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Abstract. A new concept of picture fuzzy sets (PFS) were introduced in 2013, which are direct
extensions of the fuzzy sets and the intuitionistic fuzzy sets. Then some operations on PFS with
some properties are considered in [7, 5. Some basic operators of fuzzy logic as negation, t-norms,
t-conorms for picture fuzzy sets firstly are defined and studied in [6, 9]. This paper is devoted to some
classes of representable picture fuzzy t-norms and representable picture fuzzy t-conorms on PFS and
a basic algebra structure of Picture Fuzzy Logic De Morgan triples of picture operators.
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1. INTRODUCTION

Recently, Bui Cong Cuong and Kreinovich (2013) first defined “picture fuzzy sets” [7, 5],
which are a generalization of the Zadeh’s fuzzy sets [27, 28] and the Antanassov’s intuition-
istic fuzzy sets [2, 1]. This concept is particularly effective in approaching the practical
problems in relation to the synthesis of ideas, such as decisions making problems, voting
analysis, fuzzy clustering, financial forecasting. The basic definitions and basic operators
in the picture fuzzy sets theory were given in [3, 4, 7, 5]. The new basic logic connectives
on the PFS firstly were presented in [6, 9]. These new concepts are supporting to new
computing procedures in computational intelligence problems and in other applications (see
[14, 15, 16, 17, 18, 19, 20, 21, 23, 24, 25, 26]).

In this paper we study some algebraic properties of the picture fuzzy t-norms and the
picture fuzzy t-conorms on PFS, which are basic operators of the Picture Fuzzy Logics.
Some classes of the representable picture fuzzy t-norms and the representable picture fuzzy
t-conorms were first given in [1, 8] will be presented. Then a basic algebra structure on PFS
— De Morgan picture operator triples will be considered and some new De Morgan picture
operator triples will be presented.

We first recall some basic notions of the picture fuzzy sets.

Definition 1.1. [7] A picture fuzzy set A on a universe X is an object of the form

A= {(z, pa(z),na(z),vaz)) |z € X},
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where pa(z),na(z),va(z) are respectively called the degree of positive membership, the
degree of neutral membership, the degree of negative membership of x in A, and the following
conditions are satisfied:

0 <pa(z),na(x),va(z) <1and pa(z)+na(z)+rva(zx) <1,Ve e X.

Then, Vz € X 1—(pa(x)+na(x)+rva(x)) is called the degree of refusal membership
of z in A.

Consider the set D* = {x = (x1,x2,23)|T € [0,1]3,1'1 +x9 + 13 < 1} . From now on, we
will assume that if z € D*, then z1, z2 and x3 denote, respectively, the first, the second and
the third component of x, i.e. , x = (x1, z2, x3).

We have a lattice (D*, <y), where <; defined for Vz,y € D*

(x<1y) e (z1 <y,z3>y3) V(e =y1,23 > y3) V({1 =1, 23 = y3, 22 < ya}) ,

(x=y) e (r1 =y1,02 =y2, 23 =y3), Va,y€ D"

We define the first, second and third projection mapping pri, pro and prs on D* as
pri(z) = x1 and pro(z) = x9 and prs(x) = x3, on all x € D*.

Note that, if for x,y € D* that neither x <; y nor y <j x, then x and y are incomparable
w.r.t <1, and denoted as x|, .

From now on, we denote u A v = min(u,v), u Vv = max(u,v) for all u,v € R

For each x,y € D*, we define

min(z,y), if z<jyory<;zx
(k1 Ay, 1 —z1 Ayt — a3 Vys,x3 Vys), else

inf(z,y) = {

max(m,y), if @ <1 yory <4z
(1 Vy1,0,23 Ays), else

.

Proposition 1.2. With these operators (D*, <1) is a complete lattice.
Proof. See [6, 9].

Using this lattice, we easily see that every picture fuzzy set
A= {(anMA(fU)a 7714('%')7 VA(ZL’)) |.%' € X}
corresponds an D*— fuzzy set [12] mapping, i.e., we have a mapping
A: X > D" :x— {(z,pa(x),na(z),va(x)) |z € X}.
Interpreting picture fuzzy sets as D*—fuzzy sets gives way to greater flexibility in calcu-

lating with membership degrees, since the triple of numbers formed by the three degrees is
an element of D*, and often allows to obtain more compact formulas. ]
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2. PICTURE FUZZY NEGATION OPERATOR

Now we consider some basic fuzzy operators of the Picture Fuzzy Logics.
Picture fuzzy negations are an extension of the fuzzy negations [22] and the intuitionistic
fuzzy negations [2]. They are defined as follows.

Definition 2.1.A mapping N : D* — D* satisfying conditions N (0p+) = 1p- and N(1p~) =
Op~ and N is nonincreasing is called a picture fuzzy negation operator.
If N(N(z)) =z for all x € D*, then N is called an involutive negation operator.

Definition 2.2. Let fi, fo : D* — D* be mappings on D*. We say that the mapping fo is
greater than fi if f1(z) <1 fa(z), Vo € D*, and we denote that as fi < fo. We write f1 < fo,
if fi < fo, and f1 # fo.

Let z = (x1,x2,23) € D*. We first give 2 drastic picture negation operators

. OD* ifl’;ﬁOD* . 1D* ifx;élp*
”d(x)_{ 1p it = 0p. 4 M2 ()= 00 ie = 15,

Proposition 2.3. ng and ngy are picture negation operators and for each picture negation
operator n(x), nqg(x) <1 n(z) <1 ng2(z), Vo € D*.

Definition 2.4. The mapping ng : D* — D* defined by no(x) = (z3,0,z1), for each x € D*.
Proposition 2.5. ng is a picture fuzzy negation operator. It is called the simple picture

negation.

Proof. Indeed, 1p- = (1,0,0) € D* then no(1p+) = np(1,0,0) = (0,0,1) = Op~. Analo-
gOHSly, nO(OD*) - TL()(0,0, 1) = (17070) =1p- € D*.
Let z,y € D* and x <; y. Consider 3 subsets

By = {(z1 <y1) N (z3 > y3)},

By = {(z1=y1) A (z3 > y3)},
Bz = {(z1 =y1) A (23 = y3) A (22 < 32) }-

We have to consider 4 following cases
Case la. 21 < y; and x3 = y3 then (ng (y),no (x)) € B2 = no (y) <ino (x),
Case 1b. x; < y1 and x3 > y3 then (ng (y) (

Yy),no >
Case 2. z1 = y; and x3 > y3 then (ng (y),no (x)) € B1 = no (y) <ino (x),
Case 3. 1 = y1 and x3 = y3 then (ng (y),no (x)) € Bz = no (y) <ino (x).
It shows that the mapping no(x) = (23,0, 1) is non-increasing and the operator ng(z)

is a picture negation operator. [

Definition 2.6. Let x = (x1,z2,23) € D*. Denote 4 = 1 — (21 + x2 + x3). The mapping
Ng is by Ng(x) = (x3, x4, 21), for each z € D*.

