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PHUONG PHAP BINH PHUONG CYC TIRU VA VAN BE
Loc NHIEU BOI V&I MOT LOP TIN HIBU NGAU NHIEN
KHONG DUNG B

PHAN DANG CAU

MO DAV

Ly thuy6t loc Wiener di cé nhitu &ng dyng trong viée dy bhho, lam. tron, loc nhifu
chc tin hidu ngliu nhién. Nhw ta bi6t, loc Wiener chi ¢6 the tinh lodn xép xi dvge qua che
quan sit khi gid thi€t dirng, ergodic thén min. M6t @idu lg la trong thye hanh ngay cd
trugng hop tin higu khong dirng nhu tin higu dja chén (xem)[d]), lpo Wiener vin duge 4p
dyng ¢6 hitu qui.

Trong bdi nay chang (61 nhiim chirng 6 riing: @61 véi moét 1op qua trinh kbha rong
mi khong nhiit (hit thda tinh dirng, ergodic, thi xufit phat t& gid thiél sai, cho rling qud
trinh d6 1o dirng ergodic vA ép dyng loe Wiener, {a viin dfin @8n két qud hgp 1¢ theo nghia
nko 46, Trong trwéng hep nhy loe tinh toin dwge khong phéi 1a xép xI clia loe Wiener, ma
1a xfp xi clia lpc tdng binh phuwong cye tidu., Chiang t6i eftng ohf ra vi dy ching & khi gid
{higt dirng. ergodic khong thda min, loc (8ng binh plieong eye fidu khéng lidn hé gl véi
loc Wiener va ocho két qui 18t hon. ' c

[ - 1LOC TONG BINK PHUONG GG TIBU
1, Mot o8 ki higu. ‘
Cho 2 qua trinh nglu nhién Sn Yne 1 =oe w1, 0, 1, 2. V&I N 14 88 Ly nhidn, p 14 86
nguyén khong dm, vée to o= (a, a1, ap) to dit
N
SN(ﬁ) = E (Xu = Ng¥n ~— ayYn-1""n “Hp}’"m]})a
n=1{
1 N—s
l‘y(lll) = e 2 yn-{#iu-l}'n S| 1= 0' 1| 2”-'9 P
n=g-1

N-s8
2 Yn--s¥n 8=0,1, 21ua 4 (1)
n=p-1 '
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Neg
1 .
!"!y(ﬁ) = -r-‘: Z: ;n-l-i}’n g = D' 1. 2;-.-. P
n=pgtl
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ray = (rey(0) rayttees Tay(p))
ry (0, 0 ry (1, 0)... ry (p, 0)
I'y (0. 1) I"y (lt 1):.- ry {I’I 1)
R;: =g

I'y (0, p) Ty (1. Pl.ry .(Pd p) b

-

8 81 e ap 1
a‘ ﬂo i Bp-.l,

[aﬁl Qljseny a[l] =p "

!p Ep.=|‘u| ao

R = [l'y(U)- T)‘(”rnu r."‘fp)]
Loc TBPLT = Loc tdng binh phuong cye tidu, ‘
Loc TRBPCT= Loe trung binh binh phuong eye tidu,
Loe Wiener = Loc tuyén tinh trung binh binh phwong oye tidu,

2. Loe TRDPEY.

Dinh nghla: Che 2 qué trinh nglu nhidn b&t k¥ xu. yno n==..=1, 0, 1, 2,.. V&I’ N 12 88 ty
nhién, p 14 a8 nguyén khong Am. Véc to nglu nhibn a = (a, a1, 0p) dwge goi 1a loc TAPCT
wée lwong che quan &t X1, X3,..0 XN QU& CAC qUAN SAL Yopils Feptdyesr Yor Yheons IN néu véi
moi vée to ngllu nhién b = (by, by..., bp) ta co:

Snla) < Sn(b) (2)

Ta d§ dang thfy ring loc TBPCT tdn tei véi mol w € Q, trong 46 2 la khong gian xdo suft
co 8& va ta eé h¢ phuong trinh chulin xéde dinh a:

Rxya == rzy (8)
Khi a thda min (2) ta dit:
T(xp) = 8o¥n = 81¥n=1 =0s BpYnep (4)
Con véi loe Wlener & = (&g, &1y, Op) Tike .
E (xn= %o¥n = .. ~%Y¥n—-n)® = min (5)
ta dit :
, L (xp) = %oy + G1yn-t +...+ Gp¥np _ (6)
V6! 19s TBBPCT ta dit:
M(xn) = E(xn/¥n) ¥netsirs ¥n-p) (7)

V& hinh thée lpe TBPCT gi6ng nhw céech tinh todn thye hénh cla lge Wiener, vi

-I-E-Sn(a) thire ra l& (rung binh méu cfia (5). Qua 2 nhfn xét sau ddy chung (6l mufin chirng
16 rting khi gid thiét ding, ergodic khéng thdée miin, lopc TBPCT khéng lién hé gl véi lge
Wiener.

a) Vidu vét qud Irinh ditng, nhwng khong ergodic:

Ta xét quéd trinh ddng quen biét yn = cosnw, n = 1,2,...,, & ddy w c6 phdn bd d&u
1

* 2 +
trén KU.Z!T]. Ta c6: Eya=0; Ey g = -5-; Eynys = 0, n=f=s (8
Bgt Xn = !B+II n = 1,2.-..‘
Xét truong hop p=0. Tir (5) vi (8) ta 6 & = % =0 ()]

Do 46 L(zn) =0 n==131.., ' (10)
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Theo tidu chuln (2) ta co

K.
S cosnw cos(n + 1w . : :
__n=t _ sinw[cos(@N+1w = cosw] '
¢ B N y T sin(2N + 1w+ (2N~ sinw {11) ,
= cosnw : :
ne=i ’ .
Vi khi sinw=s0, ta co, lim a = cosw. Hon nita P(sinw=0) = 1, do dé
Nesbr 0o ; .
lim a = cosw h.kmn ) (12)

;. N=wo

[}

So stnh (11), (12) v&i () tn th&y doc TBPCT ludn Tudn la bién nglu nhién khong lién hé gt
véi loc Wlemer, khi qua gi6i hgn, gi¢l han vin la bién ngiu nhién khéng 1ién hp gt vél loe
Wiener, BAy gi¢ ta thir so sanh d$ «t6t, xu » ctia hallge vél s8 do 1A trung binh binh phwong
sai ad. :

1
~ Voi lgo Wiener, do (10) ta cbt Elxy~L(xa)? = e (18

~ V61 lpe TBECT, khi N=1, ta c6 T(xp) = x1, do d6 Exi=Tx? =0 (14
Khi N khé 16m, theo (12) a = cosw, do d6 T(xn)  coswcosnw '

|
Elxn = T(xy)® = Esin?wsin’nw < Esin’w = o . (18

Se shnh (14), (15) vé&i (18) ta ed Efxn-“'I‘(xn))z << T, ~ Lxa)®
Nghia 1a loe TBPCT cho két qué 18t hon loc Wiener.

b) Khi gidihigt dirng khong thda mdn:

‘Trong phéin 11— clia bai ndy ching (6i s& chi ra thi dy véi qua trinh khong dirng, loe
a hoi ty theo xdc sufit &én véc to hing A. DI nhién vée to A khong lien he gl vél lpe Wiener,
vi trong trudng hep ndy loc Wiener la phy thudo thiri gian,

3, Quen h$ glira lgc TBBPED, loc TRPCT vd lge Wiener.

“Ta dé nght réng loc TBBPCT 1 tdng quat nhdt, lgc TBPCT vi cho hé e loc la ngdu
nhién do 46 tdng quat hon loc Wiener, nghla 13, ta d& nghi rng hé¢ théco sau day & hida
nhién

Bfxp =Mtn) 2 Elxy = Tlxn))? < Elan = Lixa))? (16)

Tuy nhidn, ehiing t& muén leu ¥ doc gid réng che Dbt dfng thirc (16) khéng phdi lbe nao
eting dang. Thi dy khi x1 va y1 déc 14p, phwong gal duong. {a eo: '

M(x) = Blxt/y1) =E x1: BElx1=M(x)? = Varx( >0

Nhitng véi N={, & = Elva do 46 TGD = xi, ta co
¥i
Exi=T(x)) = 0 < B (x = Mx)?

