nhién s chiéu véi dd phan ky sao DY,
Néu f(z) c6 bién phan toan phan bi chan V' (f) trén [0,1] thi

Q(f) = I(NI < V(f).Dy-

Déng tifc rang trong thirc té rat khé wée hwong sai s6 tir bat dang thire nay, va day chinh
1a van dé nan gidi cia phwong phép tira-Monte-Carlo (QMC).

3. MOT SO DAY TUA NGAU NHIEN - DAY CO PO PHAN KY THAP

Trong toan hoc, day c¢6 do phan ky thap la day ma véi moi N, day con (x4, x9, ..., zx) hau
nhuw phan bé déu va day (x1, z2, ..., xN, Ty 1) cing hau nhw phan bo déu. Phéi xay dung
tap N phan tir (21, 2, ..., ) sao cho khi xay dung tap (N + 1) phan tit thi khong can tinh
lai N phan tir truwée.

3.1. CAc day s van der Corput

bay 14 day s6 phan bo déu trong khoang (0,1) va dwoce nghién ciru kha ky trong linh vue
Iy thuyét s6, do nha toan hoc Ha Lan Johannes Gualtherus van der Corput (1890-1975) de
xuat vao ndm 1935. Day s6 nay lap day doan [0,1) mot céch diéu hoa véi do phan ky nho
mac dit né khong bién thién mot cich ngau nhién. Cung véi sy phét trién cia mdy tinh,
ngudi ta dan dan thiy dwoc kha ning img dung ciia day s6 nay trong tinh todn sd tri ndi
chung va trong phwong phép (twa)-Monte-Carlo néi riéng,.

3.1.1. Pinh nghia co bin

Goi p(k) 1a s6 van der Corput thit k. Néu trong hé nhi phan k = ejes...€p,_16,, trong dé

e; 1a chir s6 nhi phan (titc 14 chi nhan hai gid tri 0 va 1) thi
p(k) =0...ep-€m—1...€2€1.

Vi du, k Ian lwot 14 7 s6 tur nhién dau tién, k =1,2,3,4,5,6, 7.
Dang nhi phan cua ching 1a 1,10,11,100,101,110,111.
Céc s6 van der Corput twong ing 1a

+ dang nhi phan: 0,1; 0,01; 0,11; 0,001; 0,101; 0,011; 0,111
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+ dang thap phan: 1/2, 1/4, 3/4, 1/8, 5/8, 3/8, 7/8.
3.1.2. Téng qudt
Lay mot s6 nguyén t6 p > 1 lam co s6. Moi s6 nguyén dwong k déu c6 phép biéu dién
duy nhét theo co s6 p,
k=Y aj(k).p’
Jj=0
trong d6 a; € F, = {0,1,2,...,p— 1} va a;(k) = 0 khi j khd 16n, tirc 1a tong néi trén hiru
han.

Ham ngwoc goc (radical inverse function) sé 4nh xa mai gid tri k& vao mot diém trong [0,1)
bang cdch ddo nguge céc hé s6 a;(k) va tao nén phan sé 0, agaas... (trong hé dém co s6 p).
Chinh xac hon

bp(k) = ai(k)p™77", k> 0.
Jj=0

Day van der Corput co s6 p chinh 1a day X = {¢,(0) =0, (1), ©p(2), ©p(3), ...}

Vi dy, tim ¢7(1205) titc 1a s6 hang van der Corput co s6 7 twong tng véi s6 1205.

Triée tién ta khai trién theo co s6 7:

1205 = 3.7+ 3.72 + 4.7 + 1.7,
tir day chuyén tir hé dém thap phan sang hé dém that phan
12051) = 3341 7).
Sau d6 phan chiéu cic hé s6 qua dau phéy, 33417y — 0, 1433 (7). Va thu dwge két qua
0.1433(7y = 1/7T+4/7* 4+ 3/7% + 3/7* = 563 /2401 (4).

Nguoi ta da chirng minh dwoc rang tat ca cadc day van der Corput la day cé do phan ky
thdp. Chinh xdc hon, D% cia N phan tir dau tién cia day ¢ do 16n O(log N/N) véi mot
hang s6 an phu thuoc vao co s6 p.

