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U TON TAI VA DUY NHAT NCHIEM CUA MOT LGP CAC BAITOAN
GlA TR] BAN PAU DANG PHUONG TRINH TIEN HOA

LE NGOC LANG

Trong cong trinh ndy ching la 88 nghién cl'ru sy ton tai va duy nhdt nghigm ciia mot

lép che phuong trinh tién héa dgng _
W AW D, ) =, : 0,0

vi bl toan hdn hgp d81 véi h¢ théng phwong trinh dgo ham riéng phi tuyén

BAi bio duwge chia lam ba phiin, Philn I s& trinh bay cae ky hig¢u, djnh nghia va mét
86 kél qud vé sy tOn (g va duy ahdt nghigm clin bal toan téng quat dyng AAu + Aluu) DI,
Trong phdin IT lu xét bai todn gla (r] bua dilu dpng phuong trinh tlén héa (0,0). Phadn cubdi
eting Il ehing tu chétng minh sy tdn (gl va duy nhdt nghlém cho mot lop che bal todn hdn
hgp d6i véi he théng phuwng trinh dgo ham riéng phi tuyén mo t& che qué trinh truydn va
khuyéch tan nhi¢t trong ede phin tng héa hoe.

1-cAc Ki HIEU, PINE N6HIA VA G1A THIfY

Gia thit V va H 14 ede khong glan Hilbert sao cho V dwge nhing com-pic vh ndm tri
mit trong H. V* va H" la chic khéng gian d6i ngdu clha V va 11, Bdng nhét H vél ¥ va H®
vol mot khong gian con cda V, kbi do ta ¢é bao ham thke V C H C V7

Tinh v6 hwong glita V¥ va V cangnhuw teong H ta ki hign G0 W0l 1. va W1l
lan lwgt ki higu la chufln trong che khong gian V,H va V® Gid thk S = [0 T] 1& mét dogn
hira hgn thuge R' va E 1a mot khéag gian Bunach, Nhw thng thwdng, ta ky higu LP(S; E)
1a khong gian cic ham bic p kba tieh. x4e djnh 1rdn S vi co yia trf trong B (S F) 14 khong
glan cdc hin xée djnh v lign fge teén 5, ¢6 g,la irj trong E. Dite

Xr=LAS; V), Ye=LAS;n), X%:w LSV,
Ky higu (.) l& tich vo hwong gin X* vi X ciing nhu trong Y. Kbi a6, ¥ 1€X% Vu€X
(hojiec Y1, u&Y) ta et

(Fm)s= f(f(S).u(s)Jda.

Néu 8 dwye thay bii dogn [0,t] € 8 thi ta ky higu:

Xee = L3[0]3 V), Yo = LA(0,t] s 1D, X't = L2(0] 5 V) va
k t
(Lud: = [ (1(e), uadds FIEX}, ¥uEX (hoje Lu €Yy,

o
To&n it doi ngdu cla V va X duge ky hi¢u blng Jv va Jx, Gitta Jv va Jx c¢é mél lién hé
duge bidu Jidn bl ding thie:

JxeXt) = Jov() Y vEX, €S,

D8 nghn gon, ta k¢ higu ¢ 1o mot hling &5 dwong hiru han. n6 ¢t thé 1dy nhirng gia trj khie
nhau, I'rony ting trwdng hep danh g, gia tr] ey (hd cla ¢ khdng ¢6 y nghia. 0 ky hitn &
nhitng hiing s duong ¢6 thd chon bé wy ¥, c(8) (o thd 1y (&e git tr] khée nhaw) 1a nhitny
hiing 86 duwung phy lhu@c 6.



GI thir A 12 ot todn ttr thda man che di¥u hign suu!

