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GIAI BAI TOAN CARLEMAN SUY RONG TREN TRYC
THY'C BANG PHU'ONG PHAP CHIEU LAP TREN CO
SO PHEP CHIEU BINH PHUONG T6I THIEU

LT XUAN QUANG

1- DAT VAN DE

Chting ta nghién ciru bal todn bién sau ddy: Tim cde ham giat tich *), I (2) twong (g trong nra
mét phdng trén p* (dwd1 D) sao cho cde gld tr} bién cla ching trén trye thue F * (1) théa man didy
kién sau:

(KF)(t) = A(t)F*(¢) + B()F* (=) + C()F~(¢) = h(t), t€ R (1.1)

Trong dé A(1), B(1), C(1), h(t) 1a eéde ham cho trude trén truc thue théa mén cde gid thidt sau:

A(t), B(t), C(t) € Hxy  h(t) € HyN L (1.2)

1 .
P=1+ g2 t€ R (Lz, sa dinh nghia sau)

Néu ta xét ham  a(t) = =t thi aa(t)] =¢, a’{t) = =1 #0, théa man didu kién Carleman
nén bai todn (L1) gof la bal todn Carleman suy réng.

Néu gia thiét
IndA(t) = Ind(A(-t) x C(t)) = 0 (1.3)

thi bai todn (L1) ¢ nghtém duy nhét thuse  Ha N La,p.

Bai todn (L1) ¢é rét nhidu tng dung trong viée gldl cde bal todn dan hdy, bal todn gidn cdc mat vh
1y thuyét phuong trinh tich phan kY di (xem [3]) do vdy duwoe rét nhiBu nha todn hoe, co' hoe quan tam,
Cho dén nay vén d& dinh tinh ctia bal todn (L1) di dwge nghtén ettu khé hoan chinh (xem (3]). Chn vén
d2 gidl ghn diing bai todn (L1) m&1 dat ra trong nhitng nédm gin ddy dugc trinh bay trong céng trinh
(51

Trong céng trinh [5] d& dua ra hat phuong phép trye tiép giat ghn ding bit todn (11) 1d phwong
phép binh phwong t8i thiu va phwong phdp Bubnov-Galekin, Muc dich cia chiing ta & ddy 14 dp dung
phuong phép chiéu 1ip cho bt todn (L1). Phuong phdp dé cho phép chiing ta ning cao tée dé hdl ty so
véi cde phuong phdp trén. '

Trudce hét ta dwa vao cdec khdng glan sau:
H) 14 khéng gian Holder trén tryc thue véi chi s& A g8m cdc ham /(1) f € R théamin [ e (- w, @)

o) lim f(t) = lim f(t) <oo;



b) V¢y, t3 € [~A,A], A >0, A < oo thi
|7(t1) = f(ta)| € Mty = ta|*, M = const;

¢) Vi1, t3 € (—00,00) \ [-A, A thi
A

1 1

WM—NMSMh-E

Lap = {a(t) € L3, 2(—00) = 2(-+00) < 00},

WLg_p 13 khéng gian cdc ham @(2) giai tich twong ¢ng trong D" va D', sao cho cée gld trj bién
bién cla nd trén tryc thye
p*(t) € Lap N Hy, p(o0) =0

véi chulin
lelwe,, = 19"z, + 107 22,

Khéng gian WL:,,. véi chulin d6 1a khéng glan Bande,
X 1a khong glan dugce dinh nghia nhu sau:
X ={a(t) = ot (t) = " (t); p*(t) 1A gid trj bién him p(2) € WL,,,}.
Né&u trong khéng glan X ta dua vao cée chulin
lzllx = lle* =~ llza,p0 | (1.4)

I21% = le* lzap + 107 220 (1.5)
thl ta cé b3 4@ sau:

Bode 1.1, X =La,nHy vachechunn Ik 1% twong duong,
~ =]
Cutng minh: Gia st 2(t) € LapNHy  tathiérlapham ©(2) = 527 [ Eolar.,
=00
Theo ¢dng trinh [1), [10] thi (2) € W L;,, vA

-}

z(t 1 T
ot =22 4 L f 2le) gy (1.6)
Tir (16) ta cé: z(t) = t(t) — o~ (t), hay z(t) € X, = L2, N H) C X.

