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Abstract. We study the Néel state of the spin % Heisenberg antiferromagnet model on hypercubic
and triangular lattices, employing an auxiliary fermion representation for spin operators with
Popov-Fedotov trick. The unphysical states are eliminated on each site by introducing an imaginary
chemical potential. Working in local coordinate systems we obtain the free energy and the sublattice
magnetization for both lattices in an unified manner. We show that exact treatment of the single
occupancy constraint gives a significant effect at finite temperatures.

I. INTRODUCTION

The fundamental problem in the theoretical investigation of spin systems is that
spin operators satisfy neither Bose nor Fermi commutation relations, so one cannot use
Wick’s theorem to construct a standard many body techniques. In order to avoid this
difficulty various approaches to the study of spin systems have been suggested. One of the
approaches is based upon representing operators in term of Bose or Fermi spin operators
[1-2]. However, introduction of the auxiliary Bose or Fermi operators enlarges the Hilbert
space in which these operators are acting. As a result, the unphysical states appear and
should be excluded. In order to exclude these states one has to impose the constraint
on bilinear combinations of Fermi or Bose operators. For example, for spin S = % the
fermi operators introduce the spurious double occupied and empty states which must be
freezed out. Unfortunately in general it is very difficult to take the constraint exactly
into account and usually the local constraint is replaced with the global one, where the
number of states is fixed only on an average for the whole system instead of being fixed on
each site. It is not clear whether such un approximation is a good starting point for the
investigation of the spin systems. In 1988, Popov and Fedotov [4] proposed an alternative
approach for spin % and spin equal 1 Hamiltonian free from local constraint difficulty.
Based on the exact fermionic representation for spin operators, the Popov-Fedotov ap-
proach enables one to enforce the auxiliary-particle constraint on each site independently
by introducing purely imaginary chemical potential. The auxiliary-particle representation
used by Popov-Fedotov is neither fermionic nor bosonic and is called semionic representa-
tion. The Popov-Fedotov trick has been developed for arbitrary values of spin S [5] and
for the systems out of the equilibrium [6]. The semionic representation of spin operators



34 PHAM THI THANH NGA AND NGUYEN TOAN THANG

has been applied successfully to various problems: ferromagnetic [7] and antiferromagnetic
[8-10] Heisenberg model in hypercubic lattice; negative —U Hubbard model [11]; antifer-
romagnetic Kondo lattices [12]; spin glass model [13]; nanostructure [14]... In this work,
we consider the Néel state in the spin % Heisenberg antiferromagnet model on hypercu-
bic and triangular lattices in an unified manner using the Popov-Fedotov approach. Spin
% triangular lattice Heisenberg antiferromagnets (TLHAF) give rise to many interesting
phenomena originating from the low dimensionality and geometric frustration. Experi-
mentally, C'saCuBry [15], CsoCuCly [16] and K — (BEDT — TTF)2Cu2(CN)3 [17] have
been actively studied as spin % TLHAFs. Recently, Y. Shirata et al reported the results
of magnetization and specific heat measurement on BasC0SbaOg and demonstrated that
spin % TLHAF has been realized in BazC0SbyOg [18]. Many theories are applied to in-
vestigate the physics of spin % TLHAF: spin wave theory [19-21]; coupled cluster method
[22] and exact diagonalization [23]. However, experimental verification of the theoretical
results has not been conducted at quantitative level because the above substances are not
regular but distorted, so the exchange interaction is spatially anisotropic. The outline of
the paper is as follows. In Sec. Il we describe the model Hamiltonian and the Popov-
Fedotov method. In Sec. III we consider mean field approximation. Quantum fluctuations
around a classical ground state are treated in Sec. IV. The conclusions are presented in
Sec. V.

