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FINITE-DIMENSIONAL APPROXIMATION FOR ILL-POSED VECTOR
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Abstract. In this paper we present the convergence and convergence rate for regularization solutions
in connection with the finite-dimensional approximation for ill-posed vector optimization of convex
functionals in reflexive Banach space. Convergence rates of its regularized solutions are obtained on
the base of choosing the regularization parameter a priory as well as a posteriori by the modified
generalized discrepancy principle. Finally, an application of these results for convex optimization
problem with inequality constraints is shown.

Tém tat. Trong bai bdo nay chiing t6i trinh bay s hoi tu va téc do hoi tu cia nghiém hiéu chinh
trong x4p xi hitu han chitu cho bai todn cuc tri da muc tiéu cédc phi€ém ham 16i trong khong gian
Banach phdn xa. Tdc do hoi tu cia nghiém hiéu chinh nhidn dwoc dya trén viéc chon tham s hiéu
chinh truéc hodc sau bang nguyén 1y do léch suy rong & dang cai bién. Cudi cing 13 mot tng dung
cla cic két qua dat durge cho bai toan cuc tri 16i véi rang bude bat ding thitc.

1. INTRODUCTION

Let X be a real reflexive Banach space preserved a property that X and X™ are strictly
convex, and weak convergence and convergence of norms of any sequence in X imply its strong
convergence, where X* denotes the dual space of X. For the sake of simplicity, the norms
of X and X* are denoted by the symbol ||.||. The symbol (z* ) denotes the value of the
linear continuous functional z* € X* at the point € X. Let ¢;(x), j =0,1,...,N, be the
weakly lower semicontinuous proper convex functionals on X that are assumed to be Gateaux
differentiable with the hemicontinuous derivatives A;(z) at = € X.

In [6], one of the authors has considered a problem of vector optimization: find an element
u € X such that

¢;j(u) = inf p;(z), Vj=0,1,...,N. (1.1)
Set N
sz{;ﬁengpj(;z):;g)f(@j(x)}, i=0,1,.,N, Q=[)Q;
§=0
It is well know that @), coincides with the set of solutions of the following operator equation
Aj(z) =0, (1.2)

and is a closed convex subset in X (see [11]). We suppose that @ # 0, and 6 ¢ Q, where 6 is
the zero element of X (or X*).
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In [6] it is showed the existence and uniqueness of the solution z" of the operator equation

N
> oAl (@) +al(x) =0, (1.3)
j=0

)\0:0<)\j<>\j+1 <1l 7=12,..,.N—1,

where o > 0 is the small parameter of regularization, U is the normalized duality mapping of
X, ie., U: X — X* satisfies the condition

(U(x),z) = |z]?,  U@)|| = ||z,
A;‘ are the hemicontinuous monotone approximations for A; in the forms
14;(2) — A} (2)]| < hg(ll]), vz € X, (1.4)

with level h — 0, and g(¢) is a bounded (the image of the bounded set is bounded) nonnegative
function, ¢ > 0.

Clairly, the convergence and convergence rates of the sequence z” to u depend on the
choice of & = a(h). In [6], one has showed that the parameter o can be chosen by the
modified generalized discrepancy principle, i.e., @« = «(h) is constructed on the basis of the
following equation

p(a) = o™, p,q >0, (1.5)

where p(a) = a(ag + t(a)), the function t(a) = ||z”| depends continuously on a > g > 0,
ag is some positive constant.

In computation the finite-demensional approximation for (1.3) is the important problem.
As usualy, it can be aproximated by the following equation

N
Za)‘jA?"(a:) +aU"(z) =0, z € X, (1.6)
=0

where A;-m =P A;-‘Pn, U" = P;UP, and P, : X — X,, the linear projection from X onto
Xy, X, is the finite-dimensional subspace of X, P is the conjugate of P,,

X, C Xpt1, Vn, Pyx — z, Vre X.

Without loss of generality, suppose that || P,|| = 1 (see [11]).
As for (1.3), equation (1.6) has also an unique solution xZ’n, and for every fixed a > 0 the
sequence {z2 |} converges to z, the solution of (1.3), as n — oo (see [11]).
The natural problem is to ask whether the sequence {a:ﬁn} converges to u as o, h — 0 and
n — oo, and how fast it converges, where w is an element in ). The purpose of this paper is
to answer these questions.