Nguoe lainfu  z(t) € X = z(t) = ™t (t) = o7 (1),
tp*(t) € ﬁg‘,,n Hy=XCcC Eg,,, NH,.

DB chitng minh chulin (14) va (15) twong dwong ta chi cin sir dung tinh bj chan cta todn tit Cési

7]
g = L[ elr)
ol = [ Eokar (1)
trong X va cdng thite (L6). -
Nhdn xét 1.1. Véi mol x(1) e X thl phén tich x{r) = q:"’(r) L AOY) 1A gld tr§ bién cla
v(2) e WLs, 1 duy nhét.



Nhén xét trén suy ra ti bai todn Riman ¢d bude nhdy trong L2,p.
Béy gl& trong khéng glan X ta xét phwong trinh

z(t) = (Tz)(t) + h(t), tE€R (1.8)

trong 46 T énh xa X — X theo quy téc sau:
(Ta)(t) = (1 = A())F* () = Be)F* (—t) = (14 C(8)) P~ (¢) (1.9)
z(t) = F*(t) — F~(t) (1.10)

V1 phén tich (110) duy nhét do vy todn tir 7' cé nghia.. Né&u ¢6 cde gla thiée (12) va (L3) thl T la
todn tit tuyén tinh, lién tuc trong X

Dinh Iy 1.1, Bai todn (L1) gial dugce trong khéng glan VVL,_,, khi va ehl khi plhwong trinh (18) glal
duoe trong khéng glan X va nghiém cta ching lién quan véi nhau bdi ding thire

a(t) = FT(t) — F~(t) (1.11)
Chitng minh : Glasy  pa(2) € W L3, 1A nghiém bai todn (1.1) ¢é nghia 1a @ (t) théa mén
Alt)el (t) + B(t)pl (—=t) + C(t)el (t) = h(t), t€ R
pat  a.(t) = o (t) - o5 (t)  khidé g, (t) € X, vd (Tz.)(t) + h(t) = 2. (t).
Do vy z.(t) 12 nghiém (1.8)
Nguoe lai gld st z,(t) € X 1a nghiém phwong trinh (18), ta thiét 14p ham

Pu (3) = a}r"lnj:; %‘_{ldr,

Khi 46 pu(2) €Wy, vA 2.(t) =@l (t) = ¢l (t)

Thay z.(t) vdo (1.8) ta dugc ding thie (L),

I1 - PHUONG PHAP CHIEU LAP TREN CO' SOY PHEP CHIEU BINH
PHUONG TOI THIEU TRONG KHONG GIAN HILBERT [6]

Trong khéng glan Hilbert H ta xét phwong trinh
u="Tu+f 2.1

trong 46 f e H 1a phiin tiY cho trude, u e H 1a phin tl phai tim, 7' 14 todn tiy tuyén tinh lién tyc dnh xa
H - H,

So d8 chiéu lap giAl gén ding phwong trinh (2.1) nhu sau:
T o & H cho trude, cde phén tir gin diing tiép theo dwgce tinh theo cong thire

uk = f + T (Hny + wi) (2.2)

trong 46 wk-@ Ho, Ho & khéng gian con cla H, va Wi lam cye tidu phiém ham
®(wk) = [|6n — wilh (2.3)
O = up — Up— (2.4)



T (22), (2.3), vA (24) ta cb
O(ws) = [|wn — Tww — exl¥

ey = f = w1 + Tup-y

Gia sit Ho = Hn 12 khéng glan httu han chi®u tao bé1 hé n philn ti¥ déc lap tuyén tinh
{'p.f} ' U = 1121 ] ﬂ')
Trong trudng hop dé Wi duge tim dudi dang

n
wy = me; v k=12,

{=1
va phiém ham & ¢é dang nhu sau

n
O(wi) = S(wik, Waky ooy Wnk) = || Z aikéi — exll¥
i=1
. G=pi-Toi, i=Tn
Pidu kién db phiém ham (2.8) dat cwe tidu la

ao :
-é*‘;; = 0, (t-v 1,2,...,!’!.)

