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Abstract. The object of the present paper is to introduce spacetimes with pseudosymmetric energymomentum tensor. In this paper at first we consider the relation R(X,Y ) · T = f Q(g, T ), that is,
the energy-momentum tensor T of type (0,2) is pseudosymmetric. It is shown that in a general
relativistic spacetime if the energy-momentum tensor is pseudosymmetric, then the spacetime is
also Ricci pseudosymmetric and the converse is also true. Next we characterize the perfect fluid
spacetime with pseudosymmetric energy-momentum tensor. Finally, we consider conformally flat
spacetime with pseudosymmetric energy-momentum tensor.
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I. INTRODUCTION
General relativity flows from the Einstein’s equation which implies that the energymomentum tensor is of vanishing divergence. This requirement of the energy-momentum tensor is satisfied if this tensor is covariant constant, that is, ∇T = 0, where ∇ denotes the operator
of covariant differentiation with respect to the metric tensor g. In the general theory of relativity, energy-momentum tensor plays an important role and the condition on energy-momentum
c 2016 Vietnam Academy of Science and Technology
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tensor for a perfect fluid spacetime changes the nature of spacetime [1]. In a recent paper [2]
Chaki and Roy studied general relavistic spacetime with covariant constant energy-momentum
tensor. Several authors studied spacetimes in several ways such as m-Projectively flat spacetimes
by Zengin [3], generalized quasi-Einstein spacetimes by Güler and Demirbaǧ [4], generalized
Robertson-Walker spacetimes by Arslan et al. [5] and many others. The spacetime of general relativity and cosmology is regarded as a connected 4-dimensional semi-Riemannian manifold (M 4 , g)
with Lorentzian metric g with signature (−, +, +, +). The geometry of Lorentz manifold begins
with the study of causal character of vectors of the manifold. It is due to this causality that Lorentz
manifold becomes a convenient choice for the study of general relativity. Indeed by basing its
study on Lorentzian manifold the general theory of relativity opens the way to the study of global
questions about it ( [6–10]) and many others.
Let (M n , g) (n ≥ 3) be a semi-Riemannian manifold with (not necessarily definite) metric g. We
denote by R and S the Riemann-Christoffel curvature tensor and the Ricci tensor of (M n , g) respectively. For a tensor P of type (0, k) on (M n , g), k ≥ 1, we define the tensor fields R · P and
Q(g, P) by the formulas
(R · P)(X1 , X2 . . . , Xk ; X,Y ) = (R(X,Y ) · P)(X1 , X2 , . . . , Xk )
= −P(R(X,Y )X1 , X2 , ..., Xk ) − . . .
−P(X1 , X2 , ..., Xk−1 , R(X,Y )Xk ),

(1)

and
Q(g, P)(X1 , X2 , . . . , Xk ; X,Y ) = ((X ∧g Y ) · P)(X1 , X2 , . . . , Xk )
= −P((X ∧g Y )X1 , X2 , ..., Xk ) − . . .
−P(X1 , X2 , . . . , Xk−1 , (X ∧g Y )Xk ),

(2)
(M n , g)

where R(X,Y ) and X ∧g Y are derivations of the algebra of the tensor fields on
respectively
and X1 , X2 , . . . , Xk , X,Y ∈ χ(M), χ(M) being the Lie algebra of vector fields on (M n , g) and Q(g, P)
is the Tachibana tensor. These derivations are extensions of the endomorphisms R(X,Y ) and X ∧g Y
of χ(M) defined by
R(X,Y )Z = ∇X ∇Y Z − ∇Y ∇X Z − ∇[X,Y ] Z,
(3)
and
(X ∧Y )Z = g(Y, Z)X − g(Z, X)Y,
(4)
respectively. The tensor field Q(g, P) for P = R, was introduced in [11].
A semi-Riemannian manifold is said to be pseudosymmetric [12] if at every point of the
manifold M the tensors R·R and Q(g, R) are linearly dependent, where R is the Riemann-Christoffel
curvature of type (1,3) and Q(g, R) is defined by
Q(g, R)(U,V,W ; X,Y ) = (X ∧g Y )R(U,V )W − R((X ∧g Y )U,V )W
−R(U, X ∧g Y )V )W − R(U,V )(X ∧g Y )W.

