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GIAI BAI TOAN DONG HOC NGU'Q'C ROBOT DU DAN BONG
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Tém tit. Mot phwong phap gidi bai toan dong hoc ngirge Robot du dan dong durgc trinh bay trong
bai bdo nay. Trude hét bai toan nguge dong hoc tay may du dan dong duoc trinh bay & hai cdp do:
mittc lién hé van téc va mitc lién hé gia toc. Nghiém clia cdc bai todn nay duwge dwa ra nho ma tran
trra nghich ddo ctiia ma tran Jacobi, trong dé c6 chi ¥ dén khong gian bt dé tranh dwoc cic giéi han
khép. Gid tri bién khép tim dwgce nho cdc phép tinh tich phan dwrge hiéu chinh bang phwong phép
chiéu. Nho phuwong phép chiéu nay, cic bién khép va van toc khép duoc hiéu chinh ddm bao ching
nam trén cdc da tap lién két vé vi tri va van tdc. Qua dé do chinh xdc cia nghiém can tim duoc cdi
thién dang ké. Mot s6 mo phdng s6 dwoc trinh bay dé minh hoa cho thuat toan.

Abstract. A method for solving inverse kinematics of redundant robot is proposed in this paper.
Firstly, the inverse kinematics of redundant robotic manipulators is represented in two levels: velocity
level and acceleration level. Solutions of these problems are given by pseudo inverse of the Jacobian
matrix under consideration of null space in order to avoid joint limitations. Secondly, the values of
joint variables are found by the integration which is revised by the coordinate and velocity projection
methods. By using this method, the joint variables and joint velocities are adjusted so that they are
forced onto manifolds, which are defined by position constraints and velocity constraints. Therefore,
the accuracy of solutions is significantly improved. The numerical simulations are illustrated for the
offectiveness of the proposed method.

1. MO PAU

Dai véi robot dang chudi ngudi ta ¢ thé phan thanh hai loai: robot chuan va robot duw
dan dong. Robot chuan la robot c6 s6 bac turr do bang s6 bac tu do cia khau téc dong cudi
hay ban kep. Tréi lai, robot du dan dong c6 s6 bac tu do lém hon s6 bac tu do cia khau tac
dong cudi. Robot dir dan dong cé nhiéu wu diém so véi robot chuan vi chiing cho phép cé
thé t6i wu qui dao chuyén dong, tranh dwoc vat can, tranh dwoc cdc diem ky di, va tranh
duge cac gidi han khép [1, 9, 10, 11]. DSi v6i robot dwr dan dong, do s6 an nhieu hon s6
phwong trinh, nén c¢6 nhiéu phwrong dn giadi quyét bai todn dong hoc nguwge. Phwong dn dira
trén ma tran Jacobi cia phwong trinh lién két hay dugc sir dung nhét, do tinh chit don gidn
cia phwong phdp. Véi phwong phdp nay ta chi can gidi hé phwong trinh dai s6 tuyén tinh
¢6 56 an nhieu hon s6 phwong trinh. Céc toa do khép sau dé nhan dwoc bang céch tich phan
cic van toc bién khép theo thoi gian, véi dieu kién dau twong thich. Tuy nhién, céc toa do
nhan dwge qua phép tich phan c¢é thé lam cho ban kep khong con bam theo qui dao mong
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muon do ¢é cdc sai s6 tich Iy trong qué trinh tinh todn tich phan. Mot s6 phwong dn khiac
phuc hién twgng nay da dwge chi ¥ nghién citu. D6 1a phrong phap phan hoi dong hoc [10],
phwong phdp hiéu chinh gia lwgng sai sé vécto toa do suy rong [5,6,7].

Trong bai bdo nay, ching toi sir dung phwong phap chiéu toa do suy rong va chiéu van
téc suy rong dé hiéu chinh nghiém ctia bai todn dong hoc dwa trén ma tran Jacobi. Y twdng
co ban cia phuong phép 1a chiéu két qua toa do suy rong va van toc suy rong nhan dwgc
sau khi tich phan trén céc da tap xdc dinh béi cdc phirong trinh lién két tao béi chuyén dong
mong muon hay lién két chwong trinh va dao ham cua né.