We assume, in addition, that U satisfies the condition
(U(x) —U(y),z —y) = myllz —yl|®, mu >0, s>2, Vo,y e X. (1.7)
Set
m(z) = [(I = Po)zl], = €@,

where I denotes the identity operator in X.
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Hereafter the symbols — and — indicate weak convergence and convergence in norm,
respectively, while the notation a ~ b is meant a = O(b) and b = O(a).

2. MAIN RESULT

The convergence of {xgn} to u is determined by the following theorem.

Theorem 1. If h/o and vu(x)/a — 0, as @ — 0 and n — oo, then the sequence z"

converges to u.

Proof For x € Q, 2™ = P,x, it follows from (1.6) that
Za (A" (@h ), 2l —2") + AU (ah ) = UM (@"), 2l — 27) = (U™ @"), " — o).

Therefore, on the basis of (1.2), (1.7) and the monotonicity of A;m = P;’L‘A?Pn, and P, P, = P,

we have

amy g, —&"||* < a(U(zg ) = Ula™), 2, — ") = a(U™(a0,,) — U™ ("), 20, — 2")

N
=Y oM (A(al ), 2" —al ) + UM (@), 2" — 2l )
7=0
N
<YM A @), @ — al ) + U@, 2" - )
7=0

— Aj(a") + Aj(2") = Aj(z), 2" — 2 ) + (U ("),@" —xg ). (21)

I
14>
Q

R

On the other hand, by using (1.4) and

[4;(2") = Aj(2)]| < Km(2),

where K is some positive constant depending only on z, it follows from (2.1) that

et~ a1 < — (V4 1) (hg(l2") + Kyn(@)) | 2" — eh ol + (U "), 27"~ 2h ). (2:2)

Because of h/a, vp(x)/a — 0 as @ — 0, n — oo and s > 2, this inequality gives us the
boundedness of the sequence {:Bgn} Then, there exists a subsequence of the sequence {xgn}
converging weakly to £ in X. Without loss of generality, we assume that x}olm — Z as
h,h/a — 0 and n — oo. First, we prove that & € Q. Indeed, by virtue of the monotonicity
of Alm = PrAhP, U™ = P;UP, and (1.6) we have

(A§"(Poz), Poz — xlt ) = (AG™ (2l ), Poz — 2l )

a,n

[
Mz

<Ahn( Ty n) $Z,n - n$> + a(U"(azZ’n), $Z,n - an>

S,
Il
R

WV

o (A;L”(an) ah — Pu) + a(UY(Pux), 2!, — Pyz), Vo e X.

»Fa,m ra,mn

<.
Il
—
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Because of P, P, = P,, so the last inequality has form
(AMPL2), P, Za (Al (P — Pyx) + (U (Pyz), 2, — Poz), Vz € X.

By letting h, @ — 0 and n — oo in this inequality we obtain

(Ao(z),x —2) 20, VzrelX.
Consequently, & € Qo (see [11]). Now, we shall prove that Z € Q;, j = 1,2,..., N. Indeed, by
(1.6) and making use of the monotonicity of A’.‘" and U", it follows that

A1<A§m(xg,n) - +ZO¢ Ahn )7 an_P > +a<Un( )7xgn_an>

= o0 (A (3: )Pa:—x ) < (AR (Pux), Pox — zt n)
= (AM(P,x) - AO(P a:)—i—Ao(P x) — Ao(a:),Px—a: n) YT € Qo.

Therefore,
N
(A’f(Pn;v), ;vg,n — Pz) + Z M <A§‘(an), mgn — P,z) + al~M (U(Ppx), :vg,n — P,z)
j=2

1 _
<z ha' Mg ([|Pazl)) + Kyn(x) | | Paz — 2,1, Vo € Qo.
After passing h,a — 0 and n — oo, we obtain

(A1(z), 2 —x) <0, Yz € Qo.

Thus, # is a local minimizer for ¢; on Sy (see [9]). Since Sy NSy # 0, then & is also a global
minimizer for o1, ie., z € S.

Set Q; = M;—o@k- Then, Q; is also closed convex, and Q; # 0.