Proposition 2.7. Ng is an involutive picture negation operator and is called the picture
standard negation operator.

Proof. It is analogous to the proof of the Proposition 2.5
Some other picture fuzzy negations were given in [9].
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3. PICTURE FUZZY T-NORMS AND PICTURE FUZZY T-CONORMS

Fuzzy t-norms on [0, 1] and fuzzy t-conorms on [0, 1] were defined and considered in
22, 13].

In 2004 , G.Deschrijver et al. [10] introduced the notion of intuitionistic fuzzy t-norms
and t-conorms and investigated under which conditions a similar representation theorem
could be obtained. For further usage, we define L* = {x € D* |[xzg = 0} .

We can consider the set L* defined by L* = {u = (u1,us) |u € [0,1]%,u1 +ug < 1}.

Consider the order relation u < v on L*, defined by u < v < ((u1 < v1) A (uz > v3)), for
all u,v € L*.

We define the first, and the second projection mapping pry and prs on L*, as pri(u) = u;
and pr3(u) = us, on all u € L*. The units of L* are 17« = (1,0) and Oz~ = (0,1).

Definition 3.1. [10] An intuitionistic fuzzy t-norm is a commutative, associative, increasing
(L*)? — L* mapping T satisfying T(1p+,u) = u, for all u € L*.

Definition 3.2. [10] An intuitionistic fuzzy t-conorm is a commutative, associative, increas-
ing
(L*)? — L* mapping S satisfying S(v,0r+) = v, for all v € L*.

Definition 3.3. [10] An intuitionistic fuzzy t-norm T is called t-representable iff there exist
a fuzzy t-norm t; on [0, 1] and a fuzzy t-conorm s3 on [0, 1] satisfying for all u,v € L*,

T(u,v) = (t1(ug,v1), s3(us, v3)).

Definition 3.4. [10] An intuitionistic fuzzy t-conorm S is called t-representable iff there
exist a fuzzy t-norm ¢; on [0,1] and a fuzzy t-conorm s3 on [0,1] satisfying for all u,v € L*,

S(u,v) = (s3(u1,v1), t1(us, v3)).

Now we define picture fuzzy t-norms and picture fuzzy t-conorms, which are classes of
conjunction operators and classes of disjunction operators - main basic operators of the
picture fuzzy logics. Picture fuzzy t-norms are direct extensions of the fuzzy t-norms in
[28, 22, 13] and of the intuitionistic fuzzy t-norms in [2], and they are important operators
in [11].

Let z = (x1,x9,23) € D*. Denote I(x) ={y € D* : y = (x1,y2,23),0 <1 y2 <1 x2}.
Definition 3.5. A mapping T : D* x D* — D* is a picture fuzzy t-norm if the mapping T
satisfies the following conditions

T(x,y) =T(y,x), Yr,y € D* (commutative),

T(x,T(y,2)) =T(T(z,y), 2), Vx,y,z € D* (associativity),

T(z,y) <1 T(x,z2), Yr,y,z € D*,y <1 z (monotonicity),

T(1p+,z) € I(z), Vx € D* (boundary condition).

Fisrt we present some picture fuzzy t-norms on picture fuzzy sets.

Definition 3.6. A picture fuzzy t-norm T is called representable iff there exist two fuzzy
t-norms t1, to on [0,1] and a fuzzy t-conorm sz on [0,1] satisfying

T(l’,y) = (tl (1‘1,1/1) at2 ($27y2) »S3 (l’g,y;g)) ’any e D*
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We give some representable picture fuzzy t-norms, for all z,y € D*

1. Tmin (z,y) = (min (21, y1) , min (z2,y2) , max (x3, y3)).

2. Toz (w,y) = (min (z1,y1) , 2y2, max (3, y3)).
3. Toz (x,y) = (v1y1, 22y2, max (3,3)).

4. Tos (z,y) = (z1y1, T2y2, 23 + Y3 — T3Y3) -

5. Tos (z,

05
561/\y11f371Vy1—1 To ANy2 ifraVys =1 r3Vys ifrsAy3 =0
Oifey Vi <1 Oifaxa Vys <1 | lifrsAys £0 '

6. Tos (z,y) = (max (0,21 +y1 — 1), max (0,22 + y2 — 1) ,min (1, z3 + y3)).
7. Tor (2,y) = (max (0,21 +y1 — 1), max (0,22 + y2 — 1), 23 + y3 — 23¥3).

8. Tog (z,y) =
1 1
(maX{Q(xl-l-yl —1+x1y1),0},max{2(x2+y2—1+:c2y2),0},x3+y3—x3y3>.

9. Tog (z,y) = (z1y1, max (0, x2 + y2 — 1), 3 + y3 — 23Y3).
10. Toio (z,y) = (max (0, z1 +y1 — 1), x2y2, 3 + Y3 — T3y3).

In this part we give some detailed proofs of picture t - norms.
Proposition 3.7. Let x,y € D*, x = (x1,x2,23), y = (y1,Y2,Y3)-

The mapping T, is a picture fuzzy t-norm.
Proof. Let

x,y € D*, then x1 + 29 <1 —x3, and y; + 132 < 1 — y3,
(x1 ANy) + (x2 Ay2) <min(l — x3,1 — y3) = 1 — max(zs, y3),
(z1 A y) + (22 A y2) + max(zs, y3) < 1,
Tin(2,y) = ((z1 A y), (22 A y2), max(zs, y3)) € D™
The mapping T, is a picture fuzzy t-norm, since other conditions easily are verified. m
Let z,y € D*, x = (x1,x2,23), ¥y = (y1,Y2,Y3)-

Proposition 3.8. The mapping Tos (z,y) = (min (z1,y1), T2y, max (x3,ys3)) is a picture
fuzzy t-norm.

Proof. We remark that zo.y2 < 29 Aya = ((z1 Ay1) + z2.y2 + max(x3,y3)) < T'(z,y) € D*
It implies that the mapping To2 (x,y) = (min (z1,41), T2y2, max (r3,ys)) is a picture fuzzy
t-norm. [ |

Proposition 3.9. The mapping Tos (x,y) = (x1y1, T2y2, T3+ Y3 — x3y3) is a picture fuzzy
t-norm.
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Proof. We have

1y + 22y2 < (1 — 22 —23) (1 — y2 — y3) + 2212

(1 —y2 — y3 — T2 + Tayo + Tay3 — T3 + T3y2 + 3Y3) + T2y

(1 =23 —y3 + 23y3) + (T2y2 + 22Y3 + T2y + T3y2 — T2 — Y2)
=(1—23—ys+x3ys) + (v2(y2+y3s — 1) +y2 (v2 + v3 — 1))
<1-—23—ys+ z3y3

= x1y1 + T2Y2 + w3 + y3 — w3y3 < L.