Bai bdo duge trinh bay nhu sau: viée thiét 1ap va phuwong phdp giai bai todn dwoc trinh
bay trong muc 2 va 3. Muc 4 trinh bay phwong phép chiéu toa do va chiéu van téc dé tang
do chinh xédc nghiém cia bai todn. Cdc mo phong s6 bang phan mém da nang Matlab ddi véi
mot tay may phang 5 bac tu do dwoc trinh bay trong muc 5. Cudi cing 1a mot s6 két luan
dugc dua ra.

2. PAT BAI TOAN VA PHUONG PHAP GIAI

Xét tay may n bac tur do, goi ¢ € R™ la vecto chita céc toa do khép. Ban kep cua robot
van hanh trong khong gian thao tdc hay khong gian lam viéc, goi & € R™ la vécto chira vi
trf va hudng ctia ban kep R™ (m < 6). Bai toan dong hoc thuan robot dwge gidi quyét biang
cdc phwong phdp hinh hoc, qui tac Denavit-Hartenberg hodc Craig [2, 3, 4, 9, 10]. Két qua
cua bai toan dong hoc thuan cho ta lién hé sau

fl®,q) =0, z, f e R"™ q € R". (1)

Tay méay 1a du dan dong khi m < n, s6 bac tur do cla tay mdy 1én hon s6 bac tir do cia
ban kep.
Pao ham phuong trinh (1) theo thoi gian ta nhan duge phwong trinh lién hé van toc

de:+Jqq:07 (2)

v&i cdc ma tran Jacobi nhu sau

Tiép tuc dao ham phuwong trinh (2) cho ta phwong trinh lién hé & cap do gia toc

Jo# + T4+ I+ J g = 0. (3)

Véi trieomg hop robot phang, m = 3, = = [z,y, ¢], quan hé (1,2,3) c¢6 thé dwoc vidt &
dang tuwong minh nhu sau

z=f(q), (1)

&= J(9)g, (2))
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i=J(g)i+J()q (3)

End-Effector

Hinh 1. Tay mdy cau tric cay

Ngoai ra, nhwr ta biét phwong trinh vi phan chuyén dong cia tay mdy dang chudi hé cé
dang [2, 4, 9, 10]

u=M(q)g +C(q,9)q +g(q), (4a)

trong dé u 1a vécto chira cac lirc/momen dan dong, M (q) 1a ma tran khéi lwong, C(q, q)q 1a
vécto chira cac lire coriolis va e ly tam, va g(q) 1a vécto chira e suy rong do trong truromg.
Bai todn dat ra & day la: Cho biét chuyén dong cla ban kep tirc 1a biét cdc ham
x(t), z(t), #(t) ta can tim chuyén dong cla cdc toa do khép ¢(t), va vecto momen/lrc
dan dong u.
2.2. Phwong an gidi quyét
Gia st rang ma tran Jacobi J, ¢& m x n ¢6 hang day du, rank(J,) = m. Néu biét z va q
tr phwong trinh (2, 2’) hoac tir (3, 37) ta sé gidi dwoc cdc van toc khdp ¢ hodc gia toc khép
Néu st dung phwong trinh (2) ta gidi dwoc ¢, thue hién tich phan va dao ham ta nhan
duoc q va q.
Néu st dung phuwong trinh (3) ta gidi dwoc ¢, thwe hién tich phan ta nhan dwoc ¢ va q.
Thay céc gia tri tim dwge vao phwong trinh vi phan chuyén dong (4a) ta nhan dwgc
lirc/momen dan dong cta cdc dong co dan.

3. TOI UU CHUAN CUA VECTO VAN TOC VA GIA TOC SUY RONG

3.1. T8i wu chudn cia vecto van téc suy rong
Gidi phwong trinh (2) két hop diéu kién chuan ctia vécto van toc suy rong nho nhat. Tic
giai (2) tim ¢ tr &, vd&i diéu kién

f= %quq — min, W > 0. (4)

Két qua 1a

q=Jy (9, ()
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vGi
J@)y =W (@U@W I (9],

duge goi 1a ma tran tya nghich ddo ¢6 trong s6 cia ma tran Jacobi J(q) [8].