(L) A € (HX V-V¥); . =

(1.2) Toan 1t u—>Afu,v), ’vﬁvév biit ky, &4nh xa 1lién tye tr khéng gian i vﬁu'V“'é
(L8) Yu€H: AL Ny < M(Jul +1), M=const;

(L8 Yu€H, ¥vi,va€ Vi (Alu,v)=Au,ve) vi=va) = mll vi-va Il % m=const>o0:
(L) . NuEH, ¥ vi,vo€V: I Alyv)=AGve) Il g% Ml vi=va Il , : ’

Che toan tir thoa min (I.1) = (L5) dwge goi 1a to4n T bitn dang (theo nﬁh!a Llolns:h]).
Trong [2] ching ta dit chl ra rling, néu cdo @idu kign (1.1)=(L.3) vi (1.5) dirge théu man, thi
Alu,v)EX* Yuegy, VYvEX. bidu dé chitng 1d A 10 mot toan i Anh' xa t YXN vdo. X%

D6 vol toan tir /\ tn gid thi€t thda man cde didu kién sau:

(IL.1) A CXXX® don @idv cye dal (/\ 14 toan t& da tr} va duge hitu theo nghia ciia
Brézis [3)).

(1.9 (A, uh > alu]?~=b Fu€D(A): a,b=const>0; :

(IL:3) Todn tei tdp hop W: & fu] u€X; Au€ X} sro cho D(A)CWCC(S; H) va néu

: 9 :
(rong W (n xfic dinh chulln nhw sau: [Ju ”W: = [lu [j§+ | Au Hiathl, khi-dg, W 1a mot khong

glan Hilbert duge nhang com-plie trong Y,
AL (Au=Av, u=v)t 2 alu®=vt)| 2 Yo,y €DA).

- Xét bal todn san day ! ,
: Au+ At D 1, u€XA). (1u0)
Néu toan tir A khong phy thude vao bi€n tht nh&t, thl bal todn (1.1) &% dwge nghidn ctu bdi
Brézis [3] vA Gajewski—Groger [4] voi todn t& A don @idu manh va !&n tye Lipschitz
Vén d8 tdn tpi, duy nh&t nghiém dA61 véi bal todn (1,1) @k @wge nghién céu trong (2]
ctlin 1.6 Ngoe Litng v& & d6 ching ta A& nh{n dwge che k6t qud sau day:
‘. Binh ly 1.1, ([2], djnh 1y 1.) GIR thi dldu ki¢n (I.1 —(L5) va (IL1)=(IL3) dwge thda
min. Kt do, bal toan (1.1) véi b&t ky FE€X® ¢6 It nhdl mot nghidm,
Binh Iy 1.2, ([2], dinh 1§ 2) Ngoai (I,)=~(L5) va (IL.1)—(IL4) gid thk &ldu ki¢n sau diy

duwgc thda min: ;
(1.8) Néu u€D(A)CW 18 mdt nghlém etia (1.1) thi Cpm, (W)ELIS), ma€(0,m) vol:

§,(w: = max{0; aup—l-(|lA(u+z.u) - M)~ 8[Jz[D¢ WE V.
270 17|
: 2EV
Khi 46, nghiém ctia bai todn (1.1) duge xée dinh duy nhét.
Trong nhimg &ng dyng ey thd, gid thiét (10) dwge xem nhu tinh chéit chinh quy cda

nghiom ctia bal toén (L.1).

I1—BAl TOAN GIA TR] BAN DAU DANG PHUONG TRINM TIEN HOA

I'vong ph#n ndy chting ta vin st dyng nhitng ki hi¢u v gid thiét nhw & L. DI vol
wELIS V) ta ki higu u’ 14 dgo ham c¢du u theo nghia suy r¢ng (rén J0; T[ vi cd gl tr]
trong V* [8].

Xét bal tohn gla tr] ban ddu dgng phuong trinh (i€n hoa sau ddy:

u' + AG,u) = £, u0) = u€H, uEX, v EX® 2,1
_trong d6 AE€(YXX=X"), 1€X", u,€H cho trude.
P2 sir dyng dugoe két quid & I, ching ta dinh nghia A CXXX® nhu sau
At = flu v']] u€X, v EX®, u(0) =1, € H (2.2)

BY 42 2.1, Tokn tir A CXXX® dinh nghla nbw trong (2.2) thdéa man tdt cd &idu ki¢n
mao-aLd.

- Chitng minh: 1) Yu,vyED (A) nghla 1a u,yE€X; v’ v €X® vi u(0) = V(0)=u,, tn eo

e - —— .




