Journal of Computer Science and Cybernetics, V.34, N.2 (2018), 161-169
DOI 10.15625/1813-9663/34/2/12489

NECESSARY AND SUFFICIENT CONDITIONS FOR
QUASI-STRONG REGULARITY OF GRAPH PRODUCT

TUAN DO MINH', HOA VU DINH?

YNam Dinh Teacher Training College, PhD Student in Ha Noi University of Science, VNU

2Hanoi University of Education; ? hoavd@fpt.com.vn

; Crossref

Abstract. A k-regular graph (k > 1) with n vertices is called a quasi-strongly regular graph with
parameter A (A € N) if any two adjacent vertices have exactly A neighbors in common. A graph
product is a binary operation on graphs. It is useful to describe graph as product of other primi-
tive graphs. In this paper we present some necessary and sufficient conditions for Decartes product,
Tensor product, Lexicographical product and Strong product to be quasi-strongly regular.

Keywords. Quasi-strongly regular graph, product graph.

1. INTRODUCTION

We consider in this paper only undirected and simple graphs. Let G = (V, E) be a graph
with the vertices set V' and the edges set . The neighborhood of a vertex v € V, the set of
adjacent vertices of v, is denoted by N (v). If two vertices ¢ and j are adjacent, then we write
i ~ j. A quasi-strongly regular graph with parameters (n, k, ) [8], denoted by qsrg(n, k, A),
is a k-regular graph on n vertices satisfying the condition: if i ~ j then A = |N (i) N N(5)].
The well-known Petersen graph (see Fig. 1) is a quasi-strongly regular graph gsrg(10, 3, 0).
The complete graph K, is a quasi-strongly regular graph gsrg(n,n — 1,n — 2). The disjoint
union mK, of m complete graphs K|, is a quasi-strongly regular graph qsrg(ma,a—1,a—2),
and its complement graph mK, is a quasi-strongly regular graph with parameters (ma, (m —
Da, (m — 2)a).

Quasi-strongly regular graphs generalize a number of well-known classes, namely: strongly
regular and distance regular graphs. A strongly regular graph with parameters (n, k, A, u) is
a k-regular graph on n vertices such that any two adjacent vertices have A common neighbors
and any two non-adjacent vertices have p common neighbors. It was a very difficult problem
to construct strongly regular graphs (see [1, 2, 3, 4, 5, 6]). In [9] we can find a list of strongly
regular graphs on at most 64 vertices. The method to study strongly regular graphs are
usually algebra combined with combinatorics [11].

The product of two graphs, namely the Cartesian product, has been studied first by
Vizing [12]. This method is developed in [10] by Richard Hammack, Wilfried Imrich, Sandi
Klavzar. All the products of two graphs with ny and no vertices have exactly ny.no vertices.
The set of edges is depends on the type of the graph product. Below we will present 4 types
of graph products.
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Figure 1. Petersen graph

Definition 1. (Decartes Product G10G3) Given two graphs G; = (Vi,E;) and Go =
(Va, E3), then the Decartes product graph G = G10G> is the graph with the vertex set

Vi x Vo = {(u1,u2)|uy € Vi,up € Va}
and two vertices u = (uy,uz) and v = (v1,vy) are joined by an edge if u; = vy and ug ~ vy
or if up ~ vy and ug = ve.

Let K3 denote the complete graph with 2 vertices and Cy denote the cycle of length 4,
then Figure 2 shows the Decartes product graph K»>[Cy.
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Figure 2. Decarstes product of Ko and Cy

Definition 2. (Tensor product G; x G2) Given two graphs G; = (V1, E1) and Go = (Va, Es),
then the Tensor product graph G = G x G2 is the graph with the vertex set

Vi x Vo = {(u1,u2)lur € Vi,ug € Va}

and two vertices u = (u1,uz) and v = (vy,vy) are joined by an edge if u; ~ vy and ug ~ vs.
Figure 3 shows the Tensor product graph Ko x Cjy.
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Figure 3. Tensor product of Ky and Cy

Definition 3. (Lexicographical G1.G2) Given two graphs G = (V1, E1) and Gg = (Va, Es),
then the Lexicographical product graph G = G1.G3 is the graph with the vertex set

Vi x Vo = {(u1,uz)|ur € Vi,us € V2}
and two vertices u = (u1,u2) and v = (v1,v2) are joined by an edge only if (u; ~ v1) or if

(U1 = ’Ul) VAN (UQ ~ ’Ug).
Figure 4 shows the Lexicographical product graph Ky.Cy.

