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DO PHOC TAP TINH TOAN CUA MOT SO
THUAT TOAN NQI SUY HAM HAX BIEN'

. HOANG TRUNG DU ;
Yign Khoa hoe tinh todn va didu khtdn

~ Tém tdt s Trong bai ndy ching téi trinh bay mdt quan niém vé do phie tap tinh todn
ofia bai ton xfp xi ham hal bién bing chc thuft todn nfi suy. Hai thudt to4n chili yéu dugqo
ndu ya Ja thudt todn tich (T) va thudt todan Blending (B). D¢ phirc tap cilia chiing dugo tinh
‘cy thd voi don v thol glan tinh & 86 lun wée lwong gla trj cfia ham cho méi thuft todn.
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I - MOT S6 KHAI NIfiM Y PO PHUC 'T'AP'TtNi{ TOAN cUA BAI TOAN
xAp xi'BANG PHUONG PHAP NOI SUY . ‘ '

Xu&t phat tir yéu clu thyc té v8 chc vin @¥ tng dyng may tinh 48 gidi céc bai tohn
mot odch 6 -higu qua, ngudi ta a4 nghién,cku vA dua'ra nhidu thudt todn, song hidu lye va
vi¢e thyc hign chdng thé ndo la do d¢ phirc tep cta chinh bdn than ching’ Viée nghién etru
d6 phtre tap tinh todn la' 48 dénh gis dwot vén d3.46.-Trong bho céo tel trudng he vé gidi

-tich 86 niim 1084, Phan Plnh Diéu [2] 4& trinh bdy nhitng khai ni¢m va che két qud gin day

‘ofia vi¢e nghién ctu dd phtre tap.. V8 bal toin xfp xI J.Rice [8] a xét cho chc toan tir xdp
«l t6t nhét ham mdt bién va M.H. Schultz [0] @i &8 .cdp dén bl todn ndi suy tdng quat.

. ‘Trong bfio cho ndy ohfing tof dwa ra mot vai khdi ‘ni¢gm v& @) phire tap oho bhi todn ndi
~ suy ham hai bién va tinh oy th8 cho m{t a6 thujt tofn.’ .

. . Nhu to biét; a9 phitc tep tinh todn 12 mjt &4 do vi chi phi ma .mbtr may friru tuegng
@i hdi d8 hoan thinh mft nhiém vy. Cde chi phl &6 phy thude vao mod hinh dwge sit dyng.
Chang cd th¥ 1a don vj théi glan trong tinh. toédn song song, 86 lan so sénh trong cdc thudt

{o&n phan logi hoyie khéi lwgng bd nhé cin phél ek dyng. & aay ching tél ciing 1y tidu
chuln théd glan 1dm 86 do @9 phire tep ma don vj clia n6 & mét lAn tinh gid trj ham. Nhy, \

1a biét,trong cdc thudt todn ndi suy 6 thd a¥ dyng dén hingnghin 1an trong mét {inh toan may
tinh vi chl cn m8i-1an tinh khodng mot glady thél thi oy ehi: phi eling rdt lon. M{t khdc
" ta oling d¥ nhén théy 1a viée chon.nhu vAyeciing @Yo truiig dwgc.cho thdi'glan toan bY ad
. gi&i bAi todn vl néy s6 lén wée lwong ham nhidu thi cling kéo theo 86 théi glan phéi tinh toén
. ham co 84 nhidu v& nguge lgi, &idu ndy ta s¥ th€y & phin IL gy e ‘
- ‘Bt toén xzp x1 ham hai bién bding néi suy ta thudng gip trong vige gidi cde bal toan
trong thyc t§, nhuw’ gidi phuong trlah vi phin dgo him riéng bling phwong phdp phin tk
hitu hen,.do - @6 vide nghidn ctu ching trong nhirng nim glin day ofing dwge phét tridn
menh [2, 8,4, 5], Cy thY nd &wge phat bidu nhw sau: :
Cho Q = [0,1] X [0,1] C R? vA luél didm chir nhat (xn,y)) trén Q va ham.f € K(Q),
la khéng glan tuyén tinh djnh chulin, Hiy x4y dyng mét ham Pf xfip xI f véi @6 chich xA¢
¢ vi My cho glé tr] cln f trén lwéd &idm (z,y), ticld . o et 0