Now, suppose that we have proved & € Q; and we need to show that & belongs to Qit1-
Again, by virtue of (1.6) for z € Q;, we can write

N
<Az+1( ) mg,n - an> + Z a)\ji)\lurl <A§'m($2,n)a $Z,n - n$>
Jj=i+2

+ oAUl ), 2l Za*k AR (ah ), Por — 2 )

l Z oML (AP ) — A (Pox) + Ap(Paz) — Ag(x), Pz — x2n>

k=0
(i + 1) (hg (| Paz[l) + En (@) | Pa(z) — 2 |-

Q

QI'—‘

Therefore,
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N
(Al (Pa), 2ty = Pa) + 3 07251 (AD(Paz), 2l — Poa)
j=i+2
ho((|Paz]) + Kyn(z)

+al AU (Po), 2l — Poz) <
o'

i
a,n a,nll-

(N+1)||Prx —=x
By letting h, « — 0 and n — oo, we have

(Aipr(z), & — ) <0, Vo € Q.

As aresult, & € Q1.
On the other hand, it follows from (2.2) that

(U(x),x—2) >0, Vo € Q.

Since @ is closed convex, @ is also closed convex. Replacing x by t& + (1 —t)z, t € (0,1) in
the last inequality, and dividing by (1 — ¢) and letting ¢ to 1, we obtain

(U(z),x—12) >0, YV € Q.

Hence ||z|| < ||z]], Y € Q. Because of the convexity and the closedness of @, and the strictly
convexity of X we deduce that £ = u. So, all sequence {xﬁn} converges weakly to u. Set
2" = u" = Pyu in (2.2) we deduce that the sequence {xﬁn} converges strongly tou as h — 0
and n — oco. The proof is complete. [ |

In the following, we consider the finite-dimensional variant of the generalized discrepancy
principle for the choice & = a(h,n) so that a:g,n converges to u, as h,a — 0 and n — oo.

Note that, the generalized discrepancy principle for parameter choice is presented first in
[8] for the linear ill-posed problems. For the nonlinear ill-posed equation involving a monotone
operator in Banach space the use of a discrepancy principle to estimate the rate of convergence
of the regularized solutions was considered in [5]. In [4] the convergence rates of regularized
solutions of ill-posed variational inequalities under arbitrary perturbative operators were in-
vestigated when the regularization parameter was chosen arbitrarily such that o ~ (§ + €)?,
0 < p < 1. In this paper, we consider the modified generalized discrepancy principle for
selecting & in connection with the finite-dimensional and obtain the rates of convergence for
the regularized solutions in this case.

The parameter a(h,n) can be chosen by

alag + [|zf nll) = BPa™?, p,qg >0 (2.3)
for each h > 0 and n. It is not difficult to verify that p,(a) = a(ap + ||mgn||) possesses all
properties as well as p(a) does, and

lim of = lim af = 0.
oz—1>I-|r—looa ,On(a) +00, aLIEOOé pn(a) 0

To find « by (2.3) is very complex. So, we consider the following rule.
The rule. Choose & = a(h,n) > ag := (c1th + co)P, ¢; > 1,4 = 1,2, 0 < p < 1 such that
the following inequalities

&(ag + 12t )

~ h
&' (ag + |5 )

lhpa

>d
< dohP, dy > dy > 1,
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hold.
In addition, assume that U satisfies the following condition

1U(z) = Ul < C(R)|lz —yll, 0 <v <1, (2.4)
where C(R), R > 0, is a positive increasing function on R = maz{||z|, ||y||} (see [10]).
Set

Yo = I;leag{%(x)}-

Lemma 1.
lim a(h,n) = 0.

h—0

n— oo

Proof. Obviously, it follows from the rule that

a(h,n) < dy/ T (g + ||z o) T RE/AHO

< dé/(q-f'l)aal/(l-HI)hp/(lJrq).

| |
Lemma 2. If0 < p <1 then
h + vn
im =0.
19 ahn)
Proof. Obviously using the rule we get
h+vn c1h + cavn 1-
< = (cth +c¢ P50
a(h,n) = (c1h + coyn)P (e 2n)
as h — 0 and n — oo. [

Now, let xgn be the solution of (1.6) with @ = &. By the argument in the proof of
Theorem 1, we obtain the following result.
h

Theorem 2. The sequence %, converges to u as h — 0 and n — oo.

The next theorem shows the convergence rates of {z? } to u as h — 0 and n — cc.