Co s6 p cang 1ém thi s6 diém can thiét dé dat dwoc phan b déu cang 16m. Day van der
Corput chita nhitng chu ky ¢6 do dai p véi cde s6 tang don diéu (trong moi chu ky).

3.2. Day Richtmyer {k.a(p)}

Cho a = (a1, s, ...,as) 14 tap cdc s6 vo ti va 1, aq, ag, ..., as doc 1ap tuyén tinh. Day
{k.o(p)} dwge cho dudi dang

X = ({k.ar}, {k.as}, ... {k.as}), k>0

trong d6 {z} bicu thi phan thap phéan cia s6 .

M. Mascagni ([7]) goi day la dong lwe hoc ergodic (ergodic dynamics).

Nguoi ta thuomg chon a; 14 can cia cde s6 nguyén t6 ([1,5]). Trong bai nay ching toi
chon thir nghiém «; 1a céc hang s6 todn hoc vo ty quen biét nhw 7, Au (ty 1& vang), e, C
(hang s6 Euler-Mascheroni), G (hiang s6 Catalan) va cac ham In(p), sin(p), cos(p), arctan(p).
3.3. Days6 V

C6 hai loai tiéu chuan vé phan phéi déu ciia mot day s6
+ Loai 1 dya trén d6 khéc biét ciia cac ham phan phéi mau va Iy thuyét. Dé kiém dinh tiéu
2

chuan loai nay, thiromg diing nhat 1a ba phép thit x2, Kolmogorov va w?. Déi véi céc day

twa-ngau-nhién con thém do phan ky.
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+ Loai 2 dua trén cdc gid tri cia moment mau va ly thuyét.

Day s6 V (xem [11]) 1a day twa-ngau-nhién dya trén céc dang thitc gitra moment mau v
moment 1y thuyét. Khi cin tao ra N diém phan bd déu thi tdch N thanh tong cia h s6 hang
N =K1+ Ko + ... + K}, sao cho ciac K; khac nhau.

Méi day s6 V ¢6 K diém dwoc tao ra theo céc cong thite don gidn. Trén doan (0,1) céc
diém céch déu nhau mot khodng u, diem dau (z7) cach diem 0 va diém cudi (zy) cich diem
1 mot khoang T

x1=T, xo=T+wu, xa3=T+2u,....,ox =T+ (K —1).u

trong d6, T = (1 — g—:)m viu = (1—2T)/(K —1) = 1)K = DK +1).

Thuét toan trén day duwra trén cic gid tri cia moment (tiéu chuan phan bé déu loai 2),

nhung céc day s6 V dwoc tao ra cing dap ting diy di cd cdc tiéu chuan phan bé déu loai 1
(vé do phan ky cia cédc ham phan phoi). Qua tat cd cdc phép thir cdc day twa-ngau-nhién V
nay déu vwot troi so véi cac day s6 ngau nhién va gid-ngau-nhién (xem [9]). Két qua so sénh
day V véi cde day twra-ngau-nhién khéc sé dwroc trinh bay trong phan sau.

4. CAC NGHIEN CUU THUC NGHIEM SO SANH
4.1. M6 ta va ky hiéu cac day s6 dwoc khdo sat

Céc day s6 va tap diém véi N = 2459(N la s6 nguyén t6), diroc tao thanh theo cidc Muc
3.1, 3.2 va 3.3 trén day vdi cdce co s6 khdc nhau, va dwoc ky hiéu trong ngoic don tir (1) dén
(100). D6 phan ky D*, tiéu chi quan trong nhat d6i véi cac day va tap diém tira-ngau-nhién,
sé 1a tiéu chuan so sanh.

4.1.1. Cdc day s6 van der Corput
(1) - (15): céc day s6 van der Corput vGi co s6 1a 15 s6 nguyén t6 dau tién
(2,3,5,7,11,13, 17,19, 23,29, 31,37, 41,43, 47}.
4.1.2. Cdac day Richtmyer {k.a(p)}
Trong cdc day (16) - (90) dwdi day, p ky hiéu 15 s6 nguyén t6 dau tién.