Néu chon ma tran trong s6 1a ma tran don vi, W = I, nghiém tinh theo cong thitc (4) sé
¢6 chuan nhé nhat.

Néu chon ma tran trong s 1a ma tran khéi lwong cia tay may, W = M(q), thi nghiém
trén dwgce tim tng véi tiéu chuan t6i wu dong nang, dong nang cire tieu.

Néu chi y dén khong gian b cia ma tran Jacobi, thi nghiém cia (2) sé 1a

q':J?/{/(q):i:+(I—J?/{/J)zo7 (6)

véi zg € R™ 1a vecto tiy ¥. Vécto nay sé tao ra chuyén dong cho céc khau ma khong anh
hwdng dén chuyén dong clia ban kep. Thong thuwong vécto nay sé duwoc chon dé khai théc
thém céc wu diém cia tay may du dan dong nhiwr tranh vat can, tranh diém ky di, tranh va
vao cac gidi han khép. Thong thuwong nguoi ta hay tinh zg theo cong thire

9¢(q)

rA Oéa—q, (7)

véi ¢(q) 1a cdc ham muc tiéu phu thude vao yéu cau dat ra. Chang han, dé tranh cdc diém
ky di, tai d6 det[J(q)J T (q)] = 0, ta chon ¢(g) 14 ham do kha ning thao téc ctia robot:

o(q) = \/det[J(q)J"(q)]. (8)

Do d6, viéc cirre dai ham nay sé gitip robot tranh dwoc céc diém ky di trong qud trinh hoat
dong. Pé tranh va vao cdc gidi han khép, nguoi ta dira vao ham do khoang cach t&i giéi han
khép:

1 ¢ % —di \2
o(a) = 5 ;cxw — ) 9)
v&i ging(Gim) 14 ky hiéu cia gidi han 16n nhat (nhd nhédt) va g; 14 gid tri gitra cia khoang
lam viéc cta khép; ¢; 1a cdc trong s6. Do dé, cire tiéu khodng cdch nay, tinh dir dan dong
sé dugce khai thac d€ gitr cho céc bién khép gan gid tri gitta cla khodng lam viéc cia robot,
tranh dwoc st va vao céc giéi han khép. PE tranh va vao vat can, ta st dung ham khodng
cdch tGi vat can

¢(g) = min|p(g) — o, (10)
v&i o 1a vecto vi trf ctia mot diém thich hop trén chwéng ngai vat (vi du tam trong truong
hop mo hinh vat can 1a hinh cau) va p(q) 1a vécto vi tri suy rong cau tric cua robot. Do do,
cire dai khoang cdch nay sé gitip robot tranh dwge vat can trong qué trinh hoat dong. Trén
thire té robot khong gian, viéc mo td cdc vat cdn cting nhuw xdc dinh gid tri ham nay 1a kha
phite tap. Trong bai bao nay, viéc tranh va vao céc gidi han khép duwge quan tam khai théc.
Thay (9) vao (7), va viét gon lai ta nhan dugce
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_9¢(q)
Oq
v6i Ky = i/ (gim — qim)?, 1= 1,2, ...,n.

= -K(q—19), (11).

3.2. T8i wu chudn cia gia t8c suy rong

Khi gidi bai todn nguge dong hoc & cap do gia toc, phwong trinh (3) hodc (3') duge sir
dung cho bai todn nay. Viét lai (37) ta ¢

J(@)i =i — J(g)4- (12)

Twong tw nhw ddi v6i (27), phwong trinh trén ¢6 vo s6 nghiém. O day ta sé dwa them vao
diéu kien nghiém cta (12) ¢6 chuan nhd nhat. Tire gidi (127) véi dieu kién

f= %QTWQ' — min. (13)
Két qua cho ta biéu thic
i=J(@)E— J(g)d) (14)

Néu chi y dén khong gian bt cia ma tran Jacobi, thi nghiém cia (12) sé 1a

i =Ji (@& — J(@)d] + [I — J3 (a)T (9)]z0- (15)

