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ITERATIVE METHOD FOR SOLVING A BOUNDARY
VALUE PROBLEM FOR BIHARMONIC TYPE EQUATION*
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Abstract. The solution of boundary value problems (BVP) for fourth order differential equations
by their reduction to BVP for second order equations with the aim to use the achievements for the
latter ones attracts attention from many researchers. In this paper, using the technique developed
by ourselves in recent works, we construct iterative method for a BVP for biharmonic type equation.
The performed numerical experiments show very fast convergence of the proposed algorithm.

Tém tat. Viéc gidi cdc bai todn bién ddi véi phuwong trinh dao ham riéng cip bon bang cach dua
ching vé cdc bai todn bién ddi véi phirong trinh cdp hai da thu hiit sy quan tAm cida nhiéu tdc gid.
Trong bai bdo nay, st dung k¥ thuat do ching toi phét trién trong nhieu cong trinh méi day, mot
phwong phap lap gidi mot bai todn bién cho phwong trinh song kiéu dieu hoa da dwgc dé xuit. Sw
héi tu nhanh cia phwong phap da duwgce chitng to trén nhiéu thirc nghiém tinh toan.

1. INTRODUCTION

The solution of fourth order differential equations by their reduction to boundary value
problems (BVP) for the second order equations, with the aim of using efficient algorithms for
these, attracts attention from many researchers. Namely, for the biharmonic equation with the
Dirichlet boundary condition, there is intensively developed the iterative method, which leads
the problem to two problems for the Poisson equation at each iteration (see e.g. [4,9,11,12]).
Recently, Abramov and Ulijanova [1] proposed an iterative method for the Dirichlet problem
for the biharmonic type equation, but the convergence of the method is not proved. In
our previous works [6,7] with the help of boundary or mixed boundary-domain operators
appropriately introduced, we constructed iterative methods for biharmonic and biharmonic
type equations associated with the Dirichlet boundary condition. Recently, in [8] for solving
the Neumann BVP we introduced a purely domain operator for studying the convergence of
an iterative method. It is proved that the methods are convergent with the rate of geometric
progression. In this paper we develop our technique in [4] - [8] for the following problem

Lu= A% —alAu+bu=f inQ, (1)
U = go, % =g1 onT, (2)

where A is the Laplace operator, 2 is a bounded domain in R" (n > 2), T is the sufficiently
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smooth boundary of €2 , v is the outward normal to I' and a,b are positive constants. The
equation (1) with other boundary conditions are met, for example, in [2,3,8]. An iterative
method reducing the problem to a sequence of Neumann and Dirichlet problems for second
order equations will be proposed and investigated by experimental way.

2. CONSTRUCTION OF ITERATIVE METHOD

Set Au = v and

© = —bu. (3)

Then the problem (1)—(2) is decomposed into the two problems
Av—av=f+ ¢ in %:gl on I (4)
Au=v inQ, u=gy onl. (5)

From here we see that the solution u of the above problems depends on the function ¢, i.e.,
u = u(p). Since u and ¢ are related with each other by the relattion (3) we get the functional
equation

¢+ bu(p) = 0. (6)

In order to construct iterative method for finding ¢ first we have to establish the concrete
form of the above equation. For the purpose we introduce an operator B defined in the space
L?(2) by the formula

where u is found from the problems
Av —av = in %:0 on T, (8)
Au=v inQ, u=0 onT. 9)

Proposition 2.1. The problem (4), (5) is reduced to the operator equation

(I+ B)p=F, (10)
where
F = —buy, (11)
ua being found from the problem
Avg —avy = f in €, % =g; onT, (12)
Auo=v9 in €, wuy=gg onl. (13)

Proof. First we notice that the functions us and vy are completely determined by the data
functions of the original problem (1), (2), namely, by f, go and ¢g1. Let v and v be the solutions
of the problems (4), (5). Put

u=1uy+u2, v=uv1+72
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where v; and w; satisfy the problems

0
Avi —avy = ¢ in ), %:0 onT, (14)
v
Aupy=v; inQ, u; =0 onT. (15)

By the definition of B we have
By = bu;.