AP - tligey e
" ; by P (1, y) = 1(x1, yp), (i yp) € By
vérl Ry 1t 1w6l. ohtk nhit tesn €3, S8 &idm ludi s duge 3éc dinh sau,
‘Bhl togn 86 ta o8 ky hidu R P, o

1=@“ e ' * ‘- . R *
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aay ching (6l chon tohn t& T: f->

.- Binh nghta 1. 1. A du'qrc‘-, ggl" Ia thuét todn npl‘auy d8i vel 16p ham H(E), néu vél mdi fER(R),

A cho ta mft ham ndi euy Pf xfip xI f vél @9 chinh xée 8 cho trude.

: Ta biét réng nhitng thujt todn nhw thé ludn ludn ton tai va ta k¥ hieu=t_ip; cia tél cd cdo
thugt toan gidi P 1a o#. V&1 chch chon @on v} thoi gian nhu & trén,ta s8 dinh nghle' @ phie

" tgp clia thudt tohn. )
Binh_nghta 1.2, 6 18n gid tr} ham cdn c6 thd xdy dyng duge bam Pf d61 vél ham ¢ € K(E)

v 8 >> 0 oho trudo, duge goi 1a 49 phite tgp clia thuft todn’ & VA k§ higu la N = N(A, 1, 6).
: Trong thye té t'a'khbng thd xéc djnh duwge tinh hitu him ciia of néu mot cdn duél ol

o 61 vol P khong cho ta vige tdn tal mot A € a4‘ ma 6 @0 phite tep dang bling cdn 46 va |

vi Ivay,ta cling khong dinh nghla dwge 49 phite tap cla P.

Binh nghta 1, 5. Thugt toan A duge goi lh xp xi t6t hon thufit todn A’ néu voi f € K ()

ta. co: .
N (A, f, ) &N (A, £, 0,

- Binh nghta 1, 6. A € of duge gol 1o thugt todn nol euly {8t nhét 461 véi bam f € K(D) néu

: ¢ N@&LOEN (A", 1, ), A €A
Vo1, nhittig: khal niin viva néu, trong phin ti€p theo ching tol s¥ xét asnmie dd phie

tap ofia cAthudt toén 'tich (T)vd thudt todn blendinh (B). Nhirng chi tiét cy thy c%fm chung i duge |
trinh by trong |1, 8 4, 8. 5. bl il a

Il = THUAT TOAN T VA DO PHUC TAP CUA NO

Co s& chia hai thudt todn ' v B 1a cac toén i ‘ndi suy méi bién, do a6 ad co du-%e

mot phép n¢i suy ham hai bikn t6t ta phl chon che toan ti nol suy mot bién c6 ao-xEp x1 18t. O
Tf, véi f 14 ham xéc djnh trén'dogn [0,1], "c6 dang

{
m ‘

TH@) = g, fa) Gila); Qilwp =6y @ 1
: J=1 % : ,
Voi % 1a cacdidm chia ddu [0,1]t hanh m=1 dogn bing nhau, @i () 14 che bam éplindco

,8& bde 2n = 1, thda min @idu kién bién ty nhién (xem IJ, Schoerberg, Cardinal Splines Inter-

polation. SIAM 1974). Trong trwong hop 46 sal 86 dwgo danh gla qua bt ddng thiro eau:

Ren = Jr-Ten el g™ .

.Chultn duge st dyng la chuln d¥u troug khong glan ham lién tye, C 14 héing 86 chi phy thuge

vho n v n ddc l4p vi m.
Ta nhin thiy rling, ¢O thé chon (2.1) vi (2.2) tdng quat hon sa0 cho chiing @dm béo .

dwoe tinh chét 1a sal 86 dwge wde lugng dudl deng C.(f. n) ha(“). véin khéng phy thude m,
Véi vide chon Tf nhuw (2.1) ta c6 thd x& 1 ham hai bitn nhu ham mét bién véi vide el djinh
bién con lgi vi xem nhu Ja tham s6, Khi @6 v&i ham £ E\‘ R(D) ta ¢6 Txt fe Txf via :