Proposition 3.10. Let mapping ta is a fuzzy t-norm on [0, 1], then the mapping

Tot, (z,y) = (min (z1,y1) , t2(22, y2), max (x3,y3)) ,

1s a picture fuzzy t - norm.
Proof. See the proof of the Proposition 3.8.

Definition 3.11. A mapping S : D* x D* — D* is a picture fuzzy t-conorm if S satisfies
all of the following conditions

1. S(z,y) =S (y,z),Vz,y € D* (commutative),

2. S(z,5(y,2)) =S (S (z,9),2),Vz,y,z € D* (associativity),
3. S(x,y) <18 (x,2),Vx,y,z € D*, y<;z (monotonicity),

4. S(0p+,x) € I (z),Vx € D* (boundary condition).

Definition 3.12. A picture fuzzy t-conorm S is called representable iff there exist two fuzzy
t-norms 1, t2 on [0,1] and a fuzzy t-conorm sz on [0,1] satisfying.

Some examples of representable picture fuzzy t-conorms, for all x,y € D*.
1. Smax (z,y)= (max (21, y1), min (22, y2), min (3, y3)).
2. So2 (z,y) = (max (z1, y1), T2y2, min (23, y3)).

3. So3 (z,y) = (max (x1,y1), T2y2, T3Y3).

4. Sos (z,y) = (21 + y1 — 21Y1, T2y2, T3Y3).
5. Sos (2,1) = (1 o Ay2 it xaVya =1 A
- 205 (T, Y 1V Y1, 0 if 29 Vs <1 y X3 ANY3 |-
. zyVy if ;rpy Ay =0 x3Ays if z3Vy3=1
0. 5106(‘%7?/)_ ({ 1 if :nl/\yl#() T2 A Y2, 0 if 3:3\/y3<1 ’
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Proposition 3.13. For any representable picture fuzzy t-norm T we have

Tos (z,y) <1 T (z,y) <1 Twin (z,y) ,Vz,y € D*.

Proposition 3.14. For any representable picture fuzzy t-conorm S we have

S05 (337y) Sl S(‘T’y) Sl SOG (JUay)aV%?/ € D*.

Proposition 3.15. Assume T (u,v) is a t- representable intuitionistic fuzzy t-norm

T (u,v) = (t1 (u1,v1), 83 (us, v3)), Vu = (u1,u3),v = (v1,v3) € L*

where, t1 is a fuzzy t-norm on [0,1], s3 is a fuzzy t-conorm on [0,1]. Assume ta is
a t-norm on [0,1] satisfying.

0 <ty (z1,y1) +ta (z2,92) + 53 (x3,y3) < 1,Va,y € D*

then
T (x,y) = (t1 (x1,91), t2 (x2,92), 53 (x3,¥3)), Yo,y € D*

is a representable picture fuzzy t-norm.

Proposition 3.16. Assume S (u,v) is a t-representable intuitionistic fuzzy t-conorm

S (u,v) = (s3 (u1,v1),t1 (us,v3)), Vu=(u1,us),v=_(v1,v3) € L*

where, t1 is a fuzzy t-norm on [0,1], s3 is a fuzzy t-conorm on [0,1]. Assume ta is
a t-norm on [0, 1] satisfies 0 < t1 (z1,y1) + t2 (z2,y2) + s3 (v3,y3) < 1,Va,y € D* then

S(z,y) = (s3 (x1,91), t2 (¥2,y2), t1 (w3, 93)), Vo, y € D*
1s a representable picture fuzzy t-conorm.
Now we define some new concepts for the picture fuzzy logic.

Definition 3.17. A picture fuzzy t-norm T is called Achimerdean iff

Vo € D'\ {0p~,1p~}, T (z,z) <1 x.
Definition 3.18. A picture fuzzy t-norm T is called
1. Nilpotent iff: 3z, y € D*\ {0p+}, T (z,y) = Op~.
2. Strict iff: Vo, y € D*\{0p-}, T (x,y) # Op-~.
With these defitions we have the following propositions.

Proposition 3.19. Let
T* = {Nilpotent picture t — norms},
T** = {strict picture t — norms}
then T* NT** = ().

Definition 3.20. A picture fuzzy t-conorm S is called Achimerdean iff
YV € D*\{OD*,lp*},S(ac,a:) >1 .

Definition 3.21. A picture fuzzy t-conorm S is called



150 BUI CONG CUONG, ROAN THI NGAN, LE BA LONG
1. Nilpotent iff: 3z, y € D*\{1p~}, S(x,y) = 1p-.

2. Strict iff: Va, y € D*\ {1p~}, S (z,y) # 1p=.

Proposition 3.22. Let
S* = {nilpotent picture fuzzyt — conorms},
S** = {strict picture t — conorms}

then S* N S** = ().

Proposition 3.23. Assume T is a representable picture fuzzy t-norm

T (z,y) = (t1 (z1,91), t2 (22, y2), s3 (x3,y3)), Y,y € D*,

and ty,te, s3 are Archimedean on [0, 1], then T is Archimedean.

Proof. For all x € D*\ {Op+, 1p~}, we have
T (z,2) = (t1 (21, 21), t2 (72, 2), 83 (3, 73)).

Since t1, tg, s3 are Archimedean on [0,1]. It follows that ¢1 (z1,21) < z1, s3(x3,23) > x3,
so T'(xz,z) <; . Thus T is Archimedean. [

Proposition 3.24. Assume S is a representable picture fuzzy t-conorm

S(%?J) = (83 (:Ul)yl))tQ ($27y2)7t1 ($3793)),vxvy S D*

and ty,ta, s3 are Archimedean on [0, 1], then S is Archimedean.

4. SOME SUBCLASSES OF REPRESENTABLE PICTURE FUZZY
T-NORMS

We can give some subclasses of representable picture fuzzy t-norms.

4.1. Strict-strict-strict t-norms subclass, denoted by A,

Definition 4.1. A picture fuzzy t-norm T is called strict-strict-strict iff

T (337 y) = (tl (xlv 91)7 t2 (l‘27 y2)7 53 (1:37 yS))7vx7 ) S D*7
where t1, ty are strict fuzzy t-norms on [0,1] and s3 is a strict fuzzy t-conorm on [0,1].