Qua mét vai bién déi don gidn hé phwong trinh (2.10) cd the dwa v& dang sau

S anléin &) = (en &), s=Tin .

=1
Trong dé (&, E:') 14 tinh vé huédng trong I/,

Theo céng trinh [6] ta cd bd dé sau:
Bb d®@ 2.1: Néu phuwong trinh:

v=Tv, YveH
chi ¢6 nghiém tim thuéng thl  yp > 1 hé phuong trinh (2.11) ¢6 nghiém duy nhét,

111 - AP DUNG PHU'O'NG PHAP CHIEU LAP CHO PHUO'NG TRINH (1.8)

Trude h8t ta xay dyng khéng gian gin ding X n nhu sau

Xn = {mn(t) = P: (t) - @n (t)}
trong do

! n
P (t) = an + Y ap i (t)
k=1

ao; af, k=Tn 14 cde h¢ 88 tw do, cdn ok (¢) duore tinh nhu sau
po=1, pE(t) = (k)" tER
{ - 1A s& 4o. D& dang thy rling cde ham o (1) thda mén cdc tinh chét sau:
k

oF (~t) = —oF (t); @ () = 25 (t); 25 () = @i (t)

(2.8)
(2.6)

(27)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(3.1)

(3.2)

(3.3)

(8.4)

Theo céng trinh [7) hé (3.3) 1a hé dée 14p tuyén tinh, ddy du trong Layp do vy dily du trong X.



Honthé ntta va(t) € X; 2(t) € Xp, 80 chof; |lan = 2|}, , = inf |T -sllZ,,

thi
) Ino\*
l2n = llzs, < d = (8.5)
V1 chulin trong Lz, p vh trong X twong duwong theo bd d& 11 do véy
o\
lzn - z|x < d (—‘}’-) (3.6)
n
trong 48 o= k(1 +k?)"!

d 14 hling 88 khéng phu thude vao n, k=i

Theo so dB chiéu lap ti phdn ty  zo(t) = o3 (t) — w5 (t) € X
cho truéde, cdc phin ti gin ding ti€p theo xu(1) dwge tinh nhw sau:

sk(t) = h(t) + T(zk-1(t) + wk(t) (3‘7)
trong dé wi (t) = w (t) — wy (t) (3.8)
wif (t) = £ako + i a;":i-tp'-*(t) (3.9)

f=1

Céc hé 88’ axo , a,‘,’} (k= I,_n) duoe xde dinh tir didu kién cye tidu hda phiém ham
(o, s o ) = [l = Tw = exl% (3.10)
en(t) = A{t) = aiet + (Touo) (1 (3.11)
Tir diBu kién ewe tidu héa phi€m ham (3.10) ta thu dwge hé phuong trinh dat s8 sau déy
akoakoo + ié:l afiakio + agibrio = hro

NN i e (8.12)
ko Gy + i; o Ghiy T Cpibliy = by
j=In k=12,..
O day

akoo=(A+B—C,A+B-C); ak.-0=(Ago?’—B¢p",A+E+C);

buio = (A+ B — C,C¢[ ) aro; = (A+ B - C, Ap} - By );

af; = (Apf — Boy ,Ap} — Bp7); bl = (Cef,Ap] - Bey); (3.18)
huo = (ex, A+ B=1C); h; = (ex, A - Bej);

ago; = (A+B=C,Cp;); by, =(Ce;,Cpy);
ag; = (ap] = Bp;,Cp; )i hy; = (&, Ce})
Tich v& huéng trongl; , duwoc xde dinh theo céng thire

