TAP CHf KHOA HQOC TINH TOAN VA DIRU KHIEN TAP V(1989), S& 4 (28-32)

MOT sO BAI TOAN DAO NGAU NHIEN €6 HAN CHE

LE TRUONG TUNG

1-MO DAU
Ky hitu QB 1a tp hop tht cA chc hodn vi (1, 12, in) cla chc o8 (], 2,-n) thda mén mét diBu kién B phy thude
vao mét s8 tham s& ndo 46, Véin d8 tdng quét duoc dit ra nhwr sau
) Tim didu kién cla cic tham sS 43 QB = 2.
2) Dénh gid Iyc lwong @8 phiin 1) |QB |theo gi trf cAc tham s8,
3) Tim thuét todn do cic 88 (1, 2,n) d2 nhin duge mdt hoén vi nglu nhitn trong QB.

Day 1A mét vén d o6 ¥ nghla thyc t&. N6 xuit hién kit nghién ctru mdt 8 md hinh gidn don cla b todn
phén b8 thn s8 hoc khi tao mét s& loal s8 liéu ngiu nhidn md phdng mét s8 qué trinh trén mdy tinh ditn t.
Trudng hop dio khéng kém theo didu kién ndo duorc khio st kit trong [, 2 Mét trudmg hop khéc, khi didu kién
B 1 t3n taf ing k cip (), §+D 4R 4 <j+1 duge xét dén trong [31 BAl béo ndy s khio sAt bii todn vé1 hat loat

di®u kién B khéc. Cic két qua A dwoe sit dung 4 tao 1p cAc quy wde v8 tuy&n dim bdo mée s yéu cu v& gidn
céch giita cAc tin o6,

v

II- DAO NGAU NHIEN VO1 RANG BUOC GIAN CACH GICA HAI PHAN TU KE NHAU |

Ditu kitn B phy thudc vio tham s8 n va duoc phét bidu nhw sau: V61 mot clip phin ti (j, 4+ k& nhau,
1sj<sn-l

[ =3541| 2m
Takyhidu 1A thp cAc hoén vi thda man (D.
Dinh If 1.a) V& mot m > fv/2):

nl= Q7 2 ]Q3| > Qs 2 1Qm| =0

(1)

b |Qa™| = 2
¢) Véi mot m < [n/2),1Q0] 2 [n - 2(m - 1))
© Chitng minh : | |

a) Trong khing dinh ndy tt cA cAc ding thitc vi bét ding thic d2u hife nhisn triy ding thite cui bén phit,
'_radlﬁlgmmhbéngphénch\ms.cﬂukm>§v2]v&t8ntal (31,92 s tn) € @m Khidévét

iy = [“'2*' 1] t3n tat phiin tif 45 k3né (s = +1holics = - D seo cho:
e = 451 2 m > [n/2)

Mit khidc
[8s =45 max([é; - 1], |§; - n|) = max (["; 1] ~Ln- [”:1])




e Sy e

= »> [51+ [57] vy

b) Ky hidu N1 ={1, 2, ., m}. N2 ={m+], m+2,, 2m}.Do |ij - 1j+1|= m nén néu t; € N thit;;,€ N, va nguoc

Giasirt; € Nikhi dé 12, 1EN;, i €N, véimolj=12.mvd
tg—t1>m
tg—i3>m

12m — tom—1 2 M
Cdng céc bt ding thirc trong (2) véd nhau, ta du'orc

Ztg, 2121 12m?

V& trél 1A tdng tAt ca cic s8 trong N2 tru'ditongdc s3 trong N1, hiéu ndy béng ding m?,
ding thitc trong (2) d8u 13 dAng thire. Do il =12 -m, i3 < 12-mva il = 13ne1113<11Tuon' RN
mn1<1zm3,tuci1>13>15>.>12m1,suyraizj.1 m-j +1,védocﬁcdéngthuc'rm,_ (2302 = 4