{/‘\u v Av. vy = f (u'(e) = v'(e), ule) = v(o)) de - -é— |ult) = V(T) [ >, b, .

S

Ghirag td A € X X X don dipu. Myt khée, bal tedn gla trj ban &hu:
v Jiu = f, ul0) = u,, u € X, v € X®

46l vol f € X* cho trudce ludn cd nghlem [6[. Tw 46, dya vhe két qud elia Browdar [6] ta
suy ra dugo tinh chit don didu cye dgl olia /A. bidu I<1en (II 1) dirge thye hign.: ,
2) Yu, v € D(A) va Vi € S ta ¢b:

{ ,
{Au~ Av, u=v) = J‘ (u'(8) = v' (a), uls) = v(s))da == —%—[u(t) - v(t)|%
| 0
ohiérng t &ldu kign (I1,4) Guge théa mén.
3 Yu €D(A), VI € 8 ta c6:
) 4

(Av, ult = I (u' (o), ule)ds = — (Ju®[* = |al®, &ldu kijgn (I1.2) dwge théu miin.

—_

2

0

OTiphopWi=fulu€X, Au€Xel={ulu€R, v &xe| vél chuln Ilullfﬁz

2
=lullx + vl ;. theo [6] 1& mot khong gian Filbert dwge mhing ecomeple va ndm trd
mét trong L* (S; H)=Y, Mgt khae, ro rang ta ¢ D(/\) C W. Chirag td @€idu kiga (IL3) dege
théa maa.
Vol tokn t& /A CXK X X® duge djnh nghia rhw trong (2.2) ta c6 th& viét bhi todn (2.1) dwd

dgngt '
Au + A, w) B¢, u & D(A),
vh t@ edic dinh 1y 1.1, 1.2 ta suy ra djnh Iy:

Binh 1§ 2.1, GI& thi A 13 todn tit thda mln nhing dldu ki¢n (L1) = (1.8), Khi 46, bai
toan gid tr] ban ddu deng phwong trinh tién héa
Wk Al W, u0) =u, €EH, u € W: = fulu €X, w € R (2.9
v&l mol £ € X% cho truée, ¢d duv nhAt mit nghiém.

1i-BAr ToAN mON HOP BOI vOI HE TRONG PHUVONG TRINH
BAO HAM RIENG PHI TUYEN

Gi& thd G € AN 1a mOt midn gtol nol, ¢6 bidn 8G &1 troas Vél mbdi u= (a1, « ur) tn xét
bai toédn hbn hop sau ddy:

-%-‘:— = div [blu, grad w] + TA%u =) . 720, u & G XS e (8.1)
u=0 va Au=0 trén 3G; (5,2)
u]t_o = Ug = (ulﬂl (1Y) ul"ﬂ) (3-3,

trong 46 u=u(x, U = (u(x, ), ., wlx, 1)) 12 ham sd phil tim; { € (R" =~ R), b €
€ R X RN —>R™N) va u 1a nhung ham s8 vAd gl tr] ban ddv che trude.

Chu § 3.1. Bal todn (3,1)=(3.3) mo6 (& qud trinh Lruydn va khuy&§eh tdn nhigt trong mot
86 ohc phin teng hoa hov [7].
P61 v6l bal todAn ndy ta chon:

Vi= (HB(G) A Hy (@) Hi= (L} @)



K# hidu ¢, 3 ia tich vé hiromg trong che khdng gian H vh h' oing nhte gifta V8 va Vil
Woll 1ol la eac chulln trong ehe khong gian FH, Vva V¥ (E] 1 06 dai clin véelu §=(§y, ...,
&), Ch & trong che khong glan H va V' duge dinh nghia nhe sau: ; '

2, — 2 = 2w, 2, = 2. '
_Iul. j‘lultlx lu | (LAGH ! [ull Ilﬁuldt . | .
G G aar il W' 4