Tt (@ y) = 20 @, e @ . ' : 2. 9
i=1 : b : ”
vi twong {y nhw vhy ta, co
i m - ‘ o ; ,
Tyl (2 i) = P 1z, yp Oy ¥ M ey
1=1 ’ ' - ’

- Nhu vay la trong tni&ng hyp nay te dd chon lwdi vudng vh vél cach.chgn,dé te ¢d ode wde -

legng  tirong l’;ng_lnhlu & (2.2), nghin 1& _ ; i
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vi
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. a ; .' - . X “Byf I < ll f(ﬁtﬂll) " th ! (‘2'4.)
Covol fECT™ B Q) vy ” .- JP o s
Y Y @, T+ i w24
: Ox Oy " : ‘ Vo

Biy gl® ta néu thudt tofn T. , ' o '_ | - ;". ‘
.Thudt;tadn T, Cho t@.p - ‘ . Y
= {ih | 1= 0, 1, By 1/}, ‘ (a8

tinh céc gl trj cla f(x,y) trén X X X, xdy dyng Txf’ vi Tyf nhuw & (2.8) vi (2.8") sau a6
thiét 1ap toén ti tich Tx Ty f.

- P& dam bio cho tinh &ing dén cﬁa thudt loé.n T phéi chi ra dwgo lh m¢t khi T‘xf i i
Tyf la che todn tit x€p xI kha t6t thi Tx Ty f cling cho ta xfp xI t6t. Didu @6 dugc phat
bidu qua dinh Ii-sau:
Pinh Iy 2.1. Néu hal diy vo hgn {@i(x), i=1, 2,.. ] v 'll)j(y) =1, 2,.) théu miin d!au kién
- hoi ty @u, khi @6 vél bit ky ham lién tye f (z, y) ndo va véi B>O tdn tal mdt 86 n sao i
cho f (x, y) c6 thd xfp xi h&ng td hop tuyén tinh ofia che ham @Qy(x), Yy(y), 1,.j = 1 n , A
‘ Pinh If nay di duge chitng minh bling nhidu cdch, niim. 1060 Weinstein di chfrng j ‘
minh hong tru-bng hop chiing 1a cde hé Markov. Bay gi¢ ta st chﬁ'ng minh djnh lf:
Pinh UL 2.2, C‘Im f € Cirn (Q) va & 2> 0, khi @6 d¢ phdo‘ tgp clia thuft todn T a8 lat
: - Nmf o= ‘ C‘;'E“’) o ae
" 6G(f, n) Ja hiing. 56 phy thuoo f va n, . i ‘ |
Chitng minks Te nhin xét ting viee chon khéng glan C"“ " (Q) phil dim blo dwee tinh -y
t héa mﬁn cho che didu kién ty nhién clia che him >0 e& va do d6 thye chét chi mdt bo phén "
ot CPM 20 gong chulln vin 1a chu&n d2u trén Q (dmu kién bién tw nhién & ddy o6 od véi ;
@ao ham hén hep).. . i
Tir (2.8) va (2.8") ta d8 dang nhan thdy lém.. o : i
n m m . ' : ]
TxTyf o ) = T B 1, ) Picx) qn,t:,J Can
. : ) ‘ i 1 j= 1 , talid
v8 ' o ll
- ([ = TETY) £ = [I~ (I = Rx) (I'= Ry\]t = (Rx+Ry*Rny) f ! |
v6i IIh tofin' t ﬁbng nhit va do dé trén co & ofta (2.4), (24" ta cor ' _
Il (@~ TxTy)E 115 1l Rxf 1] + 1| Ryf (| + |} ReRyf I |
e 113 O 4 (0200 L2+ 1) 120 300 hdn"C(hzn-h‘m) T
vl B la hﬁng 88 phy ‘thuge n va i
(0.9n)},. 2n; & A '
: ¢ = max fa (|| a0} i+ | 2 “"'")ill | (2.%) |
vi vi h &1 nén : = -
. Ar ‘ Bt =1 (o (01 B9t -
Cubi eting m'eo: . . ,
: @ = Tx Ty) £] = CRP -
Bay gl¢ ta x8p x1 véi’ a¢ chinh xAc 26, ttrc 14 ta phili chpn hwge h thés mitn diing thire 8
; [