II. MODEL HAMILTONIAN AND FORMALISM

An isotropic Heisenberg antiferromagnetic on hypercubic and triangular lattices
considered in the following is given by the Hamiltonian:

:% > 8.8, (1)

The sum covers all nearest neighbor pairs (ij). The starting point for evaluating the fluc-
tuations is a classical ground state of (1). For a hypercubic lattice antiferromagnet consists
two sublattice called A and B, one spin-up and the other spin-down. For a triangular lat-
tice, the classical ground state is three sublattice Néel state with an angle of 120° between
the spins of different sublattice called A,B and C. In order to introduce only one type
of auxiliary particle we perform a transformation to change the Néel configuration into a
ferromagnetic state in each sublattice. We define the local spatially varying coordinates
Ox'y'z" with Oz’ pointing along the local classical Néel direction, the direction of y'-axis
is invariable. Accordingly, the Hamiltonian (1) in the new local coordinates is expressed
in a form:

H= g S {752 4 cos (6: — 65) (STSF + S757) + sim (6 — 0;) (5757 + 5757) ) (2

(i)

The Hamiltonian (2) can be written in the following form, which is convenient for the
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Popov-Fedotov method:
o=y > 5ses) (3)
ij;af8

where:

JZ?J — Jyz — Jyz — JZ?J —

JiE = J”-Jsm(@—&) (4)

J%-Z:JZZ J cos (0; — 0;)

i =—J
For a hypercubic lattice cos (6; — ;) = 1, sin(0; — 6;) = 0 while for a triangular lattice
cos (0; —0;) = 1/2, sin (6, —0;) = i@. Therefore we can express the coupling ma-
trix J%’B in an unified way for both hypercubic and triangular lattice: cos (6; —6;) =
a,sin (6, — 0;) = £v1 —a? with @ = 1 for the hypercubic lattice and o = 1/2 for the
triangular lattice. The non-canonical commutation relations of spin operator S poses a
great difficulty for an analytical approach to the Hamiltonian (3) because the Wick’s the-
orem and standard perturbation techniques cannot be applied. Following Popov-Fedotov

[4] we represent the spin 3 L operators as bilinear combination of auxiliary Fermi operators
as follows:

1
=3 Z a;-rga'gg,aw/ (5)

o = (0%,0Y,0%) are the Pauli matrices, and o, o =1, | is the spin index. Hereafter we let
h = 1. The Pauli principle allows the number of auxiliary fermion at each site i to be 0,
1, 2 so the Fock state of the auxiliary fermion a;, is spanned by four states two physical
states: |1) = al.LT 10);|4) = a;l |0) and two unphysical states: [0);|2) = azTa i, 10) where |0)
is the vacuum a;, |0) = 0. The unphysical states have to be eliminated with the aid of the

constraint:
N; = Z a;-rgaw =1 (6)

The constraint (6) has to be enforced on each site mdependently and is done by introducing
the projection operator P= Z. N where N = > a »@is to the partition function:
l o

Z="Tr [e_ﬁﬁp} (7)

H is the Hamiltonian (3), written in terms of the fermions operators (5). The contributions
of the unphysical states to the partition function automatically cancel out one with other
because the trace over the unphysical states of each site vanishes:

Trunphys |75 V] = (<) + (=i)? =0 ®)

Therefore, the partition function describing the Hamilton (1) with strictly one spin per
lattice site reads:

Z = ZWTT[ BlH- “Nq (9)
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where N denotes the number of sites. The constraint (6) is enforced by means of the purely
imaginary Lagrange multipliers p = % playing the role of imaginary chemical potentials
of fermions. As a result, the fermionic Matsubara frequencies are modified as follows:

wF—wF—% 2g<n+i> (10)

III. MEAN FIELD APPROXIMATION

In order to get rid off the 4-fermion terms in the partition function (9)we perform
a Hubbard-Stratonovich transformation and introduce of the Bose auxiliary fields ¢;:

B
1fadr Z Jaﬁsa(T)sﬂ(T) { > (Jl)ZBSO?(T)@f(T)—&-QZS?QO?}
e O ijaf / ijaf e (1].)
where:
B
— J drSo[e(7)]
Zo = / Dyle 170 (12)
@(B)=¢(0)
and: .
Otﬁ [e%
Soleel =5 D (I3 eie) (13)
ijaf