Hoan ton twrong t, tdn tal mdt hedn vi duy nhat théa man (D) véi i1 e N2.Tir d¢ suy ra |Q‘"

rn\'"

c)Tachungnﬂnhbéngquynaptheon Dieuldﬁngdinhdmxgvédn 2m. G st né ding véin - | = 2m. L
hoén vi bat ky ((1,%2y ooy tn-1 € Q71 .be ldemtraduo'créngoékhong ft hon n - 2(m-1 chch nber
in =nvao giu'a hat 3 1, 1§ +1, trude i1 hcx;c sau in-1s20 cho (1) vAn thda méan. T4t ci cic hodn vi nhan dwee the.
c4ch nay déu khéc nhau, do dé:

Q51 2 Q7 [n ~ 2(m ~ 1)] 2 [0~ 1= 2(m ~ 1)}t [n — 2(m = 1)] = [n - 2(m — 1)}

Dinh ly ching minh xong. -
Sau dfly ta mS ta hai thuét todn tao hodn v ngAu nhién théa méan (.
THUAT TOAN 1:

Xuit phat tir mét trong hat hodn vi thuée Q,,' vol i’ =2m, tic 1a tir hodn vi (m, 2m, m-1, 2m-1,.1, m+1) hod.
(m+], L, m+2, 2, , 2m, m), ta tﬁng din v’ 18n cho ¢&n khi bng n, mét buéce téng 1don vi theo phivong phédp mé t4
trong céch chitng minh phan ¢ cia dinh Iy 1 ticla x.ay dumg hodn vi trong Q'+ tix
(7'1)22) zl)eQm; 2m<l<n—1
biing cch nhét ngau nhién s§ 1 +1 vao mét vi trf ndo d9 gita 1§, §j+1, truede i1 hodic sau {] sao cho (D ding véil +1
v& céc phan tit canh né.

Thuét todn ndy cho phép tgo dwee khong it hon f-2(m-D) hoén vi thuée Q , 53 cée s8 ngfu nhién clin tao I
n-2m, s8 cc phép tinh cin thift 1A 0m“).

THUAT TOAN 2:

Tir @, 2,-n) ta d4o ngiu nhién theo mét trong cic phwong phap md ta trong [2] 42 nhin duge (11 12, +in), sau
d6 bign 451 (), 12,-in) 42 nhén dugc hodn vi thda man (1) theo cdc burde xit Iy sau;

ley so b D‘éutienchonsonguyenl\benhatsaocho jt1- 1k{> m r8 d® vj trf cla 1k cho 12, Sau 44, giu
st c4c cip ké nhau trong a1 lz.,g) déu théa man (1), chon s nguyén 3 k >4 bé nhit sao cho i - k|2 m réi dtt
vi trf clia 1k cho 1§ +1. D& dang kidm tra dwore rding cdc bude trong qud trinh xir Iy sor b déu o6 the thye hida durg:
khij < n-2m.Khi dat dénj =n - 2m, ta chuyén sang gial doan xr Iy tiép theo.

X Iy trigt d& :Xét phin ¥ §j41,) =n - 2m. Tadmv;mgansjﬂnhatuongécvttdsau 4 gira i 1,1; glfh
12, -1 giira 1, 12, trude 11 530 cho cho ¢6 thé chuyen §j+1 vio dé ma khong vi pham () d8i vén  +1v2 wie phin
tr thude (il.iz,.,h)k‘e‘né Sau 46 ddnh s3 lal j+1 phin tir 43 thda man () va ting j 1én 1don vir& Lip ke qud trieh
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xit 1f ny. DE dang kidm tra dwoc riing nfu n2m 2 2m-2, ttcn 2 2(2m-D) thi chc buée trong qué trinh xir I trigt
@2 d2u thye hidn dwore.

85 céc 88 nghiu nhitn cin teo trong thult toén nay 1A n, 8§ phép tinh cin thit 14 O, Thult todn 2 chi &p
dung duroc véin 2 2(2m-T), trong khi thudt todn 14p dung dugre ci cho trudng hop 2m < n <22m-) nhung né

lat o6 the tso duwoc tht ch cAc hodn vi o6 the o6 trong Q7 b1 vi nfu hodn vi xulit phat thude QT thi né bt bién
qua cé hai qué trinh xt Iy.