Example 4.1. Ti(z,y) = (v1y1, Z2Y2, T3 + Y3 — T3Y3),

Ty(z,y) = ( a1l 202
’ M+ A=) (1 +y1 —2yn) Ao+ (L= Xo) (22 + y2 — 212
A, Ag,a € [1,—1—00),

1
(0 + 08— ) ).
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4.2. Nipoltent-nipoltent-nipoltent t-norms subclass, denoted by A,u,

Definition 4.2. A picture fuzzy t-norm 7 is called nipoltent-nipoltent-nipoltent iff

T (z,y) = (t1 (w1,91), t2 (T2, y2), 83 (23,93)), V2, 9y € D,
where t1, ty are nipoltent fuzzy t-norms on [0,1] and s3 is a nipoltent fuzzy t-conorm on [0,1].

Examples 4.2.

T3(x,y) = (OV (21 +y1 —1),0V (w2 +y2 — 1), L A (23 + 13)),

Ty(z,y) = (21 +m *11)(1 + A1) = Mzay1) VO, ((z2 + y2 — 1)(1 + A2) — Aszays) VO,
LA (2§ +y5)a), A, A2 € [0,+00),a > 1,

1 1
Ta(z,y) = (0V (2 +yf = 1)@, (0V (25 + 95— 1))b, 1A (5 +5)%), a,b,c> 1,

To(x,y) = ((2(z1+y1 — 1+ (a— D)a1y1) V 0), (%(372 +y2 =14 (b—1)zayz) V0),
1

LA (z§+ys)c), a,be (0,1];¢> 1,

SHES

(x1+y1 — 1+ (a—Dx1y1) VO), ((x2 +y2 — 1)(1 + A) — Azay2) VO,

1

2§ +y5)v), a€ (0,1,A>0,b>1,

Tr(x,y) = ((
1A

—~

Ts(z,y) = (((z1 +y1 — 1)(L + A) — Az1y1) VO, (%@2 +y2 — 1+ (a—1)z2y2) V 0),
1

LA (25 +98)b), a€(0,1],6>1,A>0,

1 1
Ty(z,y) = ((5(961 +y1— 1+ (a—Dz1y1) V0),0V (25 + 35 — 1)e,
LA (2§ +15)¢), a € (0,1),b,e> 1,

1
Tio(z,y) = (OV (2 + y§ — 1)« (5(952 +y2 — 1+ (b—1)z2y2) V0),
1

LA (25 +y5)<), be (0,1],a,c> 1,

Ti(z,y) = (((z1 + 1 - 1)(1+A) = Aziyn) V0,0V (2§ + 5 — 1)«
LA (2§ +98)%), A>0,a,b>1,

Tia(x,y) = (0V («f +iyjl — 1)%7 ((xa +y2 — 1)(L+ X)) — Azay2) VO,
LA (@8 +95)%), A>0,a,b> 1.
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4.3. Nipoltent-nipoltent-strict t-norms subclass, denoted by Apps

Definition 4.3. A picture fuzzy t-norm 7T is called nipoltent-nipoltent-strict iff

T (z,y) = (t1 (z1,91), t2 (x2,Y2), 83 (x3,¥3)), Yo,y € D*,

where t1, ty are nipoltent fuzzy t-norms on [0,1] and s3 is a strict fuzzy t-conorm on [0,1].

Examples 4.3.
Ti3(z,y) =0V (z1 +y1 —1),0V (22 +y2 — 1), 23 + y3 — 23¥3),

1 1 1
Tia(z,y) = (5(961 +y1—1+z1y1) VO, 5(372 +y2 — 14 22y2) VO, (23 + y3 — 25y5) =),

a> 1.

Ti5(z,y) = (((z1 +y1 — 1)1(1 + A1) = Mz1y) VO, (w2 +y2 — 1)(1 + A2) — Aaxayz) VO,
(ac§ +y§ - mgyg)E% )‘1’A2 € [07 +oo),a > 1:

Tis(w,y) = (0V (2§ + yf — 1)a, (2h + 45 — 1)7 V0, (2§ + 45 — 2595)¢), a,b,c > 1,

Q=

1
(I1]+ y1 — 1+ (a—1Dx1y1) V0,0V (a:g—kyg —1)b, (2§ + y§ — 25y5)
0,1];b,¢ > 1,

Ti7(z,y) = (
a€

);

1
(

Tis(z,y) = (2(z1+y1 — 11+ (a—Dz1y1) VO, 3(z2 +y2 — 1+ (b — 1)zays) VO,

(25 +y5 — 2595)<), a,b € (0,1];c > 1,

1

To(z,y) = (5(331 +y1— 1+ (a—1)z191) VO, (22 + y2 — 1)(1 +b) — bray2) V O,
(a5 + y§ — 25y5)%), a € (0,1);b > 0;¢ > 1,

(w2 +y2 — 1+ (b—1)z2y2) VO,

), be (0,1];a,¢ > 1,

S| o=

1
Too(z,y) = 0V (z§ +yf —1)a,
1

(2§ + y§ — 25y85)

1
To1(z,y) = (1 +y1 — 1)(1 +a) — ax1y1) VO, g(m +y2 — 1+ (b—1)xay2) VO,
(a5 +y§ — 2595)7), a > 0;b € (0,1);¢ > 1,

Tos(w,y) = (((x1 + 31 — 1)1(1 FA) = Azyn) V0,0V (28 + g — 1)e,
(x5 + 98 — 2by8)?), A>0,a,b> 1,

Tos(x,y) = (OV (2§ + i - D, (22 +y2 — 1)(1+ A) — Azaga) V0,
(mg +yl§ - :Bgyg)ﬁ), A>0,a,b>1.
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4.4. Strict-nipoltent-strict t-norms subclass, denoted by Agps

Definition 4.4. A picture fuzzy t-norm T is called strict -nipoltent-strict iff

T(%y) = (tl ($17y1)7t2 (1;27y2)753 ($3793))7V$7y S D*7

where t; is a strict fuzzy t-norm on [0,1], ¢2 is a nipoltent fuzzy t-norm on [0,1] and s3 is a
strict fuzzy t-conorm on [0,1].

Example 4.4.

Tos(z,y) = (x1y1,0V (z2 + y2 — 1), 23 + y3 — 23Y3)

Z1Yy1

T =
b5(z,y) ()\1 + (1 - )\1)@1 + 1 —zy1)’

(z§ +v5 —2§y3)e), A > 1,0 >0,a > 1,

((x2 +y2 — 1)(1 4+ A2) — Aazaye) VO,

1y1 a a
Tog(x,y) = , 0V (29 +ys — 1)a,

(@h + 98— 25el)), M > 1,a,b> 1,

T1Y1 1
T = — —1 -1
o7(2,y) ()\1 Iy v T P— S(@2 432 =1+ (a—1)2212) VO,

(xg —i—yg —xgyg)%), A1, b>1,a € (0,1].