(fig) = f ﬂgy—(th; fi9€La, (3.14)

14¢3



Bb 4@ 3.1. Néu gia thidt (12), (1.3) théa mén thl hé phwong trinh (3.12) 6 nghiém duy nh&t véi mel
i ddng the1i ta cé ddnh gid

A
Jun() = wi @l < o (22) (5.18)

Trong d6 d1 14 hiing 88 khéng phu thude n, Wu(“)(t) duoe tinh theo cdng thitc (3.9) véi ay, a}f
(k =12, .,n) la nghiém cia hé phwong trinh (3.12) vd W 1 nghiém cia phuwong trinh

wi (t) = (Tww)(¢) = &x(t) (3.16)
Cintng minh: Gia thiét (12), (13) thda mén cé nghta la
A(t), B(t),C(t) € Hy, 0< A < 1,vk IndA(t) =0,
suy ra bal todn (L1 giat chulin cé nghiém duy nhét trong WL, » Nhu vdy theo dinh ly 11phuong
trinh (18) gial chulln ¢é nghiém duy nhét trong X, Didu dé suy ra phuong trinh v =Tv chi ¢é nghiém
tAm thudng. VAy theo bd da 2.1 thi ha (3.12) ¢ nghiém duy nh&t véi mot n, Mat khée vi phuong trinh
(18) cé nghtém duy nhét nén (/- 7Y Lean tal va bj chiin d¥ng thl ex e X. Hon thé theo [5) ta ¢6
Wi (e) - Wi(t)|x < dy ("“"))A  teR (3.17)
trong dé d1 khéng phu thude véao n.
Dinh Iy 3.1. Néu thda mén gia thiét (12), (13) thi Ing 2 1 sao cho Yn 2 no
phuong phép chiéu lap (3.8), (39) 48t v&1 phuong trinh (18) héi tu theo nghta

Jm (et (€)]x =0 (3.18)
d¥ng thoi ta cé ddnh gid
len+ 1 ()l1x < ¢*lleo(t)llx i €o(t) = A(t) = zo(t) + To(t) (3.19)
0 <q <114 hiing 8§ khéng phu thude vdo k, cu thd la R
¢ = dal| || - T (IM) (3.20)

Ciutng minh: Theo gia thidt dinh 1y va két qua cla bd d@ 3.1 thl hé phuong trinh (3.12) gldi chyln
¢4 nghiém duy nh&t véi mol n, do véy tdn tai todn ti tuyén tinh Rn dd

wi™ () = Ruex(t) {3.21)
trong dé wy" '(t) tinh theo ¢8ng thire (39) cé chc hé s8 ko, af (i =T,n) théa min heé (3.12).

Néu ta ky hidu wk(t) = (I =T)"'ex(t) (7= T)™'  t3n tal theo gia thiét dinh Iy va dinh Iy 11
thi theo b3 d@ 3.1 ta co

A
Il - wnli = R = (1= ) eyl < s (B2)
(dy khéng phy thugc vho n vi k) hay

-1 ln o A
I(F=T)"*(Rn = TRy = Iex||x < di . (3.22)
Mat khéc tir cdc edng thire (3.11) va (37) ta ¢

¢.mm = T(en(t) = Ruen(t) + TRnsu(t) |
= =T(I = T)(I - T)"(Rn - TRn - Dex(t) (3.28)



Tir (3.23) suy ra
lews s (B)lx < ITUIE =TI = T)7* (Rn = TRa = Dlllex(t)llx

A
Siaung OIS ol < alzl - 71 (22) el

o\’
it o= dalrilr -7 (22)
va tlr cng thite truy chitng ta nhén duoc .
lers1(8)lx < g*lleo(t)llx (3.24)

Do (3.6) nén lim (“-!;1)" =0 Viviydng> 1, khin>ngtacég <1

Ine\* 1 bt
Cu the ta chon o sao cho (_) e — 1T 3.28
’ ) < G (8:28)