Nghla 12 bt ddng thie tht nh&t etin (16) khong diny.

Bit dfing thire thie (2) cda (16) cling khong phid 12 hidn nhidn. Vi lo¢ TBPCT luy cho phép he
6 lge 1& ngdu nhidn, nhung 1ol xét theo ti6u chufin tdng binh phuong sal s8 trén quan sé!
ey tidu, Do @6 mie diu loe ndy Jubn 1dn tai, nhung chus chic A tdn gl ky vong Txn=T(xn)".
vd khi tdn tal, chua chie 44 6 bt diing thie (16), ;

Tém lai, khi gid thist ding, srgodic khéng thda min {tn4 trong thye 1€ 19 lal khé kidm
tra d{du kién nay) thl ta c6 th® xem lge TBPCT nhu mét lo¢ riéng bidt. khéng 1ién hé gi
vil loc Wiener, Nhur ta thiy, ngay xét theo tléu chufin trung binh blnh phuong sal «£, loc
TRPOT o6 -khilal cho két qué t6t hon loe Wiener,

Nhir ta thiy & phin sau, lgs TBPCYT co th& tinh toan xép xI qua quan sdt vd! mél
lvp gqud trink khé réng, khdng nhi thist dtng, ergodic.
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I -LOC TBPCT VA VAN 2B Loc nEdY voI MOY LOF Tie BIAU NGAU NRIEN REONG DUNG

I. Yredng hep chung.

Biy gié ta thi xél viée dung lge TBPCT A2 lge nhidu (in hiéu ngku nhién. Trong k¥
thudt, tin hiéu ta thu dwge thudng bj ehim trong nhidu. nghia la ' '

¥Yn =%n + Vo . : ' (a7
Trong &6 : : -
Yo ! tin higu thu dege. '
Xa ¢ tin higu ¢6 feh.
va ¢ nhidu.
Gid str'yn c6 dang (17) va cée gid thiét sau thoa min:

) Exl<Te <o : ‘ Vclls)
(b) Diy va @fc 1&p, k¥ vong 0 v& véi €, 0 nho db o
E | val' o< d < 00 gr (19

N
20
(@ lIim — = Varun =060 ag)

Nevoo N pei
Nhur vAy, xn c6 thd 1a tfn hiéu t&t djnh hay 1& bi&n nyidu nhién cd k3 vong Dt k.

Théng thudng, nhidu vn thudng dwge gid (hiét Ja nhidu tring. O day ehiing toi néi
rong gid (hiét Varvn = 0%>0 Ding gid 1hi6t.(20) Ja xuiit phat 1 ¥ nght sau:

Gif (h1§1 Varun = 9* cb nghia Ja d¢ bi€n déng eda nhilu tgi mol thdi didm d¥u biing
nhau, Tuy nhién ta c6 thé hinh dung rdng trong mot chudi s& li¢u déi, d¢ bién ddng cla
nhitu néi ehung 1A nhe nhau nhung cé the & mot s6 St thel didm nao d6 co thd khae, mie
dau sy khe bigt 46 kliong qua Ién, tive gfh thi6t (10) (héa min., Trong thyc té€ hang ngly
thi dy tai thei didm ting Jwong hoy &b tién, trong k§ thuft thi dy fgi di#m dlén thé ting
gitin @61 ngotl. cd sim chérp... Bd d@ sou ddy ching 16 gin tr o? ¢4 thd dwge wée lugng khi
khéng ¢o tin hitu. :

B A 1, GIR s dlly vy théa (19), (20), khi d6 ta c6:

N
1im J“ 2‘: v2 =a? l.ka ‘ an
N—poe N n=1 i :
Chieng minh: Do (10) ta ed
Varv, = Evi < dy < oo (22)
) 2 H
Dat aip = Vg ™ Evn , By o= '-5'-’-*, theo b4t ding thite Minkowski in cé
e
4 1 "' (’n ¢ l+6n
TR RR AR (N A A +ud] K p< e
el '
. 16
Trong d6 D =@ °+di)
Theo djnh 1y Markov (xem [2], trang 275), ta c6
1 &,
o 2 U= then phn phsi,
N o= '