Trong phan nay, viéc chon vécto zg dwoc dé xuit nhwr sau

20=-Ki1q—Ks(q—7q), K1, K2 >0, (16)

v6i hy vong tranh dwge va cham véi gidgi han khép. Thue vay, khi thay (16) vao (15) ta nhan
duge phuwong trinh vi phan déi vai bién khép g(t) nhu sau

i=J" ()& —J(@g — T - J"I)K1g— (I —J"J)K2(q — q0)

hay
i+ [I—J DKy +J g+ T —JHT)Ks(q —q0) = I T (q)# (17)

véi hy vong rang nghiém q(t) sé tuan hoan khi # tuan hoan, va nhw vay sé trdnh dwoc su
tang hodc giam lién tuc cia bién khép va do dé sé trdnh duwge va cham vao gigi han khép.

4. HIEU CHINH BANG PHUONG PHAP CHIEU

Do ¢6 sai s6 cua phwong phap va sai s6 lam tron trong qué trinh tim g(¢) tir cdc phwong
trinh (6) hoiic (17) bang cdc phirong phap s6, nghiém ¢(t), ¢(t) tim dwroc ¢6 thé khong con
théa man cdc phwong trinh lién két (1) va (2’). Trong phan nay trinh bay phwong phdp
chiéu dé hiéu chinh céc gia tri ¢(t), ¢(t) tim dwgc sao cho chiing thoa man céc phirong trinh
lién két (17) va (2)).
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4.1. Hiéu chinh toa dé suy réng

K&t qua tich phan tir ¢ cho ta toa do suy rong g*, gid tri nay c¢6 thé khong con thoa man
phuwong trinh (17) do cdc sai s6 tich phan, sai s6 lam tron f(z, q) # 0. O day, ta sé hiéu chinh
dé dat dugce ¢ thoa man céc phwong trinh (1). Theo phirong phap chiéu, ta sé tim diém q
nam trén da tap xdc dinh béi (1) va cach diém ¢* véi khodng cach ngan nhat. Khi d6 bai
toan trd thanh tim g thoa man (1) sao cho ham V sau day dat cuec tiéu

1
V= (q ¢)'P(q—q*) — min, P > 0. (18)

Str dung phwong phép ham phat (hay phwong phdp nhan tir Lagrange tang cudng), ta
xét ham can toi wru sau

L=V + 31 (@.0Af(z.9) (19)

véi A 1a ma tran duomg chéo, xéc dinh dwong (néu chon cdc phan tir bang nhau thi ta ¢6
thé thay bang mot hiang s6), dé 1a cdc nhan t6 phat (penalty factor). Pao ham theo bién q
ta nhan dwoc

oL .
hig.t) = 5 =Pla—a")+ Ji(9)Af(z,q) = 0. (20)
DPay 1a hé m phwong trinh dai s6 phi tuyén doi véi @ va c6 thé gidi bang phurong phép

lip Newton-Raphson. Khai trién Taylor ham h(q, t) & lan can qg ta nhan dwoc

h(go + Aq, t) = h(qo) + H(go)Aq + ... (21)
8 * T 8‘[’ T T
H(qo) = 8—q[P(q —q")+J, (@QAf (2. q)l4 =P+ - %4 (g Af (2, 9)]g = P+ [J; Adglgy- (22)

Luu y khi tinh ma tran H(qq), ta da bo di mot s6 hang khi tinh %—g[JqTAf(a:,q)]qo. Ve
mat todn hoc hoan toan cé thé tinh dwoc véi cong cu Maple, tuy nhién s6 hang nay tiwong
doi phite tap nén & day ta bo qua né.

Phurong phéap lap duwoc st dung dé tim nghiém ¢ nhw sau:

1) k = 0 cho biét s budc lap N, ¢*) = ¢*.

2) Tinh h(g™®)).

3) Kiém tra diéu kién dimmg, néu [|h(¢®))|| < € hoac k > N thi dimg, tréi lai tiép tuc 4)

4) Tinh ma tran H(q™)), gidi hé h(q™)) + H(¢"®)Aq = 0 tim Agq.

5) Tinh gig tri mai gtF+D) = ¢k + Aq.

6) Tang k, k =k + 1, quay lai 2).