Ro rang V va H I cdc khong gian Hilberl va V duge hhnng'comépﬁﬂ va nim trd mgt treng:
H. Honnta Vi€ Viacdlul <ellnll. ‘ ol LT A el ' ?
DY chuy¥n bal toan (8.1) — (8.8) vd dgng (2.9) 1a Axt:

aly, v, b)) = j [(l)(u. gradv), gradh) + 7 (Av, Ab) = (), h) | dx . (3.4)
G

—

Nhé& cong thire Green, d& dang thdy réing, bal todn gid (1] ban diu ‘
(u', h) + a(u, u, h) =0 d6l vol hu hét t € S, w(0) = ug € H, (3 5
UEW:={ulu€X=1L"S: V), v € X0 =LAS: VW) i
la bal totn tdny quat (theo nghia Lions~Lattds |8]) clia bal todn hdn-hop (3.1) -(3.3),
Biul nghta 8.1, MSL gt aghiém ciia bai toan gia tr] ban dau (3.5) dwge gol 1A nghi¢m
suy roug clia bai toan hdn hep (.0—-@4).
BSI voi cic hdm 86 b va I ta gid thidt thoa miAn cde didu kign sau

(n.ve € r', Vg, g, € RN | bC& &) = 1B, &) I S M I Ei=E2 |
IbGE OIS MIS T+ 1)

(1L2). YE € R', W6 Lo € R™N: (g, B = beE, ba), & = > ml b ~921%
AL, FE€R =R va VEER:  1I® | S MIE|+ 1,
(a4, Vg nm € R, VE € r*Vy ILE D -bm DI<MIE-m] 1]
1@ -1 1<K M1 E=51,

BO de 3.0, Gli thir che didu kign (LD vd (119 dwge thén min. Khi 6, -mt tohn ti
A€ (H XV~ V# hotn toan duge xic djnh qua diing thee: ‘

au, v, e= (A, v), ) VYu&€H, Vv, b V. (3.1)
llun ntra ta o A ), DI e(lul+ vll+ D] bl

HAW OO lls<<eClul + 1.

Chéeng milnh, Vi€il. Vv, h€ V 1u co:
| w(u, v, h) | = | j [(h(u. grady), gradh) + T (Av, An) — (e, |,;l dx |

V]
A L A
< ( J‘ | blu, gradv) | #dx) * S [ gradh | #dx) * 47 ( S | Av | %) ¥,
G ‘ G
A ") da
)<(.[la‘llllzclx‘)2 +(Jlf(n)|2dx)"(J. [ h]%do®
tr 1 G
e . s !
< }( J. | blu, gradv) = by, 0) | ®dx) * + ( Jfb(n.ﬂ)l’ds) 1 ;.( J | gradh | 2dx) T + °
G | | ¢ d
: 1 | L. - B L !
+ T ( f [Av i %d)* +( f | & | % dx) ® +(.I | 1w | 2dx) * ( J lh|2ap)¥
i ; G



= Lol lul+lvii+ Db,
Plc bi¢l, néu v = 0 ta ebd: A Oy <So(lul + 1)
B3 dd 3.1 dwge chirng minh.

Chit § 8-2. Tir b8 d& 3.1 ta suy ra riing, bai todn gla tri ban ddu (3.5 Iuong dtrang
véi bai wﬁn gld trf ban dlu sau:
WA =0, ul)=wEN,uEW ’ - (8:7)

Bd d¥ 8.2. GId thir cde di8u kign (L1 vA (TIL3) théa -miAn. Khi dé Yu, un € H,
v €V vk up ~>u trong H khi n == o0 (a ¢6:

lim j | blun, gradv) = by, gradv) | *dx = 0.

‘ 1) === 0

G
Chitng rmnh pal d(x, & = b(E, mn.rlv(x)). BA rang ham 86 x ~>d(x, §) do duwgo
trén G @61 val V& € R" va ham s E 1= d(x, &) lién tyc Lrén R" d6i véi hilu hét x € G.
- Mt kbée ta ed:
[ dx, 8) 1 & MC | gradv(x) | -+ & | 4+ 1), trong d6 a’.) = M(| g;'ndv(.) I + D€ 12 (S).
Tir 46 suy ra rng, tofn L Nemeski [0]

(DB (x) 1 = d(x, §(x)) = b(E(x), gradv (x) &nh xq lién Lye tr (L2 (C‘r))l vao (L"{Cr))"N- Nghta
&, tr vy = u lrong H khi n=> 00 va v € V Ia 06

lim |l (Dug) (x) = (Du)(x) I} E(LE(G)) N = lim J. | blun, gradv) =blu, gradv) | 2 Qx =0,
n-—>oe n=»oe