(5)

This is equivalent to
R · R = LR Q(g, R),
(6)
which holds on the set UR = {x ∈ M : Q(g, R) 6= 0 at x}, where LR is some function on UR . If
R · R = 0, then the manifold M is called semisymmetric. Every semisymmetric manifold is pseudosymmetric but the converse statement is not true. If ∇R = 0, then the manifold M is called
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locally symmetric. It is trivial that if the manifold M is locally symmetric then it is semisymmetric [13]. But a semisymmetric space is not necessarily locally symmetric. A fundamental study
on such manifolds was made by Szabó [14, 15] and Kowalski [16]. In this connection we can
mention the book of Boeckx, Kowalski and Vanhecke [17] and the references there in. Recently,
pseudosymmetric spacetimes have been studied by several authors such as Defever et al. [18],
Haesen et al. [19] and Deszcz et al. [20].
A semi-Riemannian manifold is said to be Ricci pseudosymmetric [12] if at every point of the
manifold M the tensors R · S and Q(g, S) are linearly dependent, where S denotes the Ricci tensor
of type (0,2). This is equivalent to
R · S = LS Q(g, S),
(7)
which holds on the set US = {x ∈ M : S 6= nr g at x}, where LS is some function on US . Every
pseudosymmetric manifold is Ricci pseudosymmetric, but the converse statement is not true. If R ·
S = 0, then the manifold M is called Ricci semisymmetric [21]. Every semisymmetric manifold is
Ricci semisymmetric, but the converse statement is not true. Every Ricci semisymmetric manifold
is Ricci pseudosymmetric, but the converse statement is not true.
A semi-Riemannian manifold is said to be a manifold of quasi-constant curvature [22] if
the curvature tensor R of type (1,3) satisfies the following condition:
R(X,Y )Z = λ [g(Y, Z)X − g(X, Z)Y ] + µ[A(Y )A(Z)X − A(X)A(Z)Y
+g(Y, Z)A(X)ρ − g(X, Z)A(Y )ρ],

(8)

where λ , µ are non-zero scalars and A is a non-zero 1-form defined by
g(X, ρ) = A(X),

(9)

for all X and ρ is a unit timelike vector field.
In 2015, De and Velimirović [23] generalized the result of Chaki and Roy [2] by considering
the spacetime with semisymmetric energy-momentum tensor. Motivated by the above result, in the
present paper we study spacetimes with pseudosymmetric energy-momentum tensor. Cosmology
is the study of the whole universe as a physical system: what is its matter-energy content? How
is this content organized? What is its history? How will it evolve in the future? But the study of
cosmology depends crucially on our understanding of the gravitational interaction. Consequently,
the proper framework for cosmology is General Relativity. The solution of Einstein’s field equation describes the whole universe because it describes the whole spacetime. Also Einstein’s field
equation consists of energy-momentum tensor, Ricci tensor and metric tensor. Thus in this paper
we have introduced pseudosymmetric energy-momentum tensor and study the spacetimes related
with such a type of energy-momentum tensor. The pseudosymmetric energy-momentum tensor
characterizes perfect fluid spacetime given by Theorem II.2 and conformally flat perfect fluid
spacetime given by Theorem III.1. The results of Theorem II.2 and Theorem III.1 are important
and interesting for physical aspects. In the litarature this concept is not available. This is the first
time we introduce pseudosymmetric energy-momentum tensor in general relativistic spacetimes.
It is well known that warped product spacetimes form a very important subclass of the class
of all spacetimes. It is known that [24] if M1 = I is an open interval in R, considered with its standard metric, let F be a positive smooth function on I and M2 be a Riemannian manifold, then the
manifold M1 ×F M2 is pseudosymmetric, provided M2 is a space of constant curvature. This result
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implies that every Robertson-Walker spacetime is pseudosymmetric. The Schwarzschild spacetime and some of its generalizations (Reissner-Nordström and Kottler spacetimes) are pseudosymmetric and not semisymmetric. The Schwarzschild spacetimes represent the spherically symmetric, empty spacetimes outside nonrotating, spherically symmetric bodies. Since Sun and planets
are assumed to be slowly rotating and approximately spherically symmetric, the Schwarzschild
spacetimes may be used to model the gravitational fields outsite of these bodies. These spacetimes
may also be used to model the gravitational fields outside of dead (i.e., nonrotating) black holes.
In this paper at first we consider the relation R(X,Y ) · T = f Q(g, T ), that is, the energymomentum tensor T of type (0,2) is pseudosymmetric, where the energy-momentum tensor T
represents the distribution of matter. It is shown that in a general relativistic spacetime if the
energy-momentum tensor is pseudosymmetric, then the spacetime is also Ricci pseudosymmetric
and the converse is also true. Next in Section II, we characterize the perfect fluid spacetime with
pseudosymmetric energy-momentum tensor. Finally, we consider conformally flat spacetime with
pseudosymmetric energy-momentum tensor.
II. GENERAL RELATIVISTIC SPACETIMES WITH PSEUDOSYMMETRIC
ENERGY-MOMENTUM TENSOR
Let (M 4, g) be a general relativistic spacetime and T denote the (0,2) type energy-momentum
tensor. In this section we suppose that
R(X,Y ) · T = f Q(g, T ),