4.2. Hiéu chinh vén t8c suy rong

Sau khi hiéu chinh toa d9 suy rong, ta tién hanh hiéu chinh van téc suy rong. Viéc hiéu
chinh van toc suy rong dwoc stir dung khi ta giai bai toan dong hoc nguoce & mitre gia toc, tire



GIAI BAI TOAN PONG HOC NGUQC ROBOT DU DAN PONG 37

14 st dung phwong trinh (3) hodc (37). Giad sir két qua tich phan tir ¢ cho ta van toc suy rong
¢*, gid tri nay c6 thé khong con thoa man phurong trinh (2) hoiic (2°) do céc sai s6 tich phan,
sai s0 lam tron, tirc

Joi 4+ J,q* #0, (23)

& day ta sé hiéu chinh dé dat dwoc ¢ thoa man céc phiwong trinh (2).

Theo phwong phép chiéu, ta sé tim diém ¢ nam trén da tap xdc dinh bdi (2) va cach diém
q* v&i khodng cach ngan nhat. Nhir thé, bai todn trd thanh tim ¢ thdéa man (2) sao cho ham
V dat cue tieu

V= %(q —§)7Q(d — ¢") — min, Q > 0. (24)

Giai bai toan nay bang phiwong phap nhan tir Lagrange cho ta két qua nhu sau

q=Q "I (J,Q I (et — Jy*) + 4" = T5Jui + (I — T5)J g (25)

Nhu vay, trong qud trinh hiéu chinh (chiéu) ta da tim duwgce trang thai cia hé thdéa man

cac diéu kién lién két cia hé.

Hinh 2. Tay méy phang 5 bac tir do

Trong phin ndy, cic két qua mo6 phong s6 bang phan meém da nang Matlab dwoc dwa ra.
Dai trong khao st 1d mot tay may phang 5 bac tir do véi cdc khép quay chuyén dong trong
mat phang ding. Céc khau cé khéi lrong m;, chiéu dai [;, vi trf khéi tAm xdc dinh béi a;,
va momen quan tinh khéi déi véi truc qua khoi tdm cia khau 1a J ;. Mo hinh va cdc thong

sO cia tay may dwge dwa ra nhir trén Hinh 2 va Bang 1.

Bdng 1. Céc thong so cua tay mdy

Khau i 1 2 3 1 5
[ [m] 055 | 050 |045 |040 | 0,20
a [m] 020 [020 [020 |02 |O0,10
m [ke] 2,00 | 1,75 | 1,50 | 1,00 | 0,50
Joi [kg m?] | 0,0504 | 0,0364 | 0,0253 | 0,0133 | 0,0016

Trong cédc mo phong, ta cho ban kep chuyén dong theo qui dao tron véi tam 1a (z¢o, yo) =
(0.8,0.5)m va ban kinh R = 0,4m. Van t6c doc qui dao 1a 1,0m/s, huéng cia ban kep dwogc
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gitt khong doi ¢ = 1, 5708rad. Két qua cla bai todn dong hoc thuan cho ta phwong trinh sau
z = f(q), véi

5 k 5 k 5
F@) =D Lisin(d_a), > Lreos(d_a), Y _ail”,
k=1 k=1 k=1 k=1 k=1
& day x = [z, y, #]T 14 vécto chira vi trf (x,y) va hudng cliia ban kep ¢, ¢ = [¢1 ¢2 43 q4 ¢5]7

1a vécto chira céc bién khép.

D& thay duwoc hieu qua ciia phwong phép chiéu toa do, ta thire hién mo phong s6 cho cic
treong hop khong chiéu va ¢6 chiéu toa do & cdc mitc van téc va gia toc. Két qua khi khong
str dung phép chiéu toa do dwroce thé hién trén cdc Hinh 3, 4. Hinh 3 chi ra d6 thi theo thoi
gian cua céc toa do khép ¢;(t) va Hinh 4 14 sai s6 bam qui dao.

x10
;
o 0 —~— N~
o 5 10 15 20
3
x10
;
¢ 0 T — N~
o 5 10 15 20
3
x 10
;
0 j T T o 0 — T — N~
& AN o NA ¥ N NS A
2 5 10 15 20 0 5 :[:] 15 20
ts]
Hinh 3. Do thi céc bién khép Hinh 4. Do thi sai s6 bam quy dao
theo thoi gian ¢(¢), [rad] e(t), [m, m, rad]