K2 04 K2.04

Figure 4. Lexicographical product of Ky and Cy

Definition 4. (Strong product G; X G3) Given two graphs G = (V1, E1) and Go = (Va, Es),
then the Strong product graph G = G1 X G5 is the graph with the vertex set

VixVy= {(ul,U2)|U1 e Vi,us € VQ}

and two vertices u = (u1,u2) and v = (v1,v2) are joined by an edge only if u; = v; Aug ~ vo
or U1 ~ v1 A ug = vy Or Uy ~ v1 N\ ug ~ va.

Figure 5 shows the Strong product graph Ky X Cy.

In what follows, we will prove some necessary and sufficient conditions for the quasi-
strongly regularity of Decartes product, Tensor product, Lexicographical product and Strong
product.
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Ko Cy Ky X Oy
Figure 5. Strong product of Ks and Cy

2. MAIN RESULTS

Note that in quasi-strongly regular graph with parameters (n, k, A) we have

2k — A = [N ()] + [N (v)] = |N(u) A N(v)| = [N(w) UN(v)], (+)

for any adjacent vertices u and v in G.
First, we prove:

Lemma 1. Let G be a quasi-strongly regular graph with parameter (n,k,\). If k = X+ 1
then G = mKj1q for some positive number m and therefore G is a strongly regular graph
srg(n, k, k —1,0).

Proof. For an edge e = (u,v) of G, we denote the vertices of N(u) NN (v) by wi,...,wx. By
kE=XA+1, N(u) ={v,wi,...,wr} and N(v) = {u,wr, ..., wy}.

Clearly, N(w;) = {u,v,w1,...,wx} \ {w;}. Thus, the vertices {v,wi,...,wy} are the
vertices of a complete graph with k£ 4+ 1 vertices. Since every component of G is a complete
graph Kj.1, we conclude that G = mKj 1 for some positive number m. |

Lemma 2. Let G be a quasi-strongly reqular graph with parameter (n,k,\). If 2k = A +n
then G = mK,,_j for some positive number m.

Proof. Consider the graph G. Since G is a regular graph of degree k, G is a regular graph of
degree n — 1 — k. Let us consider two arbitrary non-adjacent vertices v and v in G. In G, u
and v are adjacent. By 2k = A +n and by (*), |[N(u) UN(v)| =n = |V(G)| and therefore u
and v have no common neighbor in G. Thus, G is a union of disjoint complete graphs. Since
G is a regular graph of degree n — 1 — k, G = mK,,_;, for some positive number m. |

Now, we will show that the Tensor product of two quasi-strongly regular graphs is a
quasi-strongly regular graph.

Theorem 1. Let G; and Gy be two quasi-strongly regular graphs with parameter (ni, k1, A1)
and (ng, ko, A2), respectively. The Tensor product graph G = G1 x Gy is a quasi-strongly
reqular graph with parameter (n = ny.ng, k = ki.ka, A\ = 1. \2).
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Proof. Clearly, G has nj.ny vertices. Consider a vertex u = (uj,uz). A vertex v = (v1,v2)
is a neighbor of u if and only if u; ~ v and us ~ wvo. Since u; has ki neighbors in G and
ug has ks neighbors in Go, the number of neighbors of u in G is ky.ks.

Now we will calculate |N(u) N N(v)| for any two adjacent vertices u = (u1,u2) and
v = (v1,v2). By definition of Tensor product, a vertex w = (w1, w2) € N(u) N N(v) if and
only if w; € N(up)NN(v1) and we € N(uz) NN (v2). Easy to see that the number of vertices
in N(u) N N(’U) is )\1.)\2. Thus, A= )\1.)\2. |

Example 1. A cubical graph with 8 vertices (qsrg(8,3,0)) is the tensor product of Ky
(asrg(4,3,2)) and K» (gsrg(2,1,0)) (see Fig. 6).

K,

Figure 6. Tensor product of K4 and Ko

The same result doesn’t hold for Decartes product.