Nhung che uy d9e 14p, do 46 Kol ty trén twong duong véi sy hol ty h.kan (xem [2], trang

268). Vay :
/A : N

b 1 g
i e 2 v, = lim = = Varm = o
. N=voco ¥ p==i N—»oa ne=i
Vay ti nay v& sau ta xem 0% 14 @i biét, o ‘ ,
B dv 2. PEL r e (ry () = @ xy (D, e Ty () o
ta c6 Plim (rey=~1) =0 - @b
" ! N=—oo ' .
Plim  [ry(, & =ry( = )] &= PlUm [ryU 8) = ry(s = Nl =0 - @n)
N=+ceo N-+ceo

.htrng minhs Ta eb
Xn4s¥n = (Fnda=Vnes)¥n = FnesYn ™ Vass(Xp F Vi) = Fnes¥n T VoeeXn 7 Vada¥n

Do d6
{ N=s :
PJI\'(S) = T“- 2 XIH'lYn = 1'5’(5) e er(s) o r\‘(S) 8 == nv lu wny P (26)
ne=e—g--1 i
M#l khée 1a xéi
‘9 1 - 1 s 2 2 die ' H
Bt (s) == N Z EvnaZn Vi4aX1 = 15~ E By, il Ex, < N — 0 Kkbi l\-feo
n, ! n=1
Theo hdt dfing thite Tré-biur-rep ta oh ‘.
Plim 1y (@ =0 g=0,1,2 D i (27)
! Moo L3
Twong ty ta chirng minh dirge
Plim ryls) =0 s=1,2 vy P (28)
Ap dyng (@1), (20) va (27) ta c6
' Plim  (reg(0) = ry(@ + %) =0 (20)
N=—sco
Ap dyng (20), 27) vh (20) ta o
Plm  (rzy (@) = ry(s)) =0 =1, % eny P (20)
Nt .

Vay 1a co (24).

Ring cheh twong ty ta ehing minh dwge (25).
Ap dyng bB @8 (2), b (3) sau khi bo 41 nhtng lrgng hoi ty theo xé- eufi té] 0 {rd thinh
deng tinh toén dwge:

-
Ra=r (31)

So sdnh o6l loc Wiener khl @n ditng vd va ld nhiéu trdng:
Khi qua trinh xn 14 ditng, k¥ vong 0, va 14 nhifu tréing va ddc 14p voi xn. loc Wiener
¢ = (€0, Lo @p) duge xde dinh bl he phuwong (rinh Wiener — Hop:
[ py(0)y PyC1), ovr Pylp) & =P,y (32)
Trong dé
' (Py(u) = Eyn+a¥n
Pxy(s) = EXn+a¥n
: Pxy = (Pxy(0), ‘Piy(l);--u (ny(p))'
Seu mot vai phép bién adl1 (32) tré thanh

[ Qg0 Qy(Drenns Pylp) | & = (83)



Trong dd

P = (Py(0) = o2, Py(1u..r Pylp)) B ,
Khi xn ditng, ergodlie, vn 1o nhidu triing hoan todn, nghia 1a vy ddc l&p, cing phén phéi,
'hé (33) sau khi bd @i nhttng lwgng hdi ty theo xde xufit (61 0 trd thanh:

- .
R« e ¢ (34)
Trong @6 o = (ao, @ .., 0p)
Nghla 1a (84) trang véi (31).

Viy h¢ (31) hay (34) 6 thd ding a8 wéc lugug h¢ 86 loe véi nhitng gid thiét khé rong

Khi xn ditng, ergodic, vu 1& nhidu tréing hoan todn thi ’a\ (hay ) 14 wée lueng efia loc Wiener
”~

@dng thél'la wée legng cla loc TBPCT. Khi che didu kisn do khong théa, (i a 1a wée

legng eidia loe THPCT.