Tir d6 thi trén ta thdy rang sai s6 bam quy dao van con kha lén, c& 10~2m, va c6 xu
hudng tang dan veé tri so.
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Hinh 5. Do thi cdc bién khép  Hinh 6. Do thi sai s6 bAm
theo thoi gian ¢(¢), [rad] qui dao e(t), [m, m, rad]
Trong trirdmg hop c¢6 st dung phwong phdp chiéu toa do, cdc két qua nhan dwgce khi giai
bai todn theo phwong trinh (6). Trong d6 ta chon ma tran trong s6 W la ma tran don vi va
ma tran K trong (11) 1a
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K = diag(10,10, 10, 10, 10).

5 10 15 ‘o 5 10 15

Y
L
FEN)
= O o
.E
9
o [
v = U

5 10 15 "o 5 10 15

Uz
L
==
v O uv
.§
43
-
=N

-

5 10 15 0 5 10 15

) T !
o ’4}/\/\_\/\—\/\—\/\’\/\_\4 TV AVAVAVAVA
s < 10 15 Zo 5 10 15
0 e VYV
=4 O.S}J\/\/\/\/\/\«‘ s ; ! ‘
1 < 10 15 0 5 - 10 15
t[s]
Hinh 7. D6 thi méomen dan dong Hinh 8. Do thi céc bién khép
u(t), [Nm] theo thoi gian ¢(¢), [rad]

Két qua dwa ra bao gom do thi theo thoi gian cia cdc toa do khép ¢;(t), sai s6 bam qui
dao, do thi cdc méomen dan dong u;(t) twong ttng véi cadc Hinh 5, 6, va 7.

Céc Hinh 8, 9, va 10 14 két qua khi gidi bai todn dwa trén phwong trinh lién hé gia toc
(15), v6i cée tham s6 str dung trong biéu thire

K, = diag(10, 10, 10, 10, 10),

Ko = diag(20, 20, 20, 20, 20).
Tir cac két qua trén ta thay rang, sai s6 bam qui dao la rdt nho, c& 1071% (Hinh 6 va 9).
Do thi cac bién khép thay doi cé tinh chat lip lai twong ng véi su lap lai chuyén dong cia

ban kep.

&
o N
4
1
{
3
Y
S o

0 5 10 15 0 5 10 15
x10" -5 ‘ ‘
» 5 -10 VAVASVASVARVASVA VI
o~ . F oy AL
S0 " M 15 i ;
5 w 0 5 10 15
0 5 10 15 -2 T T
s s ANV TNV TN TNV TN TV
x 10 > -4 1
_6 L i
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Hinh 9. Do thi sai s6 bam qui dao  Hinh 10. Do thi méomen dan dong
6(75)7 [m7 m, rad] U’(t)v [Nm]
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6. KET LUAN

Bai bdo tap trung gidi quyét bai todn dong hoc ngwoc robot dw dan dong dwa trén céc

phuwong trinh lién hé vé van toc va gia toc. Phwong phép chiéu hiéu chinh dwgce dwa vao da

lam tang do chinh xdc nghiém cua bai toan. Ngoai ra, khong gian bt cia ma tran Jacobi

ciing dwoc khai thiac dé dam bao cho cdc bién khép nam trong mién gi¢i han cia né va do

dé da tranh dwrge cde va cham vao cdc gigi han khép. Tinh ding dan va tin cdy cia phwong

phap da dwoc khang dinh thong qua cidc mo phong s6 doi véi tay mdy phang 5 bac tu do.

So sanh két qud mo phdng ciia phirong phép chiéu véi phwong phap phan hoi dong hoc thay

6 phirong phap chiéu ¢é do chinh xéc lén hon. Phuwrong hiréng phat trién tiép theo clia bai

z \ ). . z A 7 . s’ oA A~ . ’ . A
todn 14 giadi quyét bai todn dong hoc ngugc véi cde tiéu chuan toi wu khéc nhu t6i wvu moémen

dan dong va toi wu cong suat cia cic dong co dan.
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