4.5. Nipoltent-strict-strict t-norms subclass, denoted by A

Definition 4.5. A picture fuzzy t-norm T is called nipoltent-strict-strict iff

T (z,y) = (t1 (z1,91), t2 (22, Y2), 83 (23, y3)), V&, 9y € D,
where ¢ is a nipoltent fuzzy t-norm on [0,1], ¢2 is a strict fuzzy t-norm on [0,1] and s3 is

a strict fuzzy t-conorm on [0,1].

Example 4.5.
Tog(z,y) = (0V (1 +y1 — 1), T2y2, 3 + Y3 — £3Y3),
1 T2Yy2
Tog(z,y) =(—(x1+y1 — 14+ (a—1)x V0, ,
20(z,y) = (- (21441 1 (a —1)z1y1) R TP —
(@} + 3 — 2hy8)), a € (0,1];b,A > 1,

T2Y2
A+ (1= N) (22 + Y2 — w2y2)’
)7 a, bv)\ 2 17

Tao(z,y) = (OV (2§ + y§ — 1)«

o=

(2} + 5 — 25u8)
T2Y2
Ao+ (1= Xo) (22 + y2 — zay2)’

Ty (z,y) = ((x1 +y1 — (1 + A1) — Mizys
(.’E% +y§ _xgyg)%% a, /\2 > 17A1 € (07 1]

Proposition 4.6. There doesn’t exist representable picture fuzzy t-norm T
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T (ZL‘, y) = (tl (xla y1)> to (.%'2, y2)7 53 (1'3, y3))>vx7 Yy e D*v
where t1 or tg is a strict fuzzy t-norm on [0,1], and s3 is a nipoltent fuzzy t-conorm on [0, 1].

Proof. Assume T (x,y) = (t1 (z1,y1), t2 (2, y2), 83 (x3,93)), Yo,y € D*, with ¢; is a strict
t-norm and there exist x3,y3 € (0,1) such that Ss (z3,y3) = 1. Let 21,29 # 0|x1 + 22 + 23 <
15y1,92 # 0ly1 + y2 + y3 < 1, and since ¢; is strict t-norm then ¢; (z1,y1) > 0.
Let ©z = (x1,22,23),y = (y1,%2,y3), we have a contradiction t1 (x1,y1) + t2 (z2,y2) +
S3 (:133, y3) > 1.
Similarly, if to is strict t-norm and s3 is nipoltent t-conorm then we have a contradiction.
[

Proposition 4.7. If T belongs to one of four classes Agssy Annss Asnsy Dnss then T is
strict.

Proof. Assume for all x,y € D*, s3 is a strict fuzzy t-conorm on [0,1], T"is a representable
picture fuzzy t-norm 7' (z,y) = (t1 (z1,91), t2 (z2,y2), s3 (x3,y3)) and T is nipoltent.

Then Jz,y € D*\{0p~}, T (z,y) = Op~, and it implies ¢; (z1,y1) = 0, to (w2,y2) =
0, s (z3,y3) = 1. Since s3 is a strict fuzzy t-conorm on [0, 1], then 3 =1 or y3 = 1, which
is a contradiction. [ ]

Proposition 4.8. If T belongs to the class Apnn then T is a nipoltent picture fuzzy t-norm.

Proof. Assume T' € Ay, Va,y € D* : T (z,y) = (t1 (x1,91) , to (22, y2) , 53 (x3,Y3)) -

Since t1, t2 are nipoltent fuzzy t-norms on [0, 1], we have

Jx1, 91,22, Y2|t1 (z1,y1) = 0,t2 (z2,y2) = 0. Since t1,ty are not decreasing, so Va| <
z1,y; < y1; 2h < wo,vh < yolt1 (2),vy)) = 0, ta(xh,y5) = 0. Since s is a nipoltent fuzzy
t-conorm on [0,1] so Jz3,y3 # 1|s3 (x3,y3) = 1. Let = (2}, 25, 23),y = (v}, 5, y3) € D*.
Then T (z,y) = (t1 (2}, 9]) ,t2 (b, 45), 83 (x3,y3)) = Op~. T is a nipoltent picture fuzzy
t-norm. [ |

5. SOME SUBCLASSES OF REPRESENTABLE PICTURE FUZZY
T-CONORMS

Similarly to the Section 4, we can give some subclasses of representable picture fuzzy
t-conorms.

5.1. Strict-strict-strict t-conorms subclass, denoted by Vs

Definition 5.1. A picture fuzzy t-conorm S is called strict-strict-strict iff

S(z,y) = (s3(21,91)  t2 (¥2,92) . 11 (x3,y3)) , Yo,y € D™
where t1, to are strict fuzzy t-norms on [0, 1] and s3 is a strict fuzzy t-conorm on [0, 1].

Examples 5.1.

S1(z,y) = (21 +y1 — x1Y1, T2Y2, T3Y3) ,
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82(337 y)
B T2Y2 T3Y3

= ( (2% + y* — 29y a, , )7
(( Iyt -2ty A+ (1= X)) (z2 +y2 — 22y2) Ao+ (1 — A2) (23 + y3 — 23Y3)

1
a

with A1, Ao, a € [1,4-00).

5.2. Nipoltent-nipoltent-nipoltent t-conorms subclass, denoted by V,,,
Definition 5.2. A picture fuzzy t-conorm S is called nipoltent-nipoltent-nipoltent iff
S(z,y) = (s3(21,91),t2 (v2,2) , t1 (23, ¥3)) , V2, 9y € D,

where ¢, to are nipoltent fuzzy t-norms on [0, 1] and s3 is a nipoltent fuzzy t-conorm on
[0,1].

Examples 5.2.

S3(x,y) = (LA (21 +91), OV (22 +y2 — 1), 0V (23 +y3 — 1)),

Su(z,y) = (LA (@ +y2)a, (w2432 — 1)(1+ A1) — Aizaya) VO,
(w3 4+y3 — 1)1+ A2) — Aaxgys) VO), A, A2 € [0,+00),a > 1,

)7

o=

1 1
Ss(x,y) = (LA (2§ +yi)e, (0V (25 + 945 —1))5,0V (2§ + y5 — 1)
a,b,c>1,
1
So(a,y) = (LA (2§ + 9w, (5(902 +y2 — 1+ (b—1)x2y2) V 0),
1
(E(CEg +ys— 14+ (c—1)xz3y3) V0)), a > 1;b,c € (0,1],
1

Sr(a,y) = (LA (2% + y§)e, (5(1’2 +y2 — 1+ (b—1)zay2) V 0),

((:E?) + Y3 — 1)(1 + )‘) - )\l‘gyg) \/0)7 a>1,be (Oa 1]a A >0,

Ss(x,y) = (1A (@9 +y2)a, (w2 +y2 — 1)(1+ X) — Azags) VO,

1
(5('7;3 + Y3 — 1+ (b_ 1)7533/3) \ 0))7 a = 17 be (07 1]7 A > O>

1
(5(552 +y2 — 1+ (b—1)z2y2) V 0),
), be (0,1],a,¢>1,

1
So(w,y) = (LA (2§ + yf)=
0V (z5+y5—1)

alm -

Sio(z,y) = (1A (29 +y%)a,0V (25 + 4 — 1)5,
(=(xz34y3 — 1+ (¢ — Dasy3) V0)), ce (0,1],a,b > 1,