2. Trudng hop qua trinh yn théa tinh ergodic : ‘
Ta dinh nghta G 1a thp hop ohe qué trinh Khéng nh&t (hiét ding nhung thda tinh ergodic,
cy thd:

¢ = , [zn] / IPUm 1) = g 8 = 0,1,.., P; det [ yo, g;...r.:h'ép]%ﬁ
N—=eca ' P

B3 48 sau day chitng té 16p é rong hon 16p qui trinh ding ergodic
BY d¥ 3. Gi& st xn 12 qué trinh dang ty hdi qui, tée xn thén

CoXn F 01Xp1 + .00 - Cqin-.q = un n==0, 1, 2,..
Ngodi ra che gid thiét sau thdéa miin:

+6
(a)) DAy un o 1dpy ky veng O, Elun]2+ ¢ K< oo vil 62> 0 nao dé.

N |

1

(by) NLm:w-ﬁ- < Eui=72>0
n=(

(e1) e + 012 + .., ozt | 5 0 kbl [z] < 1.
Khi &6 Xny ¥n e 6, trung [V(s) ¥n =X + vn v& vn thoa (19), (20)
. Chitng minh: Trong [4] ohtng toi an chi ra xn & G, bay yidy ching tol s& chimg
minh yn € @. Ta ¢o:
Ynea¥n = (Xnes + voesd (50 + vo) 2 XnpaXa + XnsaVn b Vneekn + Vosavn
Do dé '
‘ ry(8) = rg(s) + rxv(s) + reals) + re(s) (88)

Tir 48y ta co "
Plim ry(0) = f, + @°

Ny o
Plim ry(s) ==f, s =1, L p
N—=poe
Trong 46  Plim  rx(s) = f,, '

N=+oo
Pt
F=[fo finn fpl,  Ga]tg o f1,,., 1]

Trong [ 4] ching (6] d¥ chitng minh F xfo dinh dwong.

Véi x == (Xo, X1,00, Xp)’ 9= 0 ta o6
' : x'Gx = x'Fx + ox'x > x'Fx >0
Vay G xée dinh dwong, do d6 y, € 6
(ang trong [ 4] ching 161 A8 chl ra vét djn chin phin xi ¢d dang ¥n = x4+ vy, lrong dé
Zo 12 qud trinh dong ty hdi qui, va nhifu (thutng dvee gld 1hi€ 1A nhidu trdng), Viy vét
dia eh&n phdn vg thude J4r @ . ;
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Dinh lf. Gid s ya = xn + vy vh thda (18) = 20). Khi 46

Plim & = Plim a=0"'g | (30):
: - R=>eoe Nt 02 i
vi do 46 Plim (s = 8) =0 (87)
- N2 :
Trong 46 : Plim ry(e) = g
- N=—t-o0

G = [ﬂm glé'"' SP] y
g =] (go - ! ﬁi. ) gp)
Chitng minh: Do yn € 6, ta cb

Plim Ryy = Plim R=G (38)
Plim T'xy == Plim r = g (59)
N ~=> 02 N—ce .
T (8) ta 6
G'lﬂ‘ya = Gﬂl!'n.\'
do 46 = ;
Plim G~'Ryyn = Plim G 'ryy
N—>oo N=»on
Do (38) va (30) ta ¢t , :
' Plim a=G"'¢g : (40)
N=> a0 ‘

Tuwong ty tir (31) ta ed

GRa = G"r
Sir dyng (38), (30) 'n ¢é

Plim a = G~'g 1
N0

Viy ta eb (36). Ta Co
Pim (o —a)= Plim a ~ Plma=G"'g—6"g=0

N—co Neo=z @0 N—+oeo

Viy ta cé (37). Pinh 1y @i duge ehdng minh,

Viy khiyy €6, ta a6 T v a xtip x1 nhou vi x&p x{ véc to hang theo nghla héi 14 theo
xdo sufit, )

Lol edm on: Cubl eting the glé xin kay t6 1ong biét on stn ske toi che glao su birdng

din khoa hoe 1\ Gie, Nguy&n Vin H6 va Gs. Triin Mgnh Tuén dil huéng diin 14n tinh vi cho

tdc gla nhitng ¥ kign thigt thye va qui bau trong qué trinh nghlén etru,

- : Nign ngdy 21-4-19%6
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ABSTRACT

LEAST SQUARE METHOD AND THE FILTERING PROBLEM OF
NONSTATIONARY SIGNAL

i The author investigate the fillering problem of a signal in. the precence of nole
hen the signal and the nols are not neceszirily stationary, argodia teandom praceress,
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