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Abstract. Neutrino masses and mixing in an extended standard model acquiring an A4 flavor
symmetry are considered. The corresponding three-neutrino mixing matrix obtained via a per-
turbative method allows us to determine the Dirac CP violation phase (8cp) as a function of the
mixing angles (612,63, 013). Then, numerical values and distributions of 8cp are given. The latter
values are quite close to the global fits of the experimental data for both the normal ordering and
inverse ordering of the neutrino masses.
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I. INTRODUCTION

Standard model (SM) [1-4] has been confirmed as an excellent model of elementary parti-
cles and their interactions, especially after the discovery of the Brout-Englert-Higgs boson (Higg
boson) by ATLAS and CMS [5, 6], which are the two biggest LHC collaborations (see [7] for a
review on the discovering of the Higgs boson). The SM, however, cannot explain a number of
phenomena including that of the neutrino masses and mixing [8, 9]. They, therefore, call for an
extension of the SM. One of the extensions of the SM which has attracted great interest for last
ten years is that with a flavor symmetry. A widely investigated flavor symmetry is based on the
discrete group A4 (see, for example, [10,11]). This symmetry can make a neutrino mixing scheme
tribi-maximal (TBM). The recent experimental data [12,13], however, shows that the mixing angle
6,3 and the Dirac CP-violation phase (CPV) 8¢p are non-zero. That means that the TBM scheme is
no longer valid. Consequently, many attempts to explain these new phenomena have been made.
Here, in this paper, as reported in [14], we use a perturbation method to diagonalize a general
neutrino mass matrix and obtain a Pontecorvo-Maki-Nakagawa-Sakata (PMNS) neutrino mixing
matrix from which a relation between dcp and the mixing angles 6;; can be derived. This relation
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allows us, using experimental data of the mixing angles, to calculate dcp numerically, for both the
normal ordering (NO) and inverse ordering (IO) of neutrino masses. This means that the present
paper is an extended work of [14] in which only d¢p for an NO was considered.

The plan of this paper is the following. In the next section we will make a quick introduction
to the representations of A4 group and an A4-symmetric neutrino mass model. Section 3 deals
with a perturbation approach to the problem of neutrino masses and mixing for this model, from
where a mass spectrum and a relation between 8cp and 6;; can be obtained. Then, numerical
values and distributions of d¢cp in both NO and IO are presented.

II. NEUTRINO MASS MODEL WITH AN A4 FLAVOR SYMMETRY

Quick introduction to representations of A4 group

Let us give a concise introduction to representations of A4 which are widely given in the
literature (see, for example, [15, 16]). This group is composed of 12 elements and generated by
two basic permutations S and T,

2 =T3=(sT)* =1. (1)
It has a three-dimensional unitary representation generated by
1 0 O 010
S=( 0 -1 O , T=1020 1|, 2)
0 0 -1 1 00

and three one-dimensional unitary representations 1, 1 and 1" generated by

1: =1 T=1, (3a)
1: S=1 T=%P =g, (3b)
1": S=1 T == (3c)

As in the case of an arbitrary group, applications of A4 often require to know the multiplication
rule of its (irreducible) representations

" " "

Ixl=1, I'x1l'=1, 1"x1'=1, 1'x1=1", 1"x1"=1, (4a)
3x3=1+1+1 +3;+3,. (4b)

Let us explain the rule (4b) in more details, while the first ones are trivial. For two triplets, say
34 ~ (ay1,a2,a3) and 3, ~ (by,by,b3), their direct product can be decomposed into irreducible
representations in the following way:

1 = a1by +axbs +azbs, (5a)
1" = aiby + 0*azbs + wasbs, (5b)
1" = a1b) + Wazby + wazbs, (5¢)
31 ~ (azb3,a3by,a1by), (5d)
3, ~ (asby,a1bs,azxby). (5e)

The information given here is used in constructing an A4-invariant action (Lagrangian) of the

considered model, including the Yukawa terms (6).
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The model generality

In principle, an A4 flavor symmetry can be applied to a neutrino mixing model with an
arbitrary number of Majorana neutrinos but here we will consider, as an example, a model with
three active Majorana neutrinos, for which the neutrino mass matrix is symmetric and parametrized
by 6 independent parameters. Similar models have been studied widely before (see, for example,
in [17-19]) but the main goal of this paper (and [14]) is to concentrate on considering the Dirac
CPV phase (see also [20]). Besides the SM leptons transforming now also under A4 as a triplet
(left-handed leptons I, [ = e, i, T) or singlets (right-handed leptons eg, g and 7g), the lepton
sector of this model includes an A4 triplet N which is an SU(2);, singlet (right-handed neutrino).
The scalar sector consists of the SM Higgs ¢, which is an A4 singlet, and five new SU (2),-singlet
scalars including two A4-triplets (denoted as @, ¢y) and three A4-singlets (denoted as &, 5/, é”).
The A4- and SU(2), transformation rules of the leptons and the scalars in the present model are
listed in the table given below. It is enough for us to construct an A4-invariant Lagrangian.