(16) - (30): céc day s6 {k.a} véia = /p

(31) - (45): céc day s6 {k.a} véi a = In(p)

(46) - (60): céc day s6 {k.a} véi a = sin(p)
(61) - (75): céc day s6 {k.a} véi a = cos(p)
(76) - (90): céc day s6 {k.a} véi a = arctan(p).

Céc day (91) - (95) dwa vao 5 hing s6 todn hoc quen thuoc 13y gid tri tir [12]. Chwong
trinh tinh todn véi 24 s6 1&, dudi day chi ghi 12 s6 1& dau tién.

(91): day s6 {k.a} v6i a = 7 = 3,141592654358...

(92): day s6 {k.a} véi a = ty 1é vang = Au = (v/5+1)/2 = 1,618033988749...

(93): day s6 {k.a} v6i a = e = 2, 718281828459...

(94): day s6 {k.a} véi a = hang s6 Euler-Mascheroni,

C=lim(—Ink+1+1/2+1/3+1/4 + ... + 1/k) = 0, 577215664901...
(95): day s6 {k.a} véi a = hang s6 Catalan G,
G=1-1/32-1/52—-1/7%... = 0,915965594177...
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4.1.3. Cdc day s0 gid ngau nhién R

(96) - (97): hai day s6 gid-ngau-nhién R; do may tinh tao ra bang ham Random ciia Turbo
Pascal. Nham tang tinh ngau nhién, ta dit thi tuc Randomize & dau chwong trinh dé khdi
dong bo tao s6 v&i mot gid tri ngau nhién.

4.1.4. Cdc tap di¢'m cdch déu

(98): tap diem V

(99): tap diem (k —1)/N

(100): tap céc trung diem (k — 0,5)/N.

Ba tap diém cach deéu (98), (99), (100) trén day déu do 21 doan hop thanh sao cho s6
phiin i lan Twgt 1a N = 128, 311, 424, 602, 808, 888, 903, 925, 1130, 1205, 1212, 1410, 1603,
1911, 1964, 2003, 2009, 2104, 2307,2404, 2459, c6 nghia I

k1 =128, ko =311 — 128 = 183, k3 =424 — 311 =113, --- , ko1 = 2459 — 2404 = 55.

4.2. Két qua so sanh thuc nghiém

Trong 2 bang dwéi day cic day va tap diém ma bai bdo dé xudt diroc ghi bang chit dam.
Viéc so sanh dugc tién hanh gitta cdc nhém (cing mot dang) va gitra cdc day véi nhau.
4.2.1. So sanh cdc nhom

Bang 1 ghi do phan ky trung binh cia cdc nhém, xép theo thit tir ting dan. Piing dau
la cdc day Richtmyer nguyén thiy véi ap) = /p. Piéu dé gidi thich vi sao day nay dwgc
moi ngwoi thira nhan. Ding thit hai 1a cdc tap diém cach déu, trong dé cé day V do téc gia
de xuat ([11]) va day (k — 1/2)/N dwge dua vao thir nghiém lan dau. Tiép theo dd, 2 nhém
a (hiang s6 vo ty) va {k.arctan(p)} ding trén cd nhém van der Corput quen thuoc. Con
cdc nhém {k.In(p)} va {k.cos(p)} tuy c¢6 kém hon nhung van & trén nhém gid-ngau-nhién
R. Céc day {k.sin(p)} ding cudi cing véi do phan ky trung binh qud 1ém cho nén nhém
nay khong chdp nhan dwoc. Tuy vay, dudi day sé thay, véi mot vai gid tri p cu thé, day
{k.sin(p)} van cé thé 1a diy tra-ngau-nhién.

Bdng 1. B6 phan ky trung binh theo nhém

Thi D* day s6 day Nhoém
tw | trung binh trong nhém
1 3,19723 (16) - (30) 15 day Richtmyer {k.\/p}
2 | 521334 | (93) - (100) 3 tap diem (k — 1)/N, (k- 0,5)/N,V
3 6,92485 (91) - (95) 5 day Richtmyer cai bién theo hang s6
{k.w}{k.Au}{k.e},{k.C},{k.G},
4 | 783201 | (76) - (90) 15 day {k. arctan(p)}
5 9,05301 (1) - (15) 15 day van der Corput
6 | 10,76932 | (31) - (45) 15 day {k.In(p)}
7 | 10,79202 | (61) - (75) 15 day {k.cos(p)}
8 33,04532 | (96) - (97) 2 day gid ngau nhién R
9 | 9635071 | (46) - (60) 15 day {k.sin(p)}