—_

¢
Su(z,y) = (LA (2] + 1)
0V (2§ +93-1)

(2 +y2 — D)(1+ A) — Azayz) VO,
)7 )‘Zovaabz 17

o

Sia(z,y) = (1A (28 +y2)a,0V (2% + 8 — 1)5,
(w3 +y3s —1)(1+A) — Azzy3) VO0), A >0,a,b> 1.
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5.3. Strict-nipoltent-nipoltent t-conorms subclass, denoted by Vg,

Definition 5.3. A picture fuzzy t-conorm S is called strict-nipoltent-nipoltent iff

S (w,y) = (s3(21,91) , t2 (w2,y2) , t1 (z3,93)) , Vz,9y € D7,
where t1, ty are nipoltent fuzzy t-norms on [0,1] and s3 is a strict fuzzy t-conorm on [0,1].

Examples 5.3.
Sis(x,y) = (@1 +y1 — 21y, OV (x2+ 32— 1), 0V (23 +y3 — 1)),

11
S1a(z,y) = (2 + yf — 2{yt)a, 5(952 +y2 — 14 x2y2) V O,

1
§(x3+y3 —1+423y3) V0), a>1,

Sis(x,y) = (29 + y2 — 2995w, (w2 + yo — 1)(1 + A1) — Araays) V0,
((xg +y3 — 1)(1 4+ A2) — Aozzys) V0), A1, A2 € [0,+00), a>1,

1
c

Si6(,y) = (25 + ¥ — 25y5) e, OV (25 +y§ — 1), 0V (2f + 95 — 1)%), a,b,e > 1,

(w2 4+y2 — 1+ (b—1)z2y2) VO,
(07 1];(1/’02 17

1
Sir(z,y) = (2 + yf — 2{yt)a,
0V (2§ +y5 — 1)), b

[a—

1
a

Sis(z,y) = (= + 3¢ — 2{yf) =, g(@ +y2 — 1+ (b—1)z2y2) VO,

1
E(ZL‘g +y3 — 1+ (¢c—1)x3ys) VO), b,ce (0,1];a > 1,

1
Sto(x,y) = («f + 9§ — wfyf)e, L (@2 + 12 — 1+ (b~ Daay2) VO,
((‘T?) + Y3 — 1)(1 + C) - C$3y3) \/0)7 a > 17 be (07 1]7C > 07

1
Soo(.y) = ((af + 91 — afu)7 (@h + 9 — 1)3 V0,
E(xd +y3— 1+ (¢c—1Dagys) V0), ce (0,1};a,b > 1,

1
Sa1(z, y) n ((zf +yi —2fyi)e, ((z2 +y2 — D)(1+b) — baoys) VO,
E(%‘3+y3—1+(0—1)$3y3)\/0)7 a>1;b>0;ce (0,1],
1
Sx(z,y) = (2 + 9§ — 55@?)@ (T2 +y2 = (1 + A) — Az2y2) VO,
OV (28 +15—1)5), A>0,a,b>1,

S

Soz(,y) = (2% +y§ — 24y3) =, 0V (2h + 4 — 1)3,
(g +y3—1)(1+A) — Azsy3) VO), A >0,a,b> 1.
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5.4. Strict-nipoltent-strict t-conorms subclass, denoted by Vs

Definition 5.4. A picture fuzzy t-conorm S is called strict-nipoltent-strict iff

S(xuy) = (53 (mluyl) 7t2 ($27y2) )tl (3337y3)) 7\7557?/ € D*7

where ¢1 is a strict fuzzy t-norm on [0, 1], t2 is a nipoltent fuzzy t-norm on [0, 1] and s3 is a
strict fuzzy t-conorm on [0, 1].

Examples 5.4.

SQ4($,y) = (xl + Y1 — ZT1y1, 0v (:EQ + Y2 — 1)7 x3y3)7

Sos(w,y) = (= + yf ;gﬁy%)%, (22 + y2 — 1)(1 + A1) — Maaye) V0,
A2+ (1= A2)(z3 +y3 — xsys))’ A2 03Az,a 2 1,
Seo(@,y) = (@ + 91 — afu)=, OV (@) + 35— )b,
A+ (T —=Ap)(z3 +y3 — :U3y3))’ Az e b= 1
Sor(x,y) = (21 + yi ;3@%@/?)5> §(@2+y2 =1+ (b= 1)a2y2) VO,
M A (1= )(w3 +ys3 — x3y3)>’ @Az b e (0.1)

5.5. Strict-strict-nipoltent t-conorms subclass, denoted by Vg,

Definition 5.5. A picture fuzzy t-conorm S is called strict-strict-nipoltent iff

S (.T, y) = (83 (xla yl) s L2 (x27y2) 1 (533,1/3)) ,V.%', Yy e D*7
where t1 is a nipoltent fuzzy t-norm on [0, 1], ¢2 is a strict fuzzy t-norm on [0, 1] and s3 is a

strict fuzzy t-conorm on [0, 1].

Examples 5.5.

Sog(x,y) = (21 + y1 — T1y1, T2y2, OV (3 +y3 — 1)),
Toy2

1 T (1= A) (22 +y2 — w2y2)’

—(xs+ys— 14 (b—1Dxsys) VO), a, A > 1;b € (0,1],

b
1 Z2Yy2
Sso(z,y) = (¢ + y§ — z¢yd)«, ’
30(z,y) = (21 +yi — 21y1) A+ (1= N)(22 +y2 — z2y0)

0V (2} + 98 —1)%), a,b,A > 1,

1 T2Y2
Sai(z,y) = ((f +yf — xfy])a, ,
s1(z,y) = (27 + y§ Tv1) A+ (1= N\)(z2 + yo — 212)

(w2 +y2 —1)(1+b) — bxay2) VO), a, A > 1;0 > 0.

1
Sag(w,y) = (2 + y§ — 2{y]) e

Proposition 5.6. There doesn’t exist representable picture fuzzy t-conorm S

S(.Z‘,y) = (53 (xlvyl) >t2 (.%'2,]/2) 7t1 ($3>y3)) ,V.%’,y € D*7
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here ty or tg is strict fuzzy t-norm on [0,1] and s3 is a nipoltent fuzzy t-conorm on [0, 1].
Proposition 5.7. If S belongs to one of four classes Vsss, Vsnn, Vsns, Vssn then S is strict.
Proposition 5.8. If S belongs to the class Vunn then S is nipoltent.