Table 1. A4 and SU(2),; symmetry of leptons and scalars.

I ler [ | [N gp [on [E[E[E | n

A4 3l [V (17333111
SUR (21 [T [T [1[1 [T [1]1]1

The Lagrangian of the model includes the new Yukawa term

— L = le(iL(bh)eR%E +Au (ZLd’h)N NR(PXE + A (iLd’h)/ TR(PXE + AnlL@uN
+cn (WN) (PN"'C},‘ (WN) é —|—C€/ (WN)” é/ +C§” (WN)/ gﬂ +H.c. (6)

From here, by denoting the VEVs of the scalars as

I "

<é> = Uq, <§ > = Up, <§ > = Uc, <¢E> = (u17u27u3)7 <¢N> = (vl,VZ,V3), <¢/1> =V (7N

the mass matrix of the charged leptons has the form

Kell] Kell2 Kell3
2
Mieps =v | Kuur OKyur  O°Kyuz |, 8)
KTMI (l)2 KTM2 COKTM3
where
Ae A A
i T
TN T AR TR ®

To keep maximally the SM Higgs VEV structure, we can assume (@r) = (u, u,u), thus, the charged
lepton mass matrix becomes

yv 0 0 me 0 O
0 0 yv 0 0 mg
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where
1 1 1
_ 1 2
U, = 7 1 a)2 0} , (11D
1 o 0]
}’e:MKev}’u:MKuayr:”Kra (12)

and m,, my, m. are the charged lepton masses.

In the neutrino subsector, we obtain the following Majorana mass matrix

Cq+CptcCq & ) a b c
My = & Cq+ Ocp + a)zcd €] = b e d R (13)
& & Cqat+ COZCb + Wcy c d f

where ¢, = Cglla, Cp = CglUlp, Cg = Cgnlle, €] = CNV1, € = CNV2, €3 = CNV3, and Dirac mass matrix

Avv 0 0 x 00
Mp = 0 Ayv O =10y 0 |. (14)
0 0 Anv 0 0 ¢z
The seesaw mechanism gives us the neutrino mass matrix,
My, = —MhMy'MP, (15)

which, with (13) and (14) taken into account, can be written as
B (d*—ef)x*  (—cd+bf)xy (—bd+ce)xz
M, = et (—cd+bf)xy (—af)y* (=bc+ad)yz |, (16)
et(M) (=bd+ce)xz  (—bc+ad)yz (b*—ae)z?

with det(M) = 2bcd — c*e — b* f —a (d* — ef) being the determinant of My.

Diagonalizing a neutrino mass matrix, such as the one in (16), is often a difficult task. To
solve this problem different methods and tricks have been proposed. Here we will use a perturba-
tion approach to solving this problem.

III. NEUTRINO MIXING AND THE CP VIOLATION PHASE

Let us work in the basis where the lepton mass matrix is diagonal. In this basis M, becomes

A B C
M,=U/MU=| B E D |. (17)
C D F

The current experimental data have shown that the PMNS neutrino mixing matrix Upysys is a small
deviation from the TBM form and we have (see [14] and also [21])

M, =My+ AV, (18)
with
A B —B 0 0 e
My=| B E —(A—E+B) |, Av=| 0 0 e |, (19)

—-B —(A—E+B) E e] e3 e
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where A is a perturbation, i.e., small, parameter and M is a non-perturbative (TBM level) mass
matrix which can be diagonalized by the TBM neutrino mixing matrix

Ioys 0
Ursu=| /8 5 5 | xP~(10.129,13%) x P (20)
T /1 /1
6 3 2
as
diag(m?,m9,m3) = Uj g1, MoUr - 1)

Here P is a matrix of Majorana phases which are not given explicitly because they play no role
in the CP violation process. Using the perturbation expansion of the basis |n) around the non-
perturbative one, [n°),