Theorem 2. Let G1 and Gy be two quasi-strongly regular graphs with parameter (ni, k1, \1)
and (ng, ka, A2), respectively. The Decartes product graph G = G10Gs2 is a regular graph of
order n = nyi.ny and degree k = ki + ko. Moreover, G = G100G5 is a quasi-strongly reqular
graph if and only if Ay = Aa.

Proof. Each vertex of GG is an element of the Decartes product V3 x Vo, thus n = ni.no.
Consider a vertex u = (u1,uz2) in G. Its neighbors are kg vertices v = (uy,v2) with ug ~ vy
and ky vertices (v1,ug) with uy ~ vi. Therefore, G is regular of degree k = ki + ks.

Now we will calculate | N (u)NN (v)| for two adjacent vertices u = (u1,u2) and v = (v1, v2).
By the definition of the Decartes product, u; = vy Avy ~ vg or u; ~ v A ug = vo. We
distinguish the following cases.

Case 1: uy ~ v1,us = vs.

In this case, a vertex w = (w1, ws) is the common neighbor of w and v only if wi € N(u1)N
N(v1) and wy = ug = vy. Thus, the number of the common neighbors of u and v is A;.
Therefore |N(u) N N(v)| = A;.

Case 2: u1 = v1, Ug ~ V9.

Similar as in the first case, we easily get |N(u) N N(v)| = 2.

Now, we can see, the necessary and sufficient condition for the quasi-strong regularity of
G:G1DG2 is )\1 :)\2. [ |
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Example 2. The Decartes product of Paley(9) graph (qsrg(9,4,1)) and K3 (qsrg(3,2,1)) is
qsrg(27,6,1) (see Fig. 7).

Figure 7. Decartes product of P(9) and K3

The structure of G1, Go and G are more clear when we consider Lexicographical product.

Theorem 3. Let G; and Gy be two quasi-strongly regular graphs with parameter (ni, k1, A1)
and (ng, ka, Aa), respectively. The Lexicographical product graph G = G1.Gy is a regular
graph of order n = ni.ny and degree k = ki.ng + ko. The Lexicographical product graph
G = G1.Gy is quasi-strongly regular graph if and only if G1 = pKg, 41 and Ga = ¢Kp,_k,
for some positive numbers p, q.

Proof. Every vertex u = (u1,u2) € G has as neighbors the vertices v = (vy,vy) with u; ~ vy
or (u; = v1) A (ug ~ v9). Therefore,

k= \N(u)] = ’{(1}1,7)2) V1 € N(ul),vg c VQ} U {(Ul,vg) VU] = U,V € N(UQ)}’
= |{(v1,v2) : v1 € N(uqy),va € Vao}| + [{(v1,v2) : v1 = ug, vy € N(u2)}|
= k1.n9 + ko.

Now, we will estimate the number of the common neighbors of two adjacent vertices
u = (ug,u2) and v = (v1,vs). We distinguish two cases.

Case 1: u; ~ vq.

In this case, v and v have as common neighbors the vertices w = (wi,wy) with w; €
N(up) N N(vy), wy € Vo, which has exactly Aj.ng vertices, or wq = u3 A wg € N(u2) with ke
elements. Thus, in this case |N(u) N N (v)| = A1.ng + 2ks.
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Case 2: u1 = v1, ug ~ vo.

In this case, u and v have as common neighbors the vertices w = (w1, ws) with wy = uy = vy,
wg € N(u2) NN (v2), which has exactly Ay vertices, or wy € N(uq), wg € Vi, which has ki.no
elements. Thus, in this case |[N(u) N N (v)| = A2 + k1.ng.

The calculation for these two cases show that G is quasi-strongly regular if and only if
|IN(u) N N(v)| = Ai.ng + 2ke = Aa + k1.n9 for any adjacent vertices u and v.

By A1.ng + 2ko = Ao + k1.n2, we have 2ky — Ao = n2(k1 — Al). By ki>MN+1, i=1,2
and by (*), we can easily conclude that k1 — A\ = 1 and 2ks — Ay = ny. By Lemma 1,
G1 = pKy, 11, and by Lemma 2, Go = K, . |

Example 3. To obtain a quasi - strongly regular graph with 210 vertices, we can choose
G1 = 2K5 (qgsrg(10,4,3)) and G2 = 3Ky (qsrg(21,14,7)). By Theorem 3, G = G1.G3 is a
gsrg(210,98,91).