6. SOME NEW DE MORGAN PICTURE OPERATOR TRIPLES IN
PICTURE FUZZY LOGIC

De Morgan picture operator triples is a basic algebra of the Picture Fuzzy Logic. The
notion of t-norm plays the role of intersection , or in logical terms, “and”. The duality of
that notion is that of union , or “or” . In the case of sets, union and intersection are related
via complements. The well-known De Morgan formulas do that. They are

(AUB)® = (A° N BY), (AnB)Y = (AU BY).

Let T'(x,y) be a picture fuzzy t-norm and let S(z,y) be a picture fuzzy t-conorm and n(x)

be a picture negation operator, The De Morgan formulas now become the new equations
n(S(z,y)) =T(n(z),n(y)), Yo,y € D*, (a,%)
n(T(xay)) :S(n(x)vn(y))7 Va,y € D*. (b7*)

Definition 6.1. The triple of operators (T',S,n) is called a De Morgan picture operator
triple if they satisfy both the equation (a,*) and the equation (b, *). Then we say that T
and S are dual corresponding to the negation operator n(x).
With an involutive picture negation operator, De Morgan triples of picture fuzzy opera-
tors satisfy the following equations
S(a,y) = n(T(n(x),n(y))), Ya,y € D*, (a, %)
and
() = n(S(n(x),n(y))), Va,y € D" (b, %%)
Some De Morgan picture operator triples were given in [9].
Now we give some new De Morgan picture operator triples (7', .5, ng) corresponding the
picture negation operator ng(z).

Proposition 6.2. The triple (Tiin, Smax, o) corresponding the picture negation operator
no(x) is a De Morgan picture operator triple.

Proof. We have

Thnin (2,y) = (min (z1,y1) , min (z2,y2) , max (23, 3)) .

And
Smax (.’L’, y) - (max (xla yl) ) min (372, y2) ) min (CU3, y3)) .
no(Smax (z,y)) = no (max (1, y1) , min (22, y2) , min (x3, y3))
= (min(x& y3)a Oa max(xl, yl))a
and

no(z) = (23,0,21), no(y) = (y3,0,51) =
Tnin (no(x),n0(y)) = (min (3, y3) ,min (0,0) , max (x1,y1))
= (min(:[,‘g, yg), 0, maX(ml, y1)) = nO(Smax($a y))
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It means that we have the equation (a,*). Analogously
nO(Tmin (IL‘, y)) = (maX ($37 y3) ) 07 min (:Ela yl)) )
Smax (n0<x)7 nO(y)) - (max (x?n y3) ) min (07 0) , M1 (iUl, yl))
= (HlaX(.%'g, y3)7 07 min(xlv yl)) = nO(Tmin('rv y))
We have the equation (b, ). [ ]

Proposition 6.3. Consider the picture t-norm Tps (z,y) = (min (x1,y1) , T2y2, max (x3,y3))
and the picture t-conorm Spg (x,y) = (max (x1,y1) , T2y, min (x3,y3)) -
The triple (Top2, So2,n0) is a De Morgan picture operator triple.

Proof. The proof is analogous to the proof of the Proposition 6.2.

Proposition 6.4. Let to(z,y), ts(x,y) be fuzzy t-norms on [0,1]. Consider the picture fuzzy
t-norm

Tmin,tz (xa Z/) - (mln (:Uh Z/l) ) t2 (nyQ)a max (.’L'g, y3))
and the picture fuzzy t-conrm

Smax,ts (,y) = (max (x1,y1) , t2(w2y2), min (z3,y3)) .
The triple of operators (Timin ts, Smax,ts, 0) corresponding the picture negation operator
no(x) is a De Morgan picture operator triple.

Proof.
Sma.r,t3 (l’, y) = (max (1'1, 3/1) 7t3 (.%'2, 92) 7min (1’3, Z/S)) .

10(Smaz.ts (,y)) = no (max (x1,91) ,t3 (v2,y2) , min (23, y3))
= (min(zs,y3),0, max(z1,y1)),
and

no(z) = (23,0, 1), no(y) = (y3,0,y1) =
Tinint, (no(2),n0(y)) = (min (z3,y3) , t2 (0,0) ,max (z1,y1))
= (min(xg,yg),O,max(x1,y1)) = no(Smax,t3 (wvy))'

It means that we have the equation (a,*). Analogously
nO(Tmin,tQ (.I, y)) = (HlaX (1’3, y3) ) 07 min (xlv yl)) ’
SmaX,t3 (nO(m)') nO(y)) = (max (1'3, 3/3) ) t3 (07 0) , NIl (1’1, yl))
= (max(rs3,ys), 0, min(z1,y1)) = n0(Tmint (7, y))-
We have the equation (b, ). [
We easily receive the following proposition.
Proposition 6.5. Consider the picture t-norm Ty4 and the picture t-conorm Spa

Toa(z,y) = (21y1, T2Yy2, T3 + Y3 — T3Y3),
and

Soa (z,y) = (1 +y1 — T1Y1, T2Y2, T3Y3) -
The triple (Toa, Soa,n0) is a De Morgan picture operator triple.
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Proof.
no(Soa (z,y)) = no (z1 + y1 — T1Y1, T2Y2, T3Y3)

= (xSySa 05 r1+ Yy — ~r1y1)a
and

no(z) = (23,0,21), no(y) = (y3,0,41) =
Tos (no(x),no(y)) = (23y3,0.0, 21 +y1 — x1y1) = (23Y3,0,21 + y1 — 1y1) = no(Soa(z, y)).

It means that we have the equation (a,*). Analogously

no(Toa (,y)) = (3 + y3 — x3y3,0,2191),
Soa (no(z),no(y)) = (z3 + y3 — x3y3, 0.0, 21y1)
= (3 +y3 — 23y3,0, 21y1) = no(Toa(z,y)).
We have the equation (b, *). [

Now we consider the case where picture t-norm 7' belongs to the nilpotent, nilpotent,
nilpotent subclass A, and S belongs to the subclass V.

Proposition 6.6. Consider the picture t-norm T3 and the picture t-conorm S3
Ts(z,y) = OV (z1 + 41 —1),0V (22 +y2 — 1), 1 A (23 + y3)),

Sa(x,y) = (LA (21 4+y1),0V (22 +y2—1),0V (z3 +y3 — 1)).
The triple (T3, S3,n0) is a De Morgan picture operator triple.
Proof.

no(S3(z,y)) = no((LA (1 +91),0V (22 +y2 — 1),0V (23 + y3 — 1)))
= (0 \4 (563 +y3 — 1)’0) (1 A (xl + yl))7

no(z) = (23,0, 1), no(y) = (y3,0,y1) =
T3 (no(x),no(y)) = (3 +y3 —1) V0),(0+0—-1) VO), LA (z1 +y1))
= ((0 V (xg + Y3 — 1),0, 1A (561 + y1)) = Tlo(Sg(:IJ,y)).