\m:m%+AZM%a¥LB+OM%;nisz& (22)

k#n ny, —nmy
where
= (k|V|n), (23)
we can diagonalize the matrix M, by the PMNS matrix
iz

B i
Unnvs = | — e+ /ix+/ly e fixe iz i+ Jir—\[iz | xP+au, @4
A e o Ol

where AU is a higher order perturbative correction to Upyys and

2 (2e3—e; — 372 1 —
X:f<aﬁfgjzf<?ﬁ)2205%) 25)
6 my —my 6 \mj—mj3 V6 \my—m

3

Here we discuss only the CP-violation Dirac phase 8cp, while the mass spectrum derived by the
above-described diagonalization of the neutrino mass matrix My is a subject of a future work be-
cause more analysis on the VEV’s of the scalars and the Yukawa coupling coefficients as well as
different phenomena and experimental results is needed. Since the CP violation is expected to be
small the symmetric matrix M is near to a Hermitian matrix, therefore, the matrix (24) is near to
an unitary one.

Denoting the matrix elements of (24) by U;;, i, j = 1,2,3, we get the relation
Uzi + V2Ux — U3y — V2Usy = 2Uy; — V2U1a + AU, (26)

where AU;; is a higher order perturbative correction. Fitting the matrix (24) with the elements of
the matrix Upyys in the canonical form

C12€13 . 512€13 _ size
Upmns = | —c23s12 — 513523¢12€"° o300 —si3sms12€®  syzen3 | X P (27)

) )
$23812 — 513€23C12€" _523C12_sl3623SIZel €23€13,
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where s5;; = sin 6;;, ¢;; = cos 6;;; i, j = 1,2,3, we obtain from (26) the following relation between
Ocp = 6 and the mixing angles 6;;:

cosOtan B3 = (28)

€23 C13

(\ﬁ— tan 912) Q B 1 +tan 03
(1+\@tan912)(1—tan623) '

Solving (28) for § € [0,27] we can get two solutions: if a value J is a solution of (28), the value
27 — &g is the other solution. Therefore, we can choose to discuss one of these solutions, for
example, the bigger one.

In general, both theoretically and experimentally, it is not very easy to find dcp but the
relation (28) allows us to determine Jcp numerically via the experimental data on the mixing
angles 6;;. The distributions of §¢cp are plotted in Fig. 1 and Fig. 2 for a normal- and an inverse-
ordering. Here, a value of Ocp is calculated event by event using equation (28) with the value
of sin6;; taken randomly (within 30 range) based on a Gaussian distribution having the mean
and the standard deviation (o) to be the best fit value and the sigmas, respectively, of sin6;;
determined experimentally and given in [12, 13]. These figures show that dcp distributes in the
region 3.1 < d¢cp < 5.8 (for an NO) and 3.1 < d¢cp < 6.3 (for an 10). This distributions have a
mean value at ocp = 4.28 (for an NO) and at 6cp = 4.56 (for an I0) which is close, between
10, to the global fit values (GFV’s) to the experimental data and have a maximum density around
Ocp = 4.45 (for an NO) and 6¢cp = 4.55 (for an 10) between 16 region from the GFV [12,13]. For
more information, dcp versus sin’ 0,3 are depicted in Fig. 3 for an NO and in Fig. 4 for an 1O.

| Distribution of 3, (for an NO) | Mean  1.999|[Mean 4.284
RMS _ 0.2568 || RMS _ 0.2549

2000
1800

Entries

1600
1400
1200
1000
800
600
400

200

o
o
-

N

Fig. 1. Distribution of d¢p for a normal ordering.
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Fig. 2. Distribution of d¢p for an inverse ordering.
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Fig. 3. 8¢cp versus sin® 013 for a normal ordering.
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Fig. 4. Ocp versus sin? 0,3 for an inverse ordering.

IV. CONCLUSION

A model of neutrino mass and mixing with an A4 flavor symmetry is considered. The mass
matrix is diagonalized and the mixing matrix is found by using a perturbation method. Then, a
relation between the CP-violation Dirac phase dcp and the mixing angles 6; ;j can be established. It
allows us to determine S¢cp via the experimental data on 6;;. The result is quite good (near the 1o
region of the global fit) for both the normal- and inverse- ordering of the neutrino masses [12, 13],
therefore, the neutrino mass and mixing matrices are more explicitly fixed.

In this paper a first order perturbation is used but a higher order perturbation is also being
considered.
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