1V - AP DUNG

So 48 chiéu lap glai phwong trinh (18) cé nghla 1& bdl todn (L1). CS the dp durg cho cde dang
phuwong trinh tich phén ky df thudng gap trong ly thuy&t dan hd{ nhu sau:

f(z) + 7—-52_“ 0[ k(2 = ) + n(z+ )] f(E)dt = h(t), 22 0 (4.1)

]
i

Theo céng trinh [5] phuong trinh (4.1) c6 th din v& bal todn sau
F*{z)[1 + K(z)| + N(z)F* (~2) = F~(z) = H(z) (4.2)

trong 44 K(z), N(z), H(z), F%(z) 1a bién dBi Fourle twong ttng cla cdc ham k(z), n(z), [+ (3’)

f+($') = {'g(lm)l :zg f_(z) = { 0—}(5)| :i—g (4.3)

Néu ta g4 thiét K(z), N(z), H(z) € Lg, N Hy, 0< A <1, vd 1 + K(z) #0,
x = Ind[1+ K(z)) =0 thl bai todn (4.2) cé nghiém duy nhét € La, 0 Hy,

Néutaky hitu X = B2, N Hy thi¥z € X 6 phin tich duy nhét

a(t) = F*(t)- F~ (), teR (4.4)
va ta chuy®n bai todn (4.2) v phuong trinh |
z(t) = (Tz)(t)+ H(t), teR (4.8)

véi z(t)=F*(t)-F~(t)e X
(T2)(t) = K()F*(t) - N(O)F* (-t) + H() - (4.6)

T : X — X lién tyc tuy€n tinh, va cé thd dp dung phuong phap chiéu 18p cho phuwong trinh (4.6).

10



2) Theo céng trinh [5) phuong trinh tich phén sau cling c6 nhidu {tng dung trong ly thuyét dan hdi
1 [=-]
A + f ki(z —¢t) + ka(z + t)|f(t)dt + v f(z
/(=) 7, [kr(z = t) + ka(z + t)] f(t) /(z)

+\/% fu " (ka(a - t) + kala + &)]7()de = h(t), = > O (4.7)

Diing bién db1 Fourie cé the duwa phuong trinh (4.7) v& bai todn sau

A+ ku(a) | F* (2) + Ka(e) ¥ (=) + (v + Ka(a) FF(~2)
+ Kq(E)F+(m)=F=($)=H(w), 220 (4.5)

A, v 1a hing s8. N&u K1x), Ka(x), Ka(x), Ka(x) e 1\, 0 <\ <l H(z)€ HyN La, v nducé cde
didu kién X L
= A+ Ki(2)][A + Ki(=2)] = v+ Ka(z)][P = Ks(—2)] #£0

IndA(z) = 0 thi bdi todn (4.8) ¢4 nghidm duy nht thude X = Hy N La,

Do vdy ta cé thé dp dung phwong phdp trén dé glat gln ding nd, BAl todn (4.1) va (4.7) dd duge glal
bng phuong phép chiéu binh phwong téi thidu vé phuong phédp Bubnov-Galekin (xem [5)) Cde phwong
phép trong (5] chi cho tdc dé héi tu bic na/a)™. Néu ap dun%\ hwong phdp chidu lap (38), (3.9) th
chiing t&1 nhan duge t&c dé héi tu bic cao hon ey thé 1& [Ana/m)*I* trong dé k 14 s6 bude lap.
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ABSTRACT

In this paper the projection iterative method is used for solving the generalized Carlemam
problem

A()FH(t) + B()FY(—t) + C(t)F~ (t) = h(t), te R
Where R is the real axis; A(t), B(t), C(t) are Holder continuous functions; h(t) € Lg._l._L___‘, and
+1
F*(t), (F~(t)) is a boundary value of analytic function upper (lower) half-plane,
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