G

Bd d? 8.3. Gid thi che didu kién (II.1) vd (IIL3) théa miEn., Khi dé Y, u, € H,
kn =#u trong H khi n —> oo ta c6!

lim J‘ | frug) = f(u) | 2dx =0

n=—pc

G
‘Chieng minh. byt d(x, &)t = 1) € (R" —R"). Ro rang, H8u kién Carathéodory A
vl d(x, &) théa min va _
ldex, 801 < MCTEL + D

Do d¢, toan t&¢r Nemeski (DE)(x): = d(x, E(x)) == {( (x)) anh xa Hén tye ti¥r (LAG) vhe
chinh nd, Nghia 13, {& up > u trong H khi n > o0 ta cé:

lim [ (Duy)(s) = (Dud(x) |l Q(L"((“)) p hm jl F(un) = P} [*dx = 0.
n=> oo

(:

BY d¥ 3, 4. Gi& thir cac &ldu kien (I1L.1) va (I1L3) thda m#n. Khi dé, toan ti AC,v) € (H=»V*)
VVGV 1a lién tye.

Chitng minh, Gid thiv u, = u trong H khi n — e, Khi @4 Vv, hEV la cé: :
(Alug,v) = A (1,v),b) = f{(b(uh gradv) = b(u, grady), gradh) = (f(uy) = f(u), h) | dx
‘ (i , ;
i ‘ g
[ blun, gradv) = blu, gredv) ? dx)_g Dbl + (J.I flua) = flu) |2 dx) 2 Ihil
G
St dyng b3 42 8.2 vk 8.5 ta suy re didtn phii chtng minh,

h!



ta 06 | ,
(A, vg) = Aly, va), i ~v) DT Hvy=vallh

Cheng minh: Yu € H, Vv, va € V12 66

('l(ur.vz) = Alu, v3), vy = x32) = SI (b(u, gradvy) = b(u, gradva), grad (vq ~ v'a)).+
+ T(A(vy = vg), Alvi — \"3))' dx
m I]gud(w ~ ya)®dx 4 ¥ J.I Alvy — va) [*dx

G G
2 Vllvi—vg ™

Bd d¥ 8.6. GiA thi¥ ohc &idu kifn (1L, 1) va (IIL 4) ihbn mén. Khi dé, ¥ u E H. X1, va & v
taco: Il A(u, v) — Ay, va) llo S ellvr==vall. .

@hing minh: ;
(AQu, v1) = Alu, va),h) = SI (bu, gradvy) — blu, gradva) = gradh) + (A (v1 — va), Aw | dx
G

i 1
< S([b(u. gradvy) = blu, gradva) | dx )? ( S | gradh |* dx ) +
G ' G

II Atvy = vz)l’dx) ! ( rlﬁh I’dx)-;—

G

Qellvi=vall Inil.
T 46 suy pa didu phdi chétng minh.

Bb db 8.7. Gl& th® edc d&idu kipn (LI1.1) = (II[.4) théa mln. Khi &6, vél N 4 va Yy,
z &Vt ob:
Pg (u (D) € L) YuEw,

Chéng minh : Yu, 4 h € V ta ¢
| (Alu + 2, u) = Alu,u), h) |= ’ ‘ﬁ (b (u + 2), gradu) — blu, gradu), gradh) =

(fCu & 2) = f(u), h)( dx

<M Illzl | gradu| |gradh| + 12| In]} dx

<o ([ et ) (s ) (amanttan) € o frorae ) jw.]x 4
G G G . G

B3 @b 8.5 Gl thi edc didu kign (IILD = (IIL2) thda mkn, Khi @6 Vu€H, Y, vy €V



vi Hjl(l) duge nhing lign tu' trong LY@ va L*G), va [1‘((‘-) Lnng duge nhing lidn tye
trong W- Y(Q) voi N < 4 nén (n suy ra VN <t , ,