Finally, we obtain a similar result with Strong product.

Theorem 4. Let Gy and Gy be two quasi-strongly reqular graphs with parameter (ni, ki, A1)
and (na, ka, \2), respectively. The Strong product graph G = G1 X Gy is a regular graph of
order n = ni.ny and degree k = ky + k1 + k1.k2. The Strong product graph G is quasi-strong
regular graph if and only if G1 = pKy,+1 and G2 = qK,+1 for some positive numbers p, q.

Proof. Every vertex u = (u1,u2) in G has exactly k; neighbors (uj,ve) with ve ~ wug, ko
neighbors (vy,us) with v1 ~ uy, vo = ug, and kjky neighbors (vi,vy) where v; ~ u; and
v9 ~ ug. Therefore k = ko + k1 + k1.ko.

Consider two adjacent vertices u = (u1,u2) ~ v = (v1,v2) in G. By the definition of
Strong product, u; = v Aug ~ v Or Uy ~ v AUug = V3 Or Uy ~ v1 Aug ~ v9. We distinguish
3 cases:

Case 1: w1 = v1, ug ~ vs.

In this case, N(u) N N(v) has A2 common neighbors (wq,ws) with w; = w3 = v; and
wy € N(u2) NN (vz), k1 common neighbors (w1, we) with wy; € N(u1) = N(v1) and wg = ug,
and k1.\2 common neighbors (wy,wz) with wy € N(u1) = N(v1) and wa € N(uz) N N (v2).
Thus A = Xy + 2k1 + k1. 0.

Case 2: u1 ~ v1, us = vo.
Similar as in Case 1, we have A = A\ 4+ 2kg + ko )\q.

Case 3: u1 ~ vy, us ~ vs.
In this case we count the number of the common neighbors similarly as in the above cases.
e Case w; = uj ~ vy, wy € N(u2) N N(v2).
The number of vertices of this type is Ao.
e Case wy; = v ~ vy, we € N(uz) N N(v2).

The number of vertices of this type is Ao.
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e Case wy € N(up) N N(v1), we = ug ~ vg.
The number of vertices of this type is A;.
e Case wy € N(uyp) N N(v1), we = vg ~ vg.

The number of vertices of this type is A;.

e Case wy € N(up) N N(v1), we € N(ug) N N(ve).

The number of vertices of this type is A1.As.
e Case w; = uj, we = v2. The vertex w = (u1,v2) is unique.
e Case wy = vy, wy = ug. The vertex w = (v1,uz) is unique.
Therefore, in Case 3, A = 2A1 + 2X9 + A\1. Ao + 2.
Clearly, G is quasi-strongly regular if and only if
A=Ay +2k1 + k1. A2 = A\ 4 2ka + kadp = 201 + 22X + A1 A2 + 2.

The first equality Ao + 2k1 + k1.A2 = 21 + 2X2 + A\1. A2 + 2 is equivalent to (k1 — A —
1)(AM1 + 2) = 0 which is equivalent to k1 — Ay = 1. By Lemma 1, G1 = pKj,4+1. Similarly,
the second equality A1 + 2ko 4+ ko A1 = 21 + 22 + A1 A2 + 2 implies that Gy = ¢Kj,11. B

We give an illustration of the above result:

Example 4. A quasi-strongly regular graph G with 770 vertices can be obtained by choosing
G1 = 2K1; (gsrg(22,10,9)) and G2 = 7TK5 (qsrg(35,4,3)). Then, G = G1 K G» is a quasi -
strongly regular graph with n = 770 vertices, degree k = 54, A = 53. Moreover, G = 14K35
is a strongly regular graph with parameters (770, 54, 53, 52).

3. CONCLUSION

The product of two graphs has been studied first by Vizing [12]. This method is deve-
loped in [10] by Richard Hammack, Wilfried Imrich, Sandi Klavzar. It is useful to describe
graph as product of other primitive graphs. In this work, we prove some necessary and
sufficient conditions for the quasi-strongly regularity of Decartes product, Tensor product,
Lexicographical product and Strong product.
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