HI - PAO NGAU NHIEN DAM BAO GIAN CACH LAN NHAU
GIU’A CAC PHAN TU TRONG TUNG NHOM

h:gbﬁiwénnby,n-=lkvédl€uld&1Bd\rqcphétbléunhusau:vdﬂm&eapplﬁnt& (85,5 %) bltky
trong m& nhém k phiin vl Ny =(jk-+, §1k+2- k4D ,J =1, 2~ 1 cla hodn v} 01 12 tn)

¥ = $nl 2 m (3)
Hat hodn v} (53183 eatn) = (N1, N3, N})
va

(6393 . $3) = (N2, N3, ., N7)

théa min (3) duge got 12 twrong dwong véi nhau nén hodn v thix nh&t o6 thi chuy®n v& hodn v thit hat bing
céch hoén viche N véi nhau va hodn vi néi b cic N} Déy 12 quan hé twong dwong , va tht cA hoén vi théa man
e)phAnmm@xaf,nawpm&adchoénvmmgdumgvamu.xymu QLF 12 tp tht ch cae vi
thda min (3), v P4* 1A tip c4c 16p hodn v} trong duon D8 théy ring méi 16p twong dwong chiva Il (k) hodn

vi,do dé:
@ = (k)| (4

Dioh1§2.8)Véi k>2, Pi¥¢g  Kuvachiknlzm

b) |Pr¥| = [P =1

ovéi 1>m, |Phk] > [(2 = m)F=2(1 ~ m)m(k=1)
Tir dinh ly 2 va (4) suy ra:

Hequa.a)Véik =2, QiF#0 khivachikhlzm

b) |Qm* = ml(k)™, Q=1

vér 12 m, |QUH] 2 B(EN[(E - m)*= (1 = m)mib=D)
Chitng minh dinh ly 2:

a) Pib 9 uvachikii Qh* #0 .Gasy
(‘.11"2' "-)‘.n) = (NhNZ: ey M) € Q:n'h

Ky hidu

ay = max Ny = max(tj.k41, 85543 0y k1)

Khiéér8ringay > 1+(kDm.DochcsS ej khacnhauvi a) < knént¥ntaijossocho G5 Slk—1+1



Nhuviylk-1+1'2 1+&k-Dmtck-Dl-m) =2 0
Suy ral 2 m.Nguocla, ndul 2 m th hodn vi (3, 12.-in) = (N1, N2,.,NI) vé1
§k+41 =)
ks =fk4s1+Ls =23 k1) =12,
théa man @), tic R QhF 2 ¢
'b) PLF 1216p tdtch cAc hodn vi S the 6, dodd [Pl =1
Xétn =mk, tircl =m.Véi mot
(11,52, s i) = (N1, N2, ooy Ni) € PTHE

t8n tal ym sao cho m € N, . Néu sdp x&p lai cée phin tir trong N, theo thir ty tang dan Ty, < ey <<ty
thi do 3) nén

1y = M

Bay — e, 2 m

(5)

T =gy, 2 M
Cong céc ding thire va bit ding thirc rong () lat ta duge t,, > km = n nhung dot,, < nnen is,= n Vi
mot bt ding thire trong () dBu 1 déng thirc, tire 12 sau khi sép xép lal N, = (m, 2m,.km). Hodn toan twong
ty, tn tal jm1dé m— 1€ Nj__, . V&i chch x&p lat theo thit ty ting din nhu &8t véi N;,, vadéy ring
max Ny, ., £n-1do max Nj,. = n, l4p luin twong tw ta duer N, _,=(m-), 2m-Lkm-1). Tiép twe qué trinh
- nay cho m2, m3,532, ta suy ra (N}, N2,..ND twong duong vél (7, Na, o, ) trong dé:

N, = (Gim+d2m+g,.., (k= )m+j)
Nt vy Pkl =1

¢) Ta chitng minh qui nap theo k véi 1, m o8 dinh. Trudng hop k = 1suy ra tir khing dinh & phin b dinh Iy 2.
Gi4 sir digu khing dinh diing chok - 1, tirc :

[PRF=2 2 [0 = m)lF=2(l = m)m(k-2) )
Léy mdt hodn v} (1, 12.in) = (N1, N2, ND dat dién cho mét Iép twong dwong bt kj trong Ph™ 'Ky higu ay =
max Nj va gia st
gy, < a5, <...< a5 = (k - l)l
Khi &6

aj, S(k-2)l+s, s=1,2,..,1 (7

Ta tim c4ch x€p 1 8 1-D+], 1K-D +2,-, Ik vao ce nhém N, N2,N), m&i s8 vao mot nhém sao cho (3) khéng by
pham. D& dat dwoce ditu ndy chi ciin ddm blo gidn c4ch khéng bé hon m giita s5 durge xEp vio Nj véi aj 1a du.