It means that we have the equation (a,*). Analogously

no(T3 (x,y)) = (1A (23 +93)),0,(0V (z1+y; — 1)),

Sz (no(z),no(y)) = (LA (z3+y3), (0V (0+0—1),(0V (21 +y1 — 1))
=1 A(x3+y3),0,(0V (z14+y1—1)) =no(T5(z,y)).

We have the equation (b, ). [

Proposition 6.7. Consider the picture t-norm Ty of subclass Appn and Sy belongs to the
subclass Vpnn-

Ty(z, y) (((x1+y1 — (1 + )\1)1 AMx1y1) VO, ((x2 +y2 — 1) (1 + A2) — Aoxaya) VO, 1A
(2§ +y5)7), Salz,y) = (LA (25 +y)s, ((552 +y2 — 1) (14 A2) — Aoway2) VO, ((z3+y3 — 1)(1 +
A1) — Aixgys) V 0), where A1, A2 € [0,+00),a > 1. The triple (T4, Ss,n0) is a De Morgan
picture operator triple.
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Proof.

no(Sa(,y))
no((1A (29 +y2)a, (z2 + y2 — 1)(1 + A2) — Aawayz) V0, (3 + y3 — 1)(1 + A1) — Araays) V 0))
T3

+ys— 1)1 +A1>—A1x3y3>vo>,o,<m<xff+yf>%>,

= ((z

T4(n0 (l’), no (y)) 1
= (((z3 +y3 = 1)(1+ A1) — Aazys) VO, ((0+0 —1)(1 + A2) — 220.0) VO, 1T A (2§ + yf)«)
= (((z3 +y3 = (1 + A1) — Aiz3ys) V0,0, LA (2 + yf) =) = no(Sa(z, y)).

It means that we have the equation (a,*). Analogously

no(Ta(w,y)) = (LA (25 +95)),0, (21 + g1 = D(1+ M) = Mzgn) V 0)),

Sa(no(x),no(y))
((1 A (563 + y3) ((0 +0 - 1)(1 + )\2) — )\20.0)) V0, ((561 + Yy — 1)(1 + )\1) — A1x1y13) vV O))
= (LA (2§ + ) 7,0, (21 + 91 — DL+ A1) — Maryis) V 0)) = no(Ta(z,y)).

We have the equation (b, *). [
Proposition 6.8. We consider the case picture t-norm Thy belongs to Apns - the nilpotent,
nilpotent, strict subclass and S11 belongs to the subclass V spp.
Tii(z,y) = OV (21 +y1—1),0V (32 +y2 — 1), 23 + y3 — 23y3),
Su(z,y) = (z14+y1 —2191,0V (22 + y2 — 1), 0V (23 + y3 — 1))
The triple (T11,S11,n0) is a De Morgan picture operator triple.
Proof.

no(S11(z,y)) = n((z1 +y1 — 21y1,0 V (22 + 92 — 1),0V (23 +y3 — 1)))
= ((0 \4 (Zlig + Y3 — 1))a 0, (:171 +y1 - xlyl))v

Ti1(no(x),no(y)) = OV (23 +y3—1),0V (0+0—1), 21 +y1 — T1y1)
=0V (zg+y3s—1),0,z1 +y1 — x1Y1)
= no(S11(z,9))-

It means that we have the equation (a,*). Analogously

no(T11(z,y)) = no((0V (z1 +y1 —1),0V (w2 +y2 — 1), 23 +y3 — 3Y3))
= ((z3+y3 —x3y3),0,(0V (1 +y1 — 1)),

S11(no(x),no(y)) = ((#3 +y3 — 2393),0V (04+0—-1),0V (z1 +y1 — 1))
= ((r3 +y3 — 23y3),0,(0V (21 + y1 — 1)) = no(T11 (2, y)),

we have the equation (b, *). [

Now we consider the case where picture t-norm 772 belongs the nilpotent, nilpotent,
strict subclass A,,s and the picture t-conorm S5 belongs to the subclass V.
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Proposition 6.9. Consider

1 1 1
Tio(x,y) = (5(1‘1 +y1 — 14+ 21951) VO, 5(932 +y2 — 1+ 22y2) VO, (25 + y3 — 23Y3) =),

11 1
Siz(z,y) = (2] + 9§ — 27y7) =, 5(902 +y2 — 1+ x2y2) VO, 5(1‘3 +y3 — 1+ x3y3) V0),

where a > 1.
The triple (T12, S12,n0) is a De Morgan picture operator triple.

Proof.

no(Si2(z,y)) | ,
1
=no(((} +yf — 2{yf)=, 5(»”62 +y2 — 1+ x2y2) VO, 5(1”3 +y3 — 14 z3y3) vV 0))

);

Q=

1
= ((5(323 +ys—1+ x3y3) V 0),0, (w‘f + y? — a:‘fy’f)

Tm(qo(l‘), no(y)) ,
1
= (5 (@3 +ys1 = 1+ a3y3) V 0), 5 (0+0 = 140.0) VO, (2] + 47 — 2{yi)«))

1
= ((5(373 +y31 — 1+ a3y3) V0),0,(z] +yi —2y7)e) = no(S12(z,y)).

It means that we have the equation (a,*). Analogously

no(Ti2(z,y))

1 1 1
= no((§($1 +y1 —1+21951) V0), 5(562 +yo — 1+ 22y2) VO, (2§ + y3 — 25y5)a))

= ((z§ + 3 — x%y%)i),(l, (%(901 +y1 — 1+ z191) V 0)) = S12(no(x), no(y)),

Siz2(no(z), 0(y)) X ,
((#§ + 98 — #899), (5(0+ 0= 1+0.0) V0), (5 (w1 + 31 = 1+ 7133) V 0))
(

1 1
(@5 + 5 —23y3) =, 0, (5 (21 + 91 — L+ 21y3) V 0)) = no(Thz(, y)).
It means that we have the equation (b, ). n

Some other De Morgan picture operator triples can be seen in [9, 8].

7. CONCLUSION

Conjunction operations (fuzzy t-norms) and disjunction operations (fuzzy t-conorms) are
basic operators of the fuzzy logics [22, 13]. Picture fuzzy t-norms and picture fuzzy t-conorms
firstly were defined and studied in 2015 [6, 9]. In this paper we give some algebraic properties
of the picture fuzzy t-norms and the picture fuzzy t-conrms on picture fuzzy sets, including
some classes of representable picture fuzzy t-norms and and some classes of representable
picture fuzzy t-conorms. Then we study the De Morgan picture operator triples of the Picture
Fuzzy Logics. Some new classes of De Morgan picture operator triples were presented. In
the following papers new other issues of the Picture Fuzzy Logic should be considered.
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