o Ly
ch’“aga¢h (26)211 ,

Mgt khac tromg thuét todn ta phdi s dv,mg m? g'.’z tri clia f vA m = 1 +1/h w 1/h. T dé
ta o6 : . - '

o 1o
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Nhan wét: K6 qui nay hodn toan phi hep véi két qud & [10], & do V%tuai&i_n da ehi ra

réng sé lugng thong tin {t'nhét odin d& xfip xi theo bing la bic clin (L/s) ",‘ véi L 14 hiing
88 glél nol cla dno ham bée K. l .

L I

: I = THUAT TOAN B'VA BQ PHUC TAF CUA NO
| ' = ‘
E Nhw ta d2 biét thudt todn B la thugd toén phét tridn va mé 'rong cla thudt toan T,
vi T nhw mot truéng hop dije bigt eda né [3,6], va ‘thye chét n6 1 phwong phip phan tich
' len tye thanh hai bwéde, Buée thir nhiit 1a ham ndl suy s8 tring véi ham dwoe noi suy trén
che dwdng lwéi va bwde thit hai 14 88 lam trdng trén che didm roi rqe. Vi 18 @6 ta phii st
. dung nhidu lo&n t mot bi€n hon ma cy thd 1A b6n (mbi hwde phal hai todn td). O bude
@du la ciing sl dung hai tohn tit nhu & (2.3) va (2.8 voi'm = my, nhung €& the dyng lon ¢
nhw t8ng Bool clia Tx vh Ty; cy thd Ia e :

fx, y) = (Tx ® Ty) f (x, y) = Txf(x, y) + Tyf (x, y) =~ ’I‘x’I‘yﬂ:_g, ¥ és.l) .
om0 mi o i oo :
a2 2_, f(x1, y) Pilx) + Z f(x, y;_) Py (y) - Z, F(xy, y) Pu(x) @) (y)
T3 =1 i,j=1 -

\ ’ . '

_Ta thily la trong che tdng thit nhet vi hai & v& phii clia (3.1) con cac ham f(x;; y) va 1(x, y))

ma nhidm vy clia buéc thi hal phil dung che toan tir cing loal 2.1) 1a T®yf va Tk £ b thc

dung ti€p lén chiing. Trong trudng hep d6 cc sai s R7yf vi R"f cling ed che danh gia

stwong ty nhw (2.2) vi & ddy ta o8 st dung ma thay cho mi & trén. V& 4% chosai 88 qua
hal qué trinh twong thich véi nhau [5] fa Idy ma 2> mi. :

Thudt lodn B. Cho cée thp
"Xoe={the [1=0,1,9 . 1}
va , ’ C g ! : (8.2)
E | Y=ljhs|j‘=0.‘l.2.....1ihgi. :
Tinh che gla trj cin f(x, y) trén XX X, X X ¥, ¥ XX, xdy dyng Tx, Ty trén X vi T%, 7%
trén Y dudl deng (2.1), sau d6 thi6t 1ap toan t& T Tyt - T Txf -~ TxTyf.

Pé thudn tién trong tinh todn thudng ta l&y Y nhu thp min elia X, t&e 1a cfie dlbm
efin X déu thue Y. Ta s& chéng minh djnh 1@ = : _‘ ‘
binh It 8.1, Gho [ € GOy v e 0, khi @0 Ao phire tap. clia thagt tean ‘B
88 lhy : ' : -

AT ' :
’ . 7 N(B, [, 8 =2 '(-.--‘-‘:.-)411 ’ (3.9)
s v6i C* = C* (f.n) 1a hing-sd, , . |
Chitng minh: Trwée hét ta tinh sai 88 sau buée x&p xi thi nhdt
A= Tx@Ty)f=(A~Tx = Ty +Tx Ty) o