4.2.2. So sdnh cdc day va tap diém
Do phéan ky trung binh (bang 2) dwoc tinh theo céc gid tri D* cia day c6 do dai tang dan:
N = 128, 311, 424, 602, 808, 888, 903, 925, 1130, 1205, 1212, 1410, 1603, 1911, 1964, 2003,
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2000, 2104, 2307,2404, 2450.

Trong 10 day dimg dau cé téi 7 day do ching toi dé xuat. Pac biet day {k.Au}, lay ty lé
vang lam co s0, ¢6 do phan ky trung binh nhd nhat. Trong 10 day cudi bang cling c¢é 8 day
do chuing toi thir nghiém. Piéu d6 chiing t6 cdc dang cai bién chi dwoc chap nhan véi nhirng
gid tri p nhat dinh. Trong hai t6p dan diu va cudi nay khong cé céc tap diém cach déu va
cac day van der Corput.

Céc day {k.In(p)}, {k.sin(p)}{k. arctan(p)} xuat hién & ca top trén va tdp dwdi, tuy
thuoc vao cac gia tri p khéc nhau.

Bdng 2. Muoi day c6 do phan ky D* trung binh nhé nhét, 16m nhat
va thit tu cia ching tai 3 gid tri N

Thé tv | Dy, (i) | Day Dang Thit t tai 3 gid tri N
chung N =311 | N =1205 | N = 2459
1. 1,91236 | (92) {k.Au} 6. 7. 9.
2. 2,08522 | (16) {k2} 19. 14. 7.
3. 2,31358 | (90) | {k.arctan47} 4. 8. 14.
4. 2,31592 | (85) | {k.arctan29} 15. 9. 10.
5. 2,42076 | (17) {k.V/3} 26. 11. 11.
6. 243589 | (36) | {k.In13} 16. 26. 12.
7. 2,45736 | (89) | {k.arctan43} 29. 23. 20.
8. 2,46239 | (40) | {k.1n29} 20. 21. 23.
9. 248654 | (57) | {k.sin37} 12. 15. 30.
10. 2,50865 | (18) {k.A/5} 18. 6. 22.
91. 15,50845 | (68) | {k.cos19} 96. 91. 81.
92. 23,36515 | (75) | {k.cos47} 97. 93. 85.
93. 26,16343 | (73) | {k.cos41} 73. 94. 91.
94. 32,97025 | (96) R1 78. 97. 95.
95. 33,12040 | (97) R2 95. 90. 97.
96. 36,50603 | (76) | {k.arctan2} 86. 96. 98.
97. 39,16400 | (65) | {k.cos11} 99. 98. 93.
98. 4471712 | 37) | {k.In17} 98. 95. 96.
99. 65,70675 | (38) | {k.In19} 94. 99. 99.
100. | 1343,98573 | (50) | {k.sin11} 100. 100. 100.

4.2.3. Két luan

Céc tinh toan kiém dinh cho ta mot cdi nhin bao quéat vé y nghia thuc t& cia cic day
tira-ngau-nhién. Chang han nhw vé co s& Iy thuyét, day van der Corput dep hon han day
Richtmyer. Nhung kha nang ting dung thi hoan toan nguoc lai.

Céc dang cai bién do chiing t6i thitr nghiém chira dem lai mot dang méi tong quat cho cac
day tra-ngau-nhién, nhung da dwa ra dwge mot s6 day méi (7 day in dam trong phan dau
Bang 2) cé do phan ky thdp hon so véi cic tap diém céch déu va céc day van der Corput.
C6 thé st dung hiru hiéu cdc day nay d€ tang toc do hoi tu trong cdc tinh todn theo so dd
tira-Monte-Carlo. Mat khéc c¢6 thé két hop cdc day nay véi cde day thuoce dang khac dé tao
ra cdc day tira-ngau-nhién nhiéu chiéu c¢é twong quan yéu gitra cdc thanh phan.
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