Do (7) nén 88 (k-Dl + 1¢6 the x&p vao mét trong 1 - n nhém khae nhau théa min gidn cich m d8i véi aj, e
13 cfing thda min véi cée phin tir khie trong nhém. Sau khi xép xong (k-Dl + 1, s8 (k-1 +2 cling e thd xép vas
mét trong l'm nhém khéc nhau trong cAc nhém cén lat. Piéu ndy ding cho tAt i cic s6 K-Di+s, s & m+L Knis >
m+], s3 nhém odn lat {t hon 1 -m, vi vay s8 céc nhém c6 the xép (-Di +s vio sau khi 43 xép cde 8 & -1 + 1 (k-
D +2,, (k-Dl +5-1khis >m+1glam dan tir (- m) - 1dén 1khi s ting diin tlr m +2 dén L B vy véd cach xép
nay, ta nhén duec ( - m)m(l -m)!c4ch hoédn vi ttng véi (1 - ™A - m)t 16p twong dwong khae nhau, Ciing o8 la&m
tra riing vé1 cach x4y dumg ndy, cée 16p trong dwong khéc nhau thude PLF ! sinh ra cic 16p K ahau thude

P’,,’," .t 46 suy ra:

|Pel 2 1Pt (= m)™ (1 = m)!

—~—
i
~

3



Tir (8) va gia thiét qui nap (6) suy ra diéu cén chimg minh.

Ta mo t4 hat thudt todn tao hodn vi ngiu nhién dim bdo gi#in cAch lin nhau gifta cAc phlin tir trong timg
nhém. ’

THUAT TOAN 3:

Trongchungmkﬂtphhncdmhl‘?7tadﬂraphuongphépxéydm|gng5umuénm6tl¢phoénv1 P”°
i mét 16p hodn v} nglu nhién thuéc P~ .Taxulit phét nr P41 12 16p tit ch chc hodn vi 1 phin tir o the c6,
thc hién k11an phép xiy dyng trén, m8i bude chuytn tir Py’ sang Phe+1 , Hodn vi cin tim nhan dugr i hodn
vi dat dién ndo d6 trong Ph* quaphépdéongﬁunluéncécnhémNs,s—],Z,,lvdrlnhauvﬁdéonédbotrongcéc
nhémNstheombtphuangpnépnéodémététmng(B)

Thultt toén ndy o6 the tao ra 1t (k1) {(1 - m)!*! (1 - m)™&-D hotn v} khac nhau théa mén (3) . & ke 8
nglu nhién clin tao 14 2n va thdi glan tinh todn 13 O

THUAT TOAN 4:

Thuft todn ndy ép dung cho trudmg hoplchinval > 2m tire I’ =I/2 = m. Thudt todn gdm cic bwde sau
day:

Bwéc 1 Chon s8 1o ngfu nhién trong (12,1 vataocc tipAs (1 < s S 2k-D:

As=(lo+ (s =)' + L,d0+ (s = 1) +2,...,50 + 8')
Agk = (1,2,...,%0,n — (l'—io) +1,n- (l’—io) +2,.. n)

Budc 2:Ddo nglu nhién cdc tipA,, s = 1, 2k ,saudétociethp Ny, Nipp, s =1, ,trongd6Ni1a
tép cc phin tir thit § cia AL A3A2k], cn N.+u 12 tip cdc phin tir thit 1 clia AzM,.,Azk. Néu xem
A2s-1,A2), s =1, 1, k 12k odt ciia ma tréin kich thuéc k X 2F, thi Ni 1 cAc hing ciia ma tréin ndy.

Budc 3:Ddo nghu nhién néi bd thng N,, s =.1, | v ddo c4c Ns véi nhau,

Thuft toén ndy cho phép tao nén IZDP¥ED V2 hodn vi khéc nhau théa min (3), 8 che s& nghu
nhién cin tao & 201+, tuy nhién thé1 gian tinh todn gim xuéng cdn Of).

Nhén ngay 12-3-1988.
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