(10)

where R(X,Y ) acts as a derivation on the tensor T and Q(g, T ) is the Tachibana tensor.
We define the tensors R · T and Q(g, T ) as follows:
(R · T )(X,Y ;U,V ) = −T (R(X,Y )U,V ) − T (U, R(X,Y )V ),
and
Q(g, T )(X,Y ;U,V ) = −T ((X ∧g Y )U,V ) − T (U, (X ∧g Y )V ),
where (X ∧g Y )Z = g(Y, Z)X − g(X, Z)Y .
Here,
−T ((X ∧g Y )U,V ) − T (U, (X ∧g Y )V ) = −g(Y,U)T (X,V )
+g(X,U)T (Y,V ) − g(Y,V )T (U, X)
+g(X,V )T (U,Y ).

(11)

Then Einstein’s equation can be written as
r
S(X,Y ) − g(X,Y ) = kT (X,Y ),
2
where k is the gravitational constant.
Now
(R(X,Y ) · T )(U,V ) = f Q(g, T )

(12)
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implies that

−T (R(X,Y )U,V ) − T (U, R(X,Y )V ) = f − g(Y,U)T (X,V )
+ g(X,U)T (Y,V ) − g(Y,V )T (U, X)

+ g(X,V )T (U,Y ) .

(13)

Using (12) in (13) yields

−S(R(X,Y )U,V ) − S(U, R(X,Y )V ) = f − g(Y,U)S(X,V )
+ g(X,U)S(Y,V ) − g(Y,V )S(U, X)

+ g(X,V )S(U,Y ) .

(14)

That is,
−S(R(X,Y )U,V ) − S(U, R(X,Y )V ) = f [−S((X ∧g Y )U,V ) − S(U, (X ∧g Y )V )],
which means that
R(X,Y ) · S = f Q(g, S).
Thus we can state the following:
Theorem II.1. A general relativistic spacetime with pseudosymmetric energy-momentum tensor
is Ricci pseudosymmetric and vice-versa.
If f = 0, then we get R·T = 0, which implies that the energy-momentum tensor is semisymmetric. Therefore we have the following:
Corollary 1. A general relativistic spacetime with semisymmetric energy-momentum tensor is
Ricci semisymmetric.
The above corollary has been proved by De and Velimirović [23].
Next we consider perfect fluid spacetime whose energy-momentum tensor is pseudosymmetric.
The energy-momentum tensor is said to describe a perfect fluid [25] if
T (X,Y ) = (σ + p)A(X)A(Y ) + pg(X,Y ),

(15)

where σ is the energy density and p is the isotropic pressure of the fluid, A is a non-zero 1-form
such that
g(X, ρ) = A(X),
for all X, ρ being the velocity vector field of the fluid which is a time-like vector, that is, g(ρ, ρ) =
A(ρ) = −1.
Then from (12) and (15) we get
S(X,Y ) = αg(X,Y ) + β A(X)A(Y ),

(16)

where α = 2r + kp and β = k(σ + p).
Taking a frame field after contraction over X, Y , we get from (16) that
r = k(σ − 3p),
where r = ∑ εi S(ei , ei ), εi = g(ei , ei ) = ±1.

(17)
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Suppose R(X,Y ) · T = f Q(g, T ). Then from Theorem II.2 we obtain R(X,Y ) · S = f Q(g, S).
Hence from (16) it follows that
β A(R(X,Y )U)A(V ) + β A(U)A(R(X,Y )V ) = β g(Y,U)A(X)A(V )
−β g(X,U)A(Y )A(V ) + β g(Y,V )A(U)A(X)
−β g(X,V )A(U)A(Y ).

(18)

Putting V = ρ and using g(ρ, ρ) = A(ρ) = −1 in (18) yields
β A(R(X,Y )U) − β A(U)A(R(X,Y )ρ) = β g(Y,U)A(X) − β g(X,U)A(Y ).