Theorem 3. Assume that the following conditions hold:
(i) Ag is continuously Frchet differentiable, and satifies the condition

[4o(z) — Ap(u)(z — w)|| < 7l Ao(2)], Yu € Q,

where T 1s a positive constant, and x belongs to some neighbourhood of Q;
(i) Ap(Xy) are contained in X for sufficiently large n and small h;
(i12) there exists an element z € X such that Ay(u)*z = U(u);
(vi) the parameter & = a(h,n) is chosen by the rule.
Then, we have

25 0, — ull = O((h + )™ + 7).

71 = min _l—p _Hmp 72 = min 1 v
! s—1's(1+q [ " s's—1[
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Proof. Replacing ™ by u"™ = P,u in (2.2) we obtain
i = (N + Dhg(lu™ ) + K | " 2l

+UW")+U(u) — U(u),u"™ — ;vgn> (2.5)

mUng

By (2.4) it follows that

A —ul"|[u" = 2k, | < C(R)yllu® — bl (2:6)

({U(u") = U(u),u" — 2t ) < C(R)|lu"

where R > ||ul|.
On the other hand, using conditions (i), (i), (éi7) of the theorem we can write

(U(u),u" = 2 ) = (Uu),u" =) + (2, Ay (u)(u — 2§ ) < Ry + ||2[/(7 + 1)[| Ao (25,

< By + 27 + 1) [ hg(llah 1) + 1145 ) ]

N
> @AY (2l )|+ dlled ol + hg(lle,nll)] - (27

J=1

< By + [l2)l(7 + 1)

Combining (2.6) and (2.7) inequality (2.5) has form
h

Wl < =[N+ Dhg(lu ) + K u” = b o]l + CRIE " = 2,

1

mUng,n -

N

Z VAT ()| + éllek

h
(25,

+ Ry + ||2]| (7 + 1) y)] ) (2.8)

On the other hand, making use of the rule and the boundedness of {z7 ,} it implies that

a = a(h,n) = (c1h + cavn)?,
& = a(h,n) < C1AP/AFD ) 0y > 0,
&= a(h,n) <1,

for sufficiently small A and large n.
Consequently, in view of (2.8) it follows that

oo (N + Dhg([[u"]]) + K A vl h
mUH‘Toz,n u ” X (Clh+62’}/n)p +C(R)7n ”u ‘Ta,n

+ R + Ca(h + 7,1/ 049)
Crl(h+ ) P + ] llu™ — 2k || + Coym + Ca(h + ) 1P/ (F9),

Cy and C;, i = 1,2,3 are the positive constants.
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Using the implication
a,b,c >0, p1>q, a’* <ba® +c=at = O(bpl/(plfql) +c)

we obtain
2%, = w"ll = O((h + 7)™ +722).
Thus,
2% = ull = O((h+ 7)™ + 7)),
which completes the proof. [ |

Remarks. If & = a(h,n) is chosen a priori such that & ~ (h + 7,)", 0 < n < 1, then
inequality (2.8) has the form
||un - xg,n” + FQ’YTL + @(h + ’YTL))\”?’

myl|zf , — u™|| < Cv|(h+v)' "+

where Cj,i = 1,2, 3 are the positive constants.
Therefore,

2k, — u™| = O((h +7)" ++52),
whence,
2k, — ull = O((h +7)" +12),

. 1—n A\in . 1 v
f1 = min ,— ¢, B2 =minq —, .
s—1" s s's—1

3. AN APPLICATION

In this section we consider a constrained optimization problem:
inf 1
inf fi(2) (3.1)
subject to
fi(x) <0, 7=0,..,N —1, (3.2)

where fo, f1,..., fnv are weakly lower semicontinuous and properly convex functionals on X
that are assumed to be Gteaux differentiable at x € X.

Set
Qj={zeX: fj(z)<0}, j=0,..,N—1. (3.3)
Obviously, @; is the closed convex subset of X, j =0,...,N — 1.
Define
on(z) = fn(z), ¢j(z) =max{0, fj(z)}, j=0,..,N — 1. (3.4)

Evidently, ¢; are also convex functionals on X and
Qj={7 € X :¢;(%) = inf ¢;(x)}, 0,1,...,N.
zeX
So, Z is a solution of the problem:

0i(7) = nf 3(2), Vi =0,1,..,N.
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