Taking into acount (6) from the above equality we obtain the equation (10) with F given by
(11). Thus, the proposition is proved. [ ]

Now, consider the following two-layer iterative scheme for solving the operator equation
(10)

MHIJFB)@(’“) —F k=0,1,2,.. (16)

where 7 is an iterative parameter.
Proposition 2.2. The iterative scheme (16) can be realized by the following iterative process

1. Given (0 € Ly(Q).

2. Knowing o®)(z) in Q (k= 0,1,...) solve consecutively two problems

AR — qp® = f 4+ o®) in Q,

o®) (17)
=g onT,

Au®) = o®) in Q,
ulh) = go on I (18)
3. Compute the new approximation
eF) = (1 — 1)p®) — 7bu R, (19)

Proof. It is easy to verify that the solution u*) and v(*) of the problems (15), (16) can be
represented in the form
u®) = ugk) + ua, o) = vgk) + va,

where s, vy are solutions of (12), (13) and u®, v* satisfy (14), (15) with upper indexes k.
Therefore, according to the definition of B we have

Bgo(k) = bugk),
and consequently,
™) = Bp®) — F.
In view of this, rewriting (19) in the form

(k+1) _ (k)
LA— i O (20)
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we obtain the formula (16). Thus, the proposition is proved.

3. NUMERICAL RESULTS

As we see from the iterative process described in the Proposition 2.2 at each iteration
we have to solve two BVP for second order equations for v*) and w(®). For this purpose
we can use many available efficient algorithms. Here for definiteness we consider the original
problem in unit square and construct difference schemes of second order aproximation. Then
for solving the obtained systems of grid equations we use the method of complete reduction
[13] with computational complexity of O(M NlogaN).

We perform some limited experiments in MATLAB for testing the convergence of the
iterative process (17)—(19) in dependence on iterative parameter 7 and values of a and b. The
stopping criterion for the iterative process is Hcp(kﬂ) — go(k)Hoo < € = hiho, where hy and hy
are grid stepsizes. In all examples below we take exact solutions u and the functions f, gg, g1
are calculated in accordance with the given exact solutions. The results of experiments for
7 = 1 are presented in tables, where K is the number of iterations, Error = ||u — tgpp||oo,
Ugpp 1s the computed approximate solution. The computations are carried out on PC Pentium
4 CPU 1.80Ghz .

Table 1. u=0.252* +0.25y* + 22 + 4%, a=1,b=1.5

Grid hi*hy | K Error Time (secs)
32x32 |976e—4| 4| 280e—4 0.79
64x64 |244e—4| 4 | 8086e—5 2.04

128 x 128 | 6.10e—5| 5 | 1.38e—5 9.70
256 x 256 | 1.52e—5 | 6 | 4.18e—6 68.20

Table 2. w = sin(7z)sin(ny), a=1, b=1

Grid hi*hy | K Error Time (secs)
32x32 | 97e—-4]| 2 0.0014 0.66
64x64 | 244e—-4| 2 | 3.73e—4 1.62

128 x 128 | 6.10e—5 | 2 | 9.30e -5 6.12
256 x 256 | 1.52e—5| 3 | 8.62e -7 43.07
Table 8. u = (22 —1)%e¥ + (y? —1)e*, a=1,b=1

Grid hi*hy | K| Error | Time (secs)
32x32 |976e—4| 3 |950e—4 0.73
64 x64 |244e—4| 3 |232e—4 1.79
128 x 128 | 6.10e—5 | 4 | 5.98e —5 8.81
256 x 256 | 1.52e—5| 4 | 1.51le—5 95.59

From Tables 1-3 we see that the proposed iterative process (17)—(19) with the chosen
7 = 1 converges very fast. Some experiments with other values of 7 require more iterations.

For the fixed 7 = 1 we also perform experiments for number of iterations in dependence
on b with fixed a¢ and in dependence on a with fixed b. The results of the experiments in the
case of the exact solution u = (22 —1)%e¥ + (y? — 1)e”, grid 128 x 128 are given in Tables 4, 5.
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Table 4. Number of iterations

in dependence on b for fixed a = 1
b (1|35 |79 |11|13[15] 16
K|[4]7110])14]20(29 |46 | 95| 177

Table 5. Number of iterations
in dependence on a for fixed b = 2
a |2(1]08(06|04]03]0.15]|0.13]0.12
K|4|5| 6 7 9 | 12 | 41 88 | 236

From Tables 4, 5 we see that the proposed iterative process (17)—(19) shows very good

convergence for the case b/a < 5 that is met in real plate bending problems.

4. CONCLUDING REMARK

In the paper an iterative method for solving the boundary value problem (1)—(2) for bi-

harmonic type equation was proposed. Its idea is to reduce the problem to a sequence of
Neumann and Dirichlet problems for second order equations. The fast convergence of the

method was shown on various experiments, where the value of iterative parameter 7 = 1

seems to be optimal. Theoretical proof of this convergence remains an open problem to be
studied.
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