. = (I'= (1= Rx) = (I = Ry) 4 (I = Rx) (I = Ryl = Rx Ry [ (8.4)
Sau khi s& dung buéc tht hal ta c6 - X 5, :
. I S mi ma T
P,y =TTt y) =20 20 (0, v ¢ @Y (y)
.=t =t '
m omz : oy -
+ 2. @y e @ P~ R (s, v 90§ ()
i=1 j=1 - =1 j=1, -

!
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Bf- woe hrrrug sl 86 qua huoe thir tn vict Cul) dwoi dpng sin ¢
£ (Ix 1+ 1% = Tx Ty + Kx Ry) f (8:5)

v thay I =" + R% va 1= T®y + R% vio (3,5) ta dwge: : :
= ('1""yTx 4+ T Ty — Tx Ty + Tx n"v + Ty R%x - Rx Ry) f o (B.8)

Do 46
hea - Il)ﬂl = | (Tx R*y + Ty R* = Rx Ry) £l <5 | T [ | R | + |1y || ROt} +[| Rx ny £

< ﬂ’o'! " Tx ” “ f(U 2“) " hgn + G. “,Iy" af(2n|0} " I :n “-F‘ ﬁ“ "1.l 211. Bﬂ) "hl
= G (ma® n{™ :
val we, B¥ 1a aé.c hiing 86 twong tng véi & va B va

2 4 :
¢? = max | &% Tx| 1 Oy 405 4 pel f“’"‘ At (3.8)
T (3 7) ta nhan thy riing a8 cho sal s6 ciia hai' bwéc cing bic hél ty thi ta phdl chon

T, T% voi @) chinh xdc cao hon Tx va Ty. Néu ta cing x8p- x! vél @0 chinh xéc la 2 €

thi ta s chgn h1 vd hy sao cho .

, ‘ (3“" h?“, =¢ &y hy = (—f-)i?f s /

VA |
i ol

Cﬁ hgn = B s hz =] ("'"')2“ '

Vltr} @6 tadd daug nhﬁn thﬁv 14 ha=h = hz va tlu;'c chﬁtt 14 XCY. Mi;t khie tdng a6 ﬂi%m clin

& x4y dl;ng uf Ia mims + mymaz = g = Amma = T va vt om Q my do @6 N(B, 1, l) #
zmlma. mh ta lai c6 ..

= o ' 1

i 11
I S TR (T B e B Bl s
mELT Y "", FI PR,

sl
= 2(—%—) dn .

Iv-snANr umU TIFM (.AN LUA N(T. ¥, s) VA NG F, 8

do do6

Ew

N (B, f. e) v 2m1 mp

=
- D

i

~ 'Ta 8¢ chitng minh djnh I sau ¢ C . g o
E;zlhll41(’h0b>01€c‘.*“ 9“(9) n& N. ’
'l“hum toan B xfip xi f t6t hon thujt !oan T néu

(‘a < ,., (ll'l’l)ﬂc,:_v:g; . (“1)

| - Ve : —

véi C v C* duge djnh nghla & Q. 8) viv (3.8).
Chitng minht T (2.4) va'(8.2) ta c6

.
e ne L o WE
” = ms-—-—'—!—- = 4nw ' ' :l
P(f..e) N(T. 1. ® 2 n 8 T : (.2

b . , 6

S

Ry ot 0 L




AR

DRU p(f, 8) % | v i (420 L suy rd
| - whl
.2 noe dngn

: P 4 1 4
: ; --s-(n+1) o
hay % A <6 R ' 3 o8

- H¢ qu& 4.1. Néu trong thit cd che toan tik m¢l bién ta dt‘u:g he‘\n:t co sd I hmn spling
bac 3 thi thuft todn B xép i f tét hon thuft todn T khi ;

| cVe’
. C“ -—m-:_ :
P - 16’\/

I'

vl trong truwdng hop nhy ta da lﬁy n =2,

(4.9
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A BSTRALT

" Computatienal Gomplexity of Somo Algorlthms for Inlorpoldtlon
of Blver!me Funﬂlom

In this paper we present some concepts of oomputnhonnl complexity of the approxi-
matlon problem of blvarjate function by the Interpolation algorithms. Two algorithms are.
then presented : product algorithm (T) and blending algorithm (B). The thelr complexity ale
eomputed concrete with computed time unity is one eptimation of functlon value.