(19)

Since A(R(X,Y )ρ) = g(R(X,Y )ρ, ρ) = 0, from the equation (19) it follows that
β [A(R(X,Y )U) − g(Y,U)A(X) + g(X,U)A(Y )] = 0,
which implies that either
(i) β = 0, or (ii) A(R(X,Y )U) − g(Y,U)A(X) + g(X,U)A(Y ) = 0.
Now (i) β = 0 implies σ + p = 0, since k 6= 0.
Also, A(R(X,Y )U) − g(Y,U)A(X) + g(X,U)A(Y ) = 0 implies S(X, ρ) = 3A(X).
Substituting Y = ρ in (16) and using S(X, ρ) = 3A(X) yield α − β − 3 = 0, since the 1-form A is
non-zero.
Now α − β − 3 = 0 gives κ(σ + 3p) = −6. Since κ > 0, we must have σ + 3p < 0.
Now σ + p = 0 means the fluid behaves as a cosmological constant [26]. This is also termed
as Phantom Barrier [27]. Now in a cosmology we know such a choice σ = −p leads to rapid
expansion of the spacetime which is now termed as inflation [28]. Also the inequality σ + 3p < 0
shows the violation of cosmic strong energy condition(SEC). It means that the perfect fluid causing
acceleration should violate SEC. As this energy(causing acceleration) is invisible, it is termed as
dark energy [28].
Thus from the above discussion we can state the following theorem:
Theorem II.2. If the energy-momentum tensor of a perfect fluid spacetime is pseudosymmetric,
then the spacetime is characterized by the following cases:
(i) The spacetime represents inflation and the fluid behaves as a cosmological constant.
(ii) The perfect fluid causing acceleration should violate strong energy condition.
This is also termed as dark energy.
III. CONFORMALLY FLAT PERFECT FLUID SPACETIMES WITH
PSEUDOSYMMETRIC ENERGY-MOMENTUM TENSOR
In (M 4 , g) the conformal curvature tensor C is defined by
1
C(X,Y )Z = R(X,Y )Z − [S(Y, Z)X − S(X, Z)Y
2
+g(Y, Z)QX − g(X, Z)QY ]
r
+ [g(Y, Z)X − g(X, Z)Y ],
6

(20)
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where Q is the Ricci operator defined by g(QX,Y ) = S(X,Y ), r is the scalar curvature.
Let us suppose that the spacetime is conformally flat. Then from (20) we get
1
R(X,Y )Z = [S(Y, Z)X − S(X, Z)Y + g(Y, Z)QX − g(X, Z)QY ]
2
r
− [g(Y, Z)X − g(X, Z)Y ],
6
From (16) we get
QX = αX + β A(X)ρ.
Now using (16) and (22) in (21) yields
R(X,Y )Z = a[g(Y, Z)X − g(X, Z)Y ] + b[A(Y )A(Z)X − A(X)A(Z)Y
+g(Y, Z)A(X)ρ − g(X, Z)A(Y )ρ],
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(21)
(22)

(23)

where a = α − 6r and b = β2 .
Equation (23) implies that the conformally flat perfect fluid spacetime is of quasi constant curvature [22].
By hypothesis R · T = f Q(g, T ). Hence from Theorem II.1 we get R · S = f Q(g, S).
Also Yildiz, De and Cetinkaya [29] proved that in a Ricci pseudo symmetric quasi-Einstein manifold, the sum of the associated scalars is zero.
Taking a frame field after contraction over Y , Z we get from (23) that
S(X,W ) = (3a − b)g(X,W ) + 2bA(X)A(W ).
Here 3a − b + 2b = 0 implies p = − 32 σ . This means that it represents the equation of state for
barotropic fluid [30].
Thus we can state the following:
Theorem III.1. A conformally flat perfect fluid spacetime with pseudosymmetric energy-momentum
tensor is a spacetime of quasi constant curvature and such a spacetime determines an equation of
state for barotropic fluid.
IV. CONCLUSIONS
The class of pseudosymmetric manifolds is a natural extension of the class of semisymmetric manifolds. Pseudosymmetric manifolds arose during the study of totally umbilical submanifolds in semisymmetric manifolds as well as from considerations of geodesic mappings onto
semisymmetric manifolds. In the present paper we introduce spacetimes with pseudosymmetric
energy-momentum tensor T , where T represents the distribution of matter. It is shown that in a
general relativistic spacetime if the energy-momentum tensor is pseudosymmetric, then the spacetime is also Ricci pseudosymmetric and the converse is also true. Next we characterize the perfect
fluid spacetime with pseudosymmetric energy-momentum tensor. Finally, we consider conformally flat spacetime with pseudosymmetric energy-momentum tensor. Study of spacetimes with
pseudosymmetric energy-momentum tensor is interesting and important for physical aspects.
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