.-” (af-(u +z,u) = A, W) Il S ezl (H;(G”p( ludl a1'@)’ + Dl h Il

=

Tir djnh Iy nhéng [10] tac6 YN 4vh Vo, v EV

: { | i 1 ;
NAG$zu)—A@u)liescodzl ® |z[F Clull ? Juf® 10

Kolizll +e® [z] Clull . |u|+,,1)
Do d6 9y (w) < e (®)(lull. [ul 4 1). Chéng t& Yu € W ta cb Py (u())GL’(S) L.}

T cde @fnh 1§ 1.1, 1.2, 2.1 v ode bd d8 8.1, 3.4—3.7 ta suy ra dinh 1y sau:
Binh lj 3.1, Gid thit cao didu kign (IIL.1) = (III = ¢) drge thda min v N <4 [\hl de, bad

todn h&n hop (3.1) = (3.8) ¢6 duy nh&t mot nghlém suy réng u € L2 (S (HH@) N H @nr,

thém vio 6 u' € LI(8; V#) val V= (H(G) N H G~

Trong mét bai bao sau [ 11], ching ta s& xét dén cée phwong phap xﬁp xi dﬁi vl
nghi¢m che phuong trinh todn ti deng (1.1),
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R sokibes fa

2
Néy qg = 2 n th&v 11v bidu didn (23 te clin e¢6 d4nh gld
q1

—~ el = o) B
o Bl ot

(e = 2qa)® 2
Hay ta ¢éin dédnh gl e sao cho thom min

9 4
g =dn2+1 - 2 = 2etqa 2 0. LS ¢ )

Bit ding thie (28' twong dtrcna véi bt dlng thie - : ,
1= 22 — 4’ +"otqg=1—2?.-=4&’+af1—1/1 4«')>0 ¢

R4 rang 14 (29) dwge thda mén vél mol ¢ théa miin (20),
Cuéi cting nhén xét rﬁng cde tredng hop ma trjn Ay, By, Cy trong (18) 14 thura bHt ky

Khi @6 a3 danh gla |l B, Il va C| [l ehing ta cdn cd @anh gla |l A’ . Mét trong nhitng.

phirong phap 14 bidu didn A= A| + A:. A1 cé dang ba dudng ohén. Khi a6 |l Ai Il &t nhé
thi ta ¢6 th® sit dyng che danh gla (16) 42 1dp chc didu kidn twong.ty (20).

[c]htwnp trlnh vigt theo thuat toan (7) = (12) c6 thd lam quenq‘.,trong bd chwony
trinh |1

TAl LIEU THAM KHAO

1. N.C. Bibu, H.V. Lal, N, L. Thu. M0t s5 thudt toan vA chuwong telnh gidl hé phwong
trinh doi sf tuyén tinh v&l ma trgn thue e& 1/, Tap chi KHTT va DK, s6 1, 1088,

2. Kalitkin M.N., Plurong phap s (tHiéng Nga). M. 1078.

3. Lankaster, L.v." thuv&t ma tefin (ti€ng Nga). M. 1978,

4 Khintsin A.A,, Phin s§ ddy chuy@n (tiéng Nga). M. 1061

ABSTRACT

On the methed Gauss for large spavse matrlees,

In this paper the method Gauea for linenr algebrale systems with large sparse matrires
is developed. The storage of those malrices is in the compact form, Here we give one suffi«
clent eondition for Gauss factorisation, which is more general than the dominant diagonal's
condition, !

ST TON TATI VA DUY WHAT NGHIEM..,
(Tiép theo trang 7)

ABSTRACT
Existenve and uniqueness theorems for a class of imitial value problem

In this paper we consider initinl value problem of evolutione quations
u < Aou) = f, ul0) == u, (1)

where A € (HXV > V*) {3 an aperator of (he varlation = type.

In the 2 sections we prove en Existencs end U'n'queness result for (1), The Uniquaneu of
solution of (1) can be improved if 1he solullon u satisfy cerlain regularity ¢ondition,

In section III we apply our abstract result of section II to the diffusion — equations of

the type:

<}
ED—:!- == div [b(us gradu)] + TA% =f(w)

u=0 and Au=:0 on 3G
1 Jiep == s,

]
2T