In the equation (11) and (13) (J _1)3{3 denotes the inverse of the coupling matrix ij‘ﬂ .
Starting from (9), this leads to:

B
= [ Sle()n(r)ldr

Z= 5o [DADa)e 8 (14)
where
Slelr)tr)] = 5lel 5l (15)

=> i (r ( - u) Mio (T Z iy ()0 Mo (T) 55 (16)

iaoo’
and 0}, 1, stand for the Grassmann variables. After integration over the bilinear Grass-
mann variables the partition function (14) becomes:

1 1
— ejf[‘P]
Z B —ZO / [Dy] e (17)

where the effective action Sers [¢p] is given by

Serr o] = /SO (@] dr — Indet BK (18)
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The matrix K reads:

K, _ _ iwm 5n1,n2 + %%Z (Wm - wn2) %(pf (wnl - an) - Z.(P%’ (wm - an)
(wn1 an) = 1 z( . -y - ; ) _ 1 = _
2¥i \Wny Wny) + p; (Wny — Wny) Wny Oning — 395 (wn,y w?gz) )
19

o~

Wn,,Wwn, refer to modified fermionic Matsubara frequencies defined in (10). K; can be
written in the form:

k\i = I?io + JE (20)
where o+ 1o 1o
g _ n1 T 2%0 2 ¥ig
Kw (wl,UJQ) = < %QO;Z ’L'an B %‘Pizo ) 6n1,n2 (21)
- 1 [ 097 (Wn, —wny)0p; (Wi, — wny)
it = ( t : ) (22)
5301‘ (wnl - wnz) - 5902‘ (wnl - an)
with
dp; (wnl - an) = @i (wnl - wnz) — P (0) (23)
and
87 (w) = 0¢F (w) £ i (w) (24)
Then the second term in the effective action (18) can be developed into a series:
R ) 00 (_1)n+1 . n
IndetBR; = Trin Ky +Tr ) ~—— (K5 ) (25)

n=1
From (17) and (24), at the one loop approximation one obtains the effective action as
follows:

Seff = BZ@ Aij(Q)®0 — TrIn K,

+ b Z {@Zocw )3®; () + 60;(— ) Cyj(szn)cpjo} (26)
Z]’
where R R
Aij () = 6q,.0(J )i (27)
. . 2 .
Cij(Qn) = 0a,.0(J )i + EKH%'%TL,O (28)
. . 1 .
Dii(Q) = 6, 0(J 1)ij + EKi25ij5Qn,0 (29)
The matrix K is given by:
Kil = *% ‘¢€0| tanh ng\ j (30)

while the matrix K;» has the following components:

1
1
K5 = 1 (o) @uo (32)

)
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yy4 1 z —
=3 (92 = (#) (v2) ) Qi — AP0 (33)
_ 1 5 .
Kyt = 16 [(pr) (50 + 21Q2) Qia + Pm} (34)
_ 1 . ,
Kz—g - 16 [(9010) ((pio - 219) Qi + PZQ:| (35>
K5 =2 LS (o (9, +192)] Quo (36)
iQ
1 IR
Ky = 3 Z [©50 (05, —1Q)] Qi (37)
Ky =4 Z " (97, — )] Qin (38)
. 1 .
Ky' =3 Z o1, (%, +19)] Qia (39)
1,00
We use the following notations in the above expressions:
25 B "Pio‘
Qi0z0 = tanh (40)
7 Tl (0F + 2) 2
2p Bleiol B 1
1,0Q=0 — tanh e — 41
Qig=o o] 2 02, coshQ% (41)
2
Pigazo = —2Qinzo (42)
2 .
Pio=0 = sz Q=0 + ” B | B‘S;z()' (43)
We also introduce the three component spinors:
P B
b, = QD;O 5 D = (90@—"(—;7 (P@'_ga (pioz)
(pioz
44
dpi (44
00; = | oy |5 0= (0p, 005, 0pi%)
5301'2

The mean field equation for the auxiliary field ¢;, can be derived by minimizing the
effective action in the application of the least action principle:

0Sers 0Sers

o 5B =B 0V = = =0 (45)
5Py (Q) |9P=OP=OVE T 5B, (—Q) 5By =06,=0 Vi
From (28) and (44) one obtains:
7 D B |(pio’
Y, = h 4
Z(J )z] J 2|()O’LO’ tan 9 ( 6)

J
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In order to relate the auxiliary field ¢, to the local magnetization m;, we add the source
term ) A*S¥(7) to the Hamiltonian (1). The sublattice magnetization is given by follow-
i

ing:
o o 10InZ(N\)
m; = (S7) = _BW | \p =0k (47)

which leads to the relation:
() = 3 () me (48)
7,00
Because we are working in the local coordinates with e;, pointing along the sublattice
classical magnetization in the mean-field approximation m;, = m.e, and @,, = @Yc€;.
Combining (45) and (47) the mean-field equation of the magnetization m;, is given by

B Z (j)f]?mjo

mio = 5 tanh ”f (49)

In the absence of the external magnetic field all the sublattices are equivalent so ma, =
mp, = M, for the hypercubic lattice and ma, = mp, = mc, = My, for the triangular
lattice. Inserting (/)77 = aJ, from (48) one gets:
my = 1 tanh 3J6meo
2 2
with z being the coordination number of the lattice. (2 = 2D for the D-dimensional
hypercubic lattice and z = 6 for the triangular lattice). For average projection, with
1 =0, we find on a similar procedure:

1 zaJpPm

mey = 3 tanh *
Putting o = 1 and z = 2D for the D-dimensional hypercubic lattice we recover the results
obtained by the other authors [8, 9, 10, 24] while for « = 1/2 and z = 6 we obtain the

results for the triangular lattice. From (49) the phase transition temperature T reads:

(50)

(51)

kpTlc = % (52)
which is twice larger than the Néel temperature obtained in the case of average projection.
The temperature dependence of the sublattice magnetization have been calculated by
solving the equations (49) and (50). The results are shown in Fig.1. One can see that the
exact constraint treatment changes sizably the finite temperature results. This is due to
thermal fermion number fluctuations into unphysical states, which are reduced in exact
projection.

IV. FLUCTUATION CORRECTIONS

In the local coordinates in the mean-field approximation we have wgto =0and ¢}, =
@, for every site i, therefore the matrix K;s (30)-(38) has only two nonzero components:

_ i\ 1 By
12 ( 12 ) 4 (‘Pia 4 ZQ) tan 9 (53)
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Fig. 1. Temperature dependence of magnetization. Full line: exact projection.
Dotted line: average projection.

After the Fourier transform the last term of the effective action (25) reads:

58 =2 5B (-p.-0) D(p.2) 00 (p.9) (54)

where the kernel D (p, Q) is given by:

D (p, Q) = J(p) + ;f@(m (55)

Here we have:
0 K= () 0

Ky(Q) = | K;7(Q) 0 0 (56)
0 0 K3*
with: . ; m,
KO = K57 = — g7y (57)
K§* = —g (1—4m3) (58)

From (4) the inverse of the coupling matrix J~!(p) in the momentum representation is
defined as follows:

(T Nt =) = O (59)
I = (7 ) = T (60)
_2V1-a’f(p)y (P)

(61)
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- day (p)
JY(p)*= = 62
() = S (62)
In equation (58)-(61) we use the following notations:
2
= Z cosdp (63)
[

where 4§ is the nearest neighbor vectors § = (1,0,0...)...; (0,0, ...1) for the hypercubic and:
01 =(1,0);02 = (%, %) and 03 = (—l i) for the trlangular lattice.

27 2
= % Z sin(pd) (64)
)
B(p) = o*¥*(p) + (1 — o) f*(p) (65)
C(p) = 4zJ~(p)B(p) (66)

Substituting (53) into (25) and integrating over the fluctuation field 6®(£2,,) we obtain the
free energy in the one-loop approximation:

2
P NzaJmg Eln (2 cosh zaJmoB>
2 3 2
2 2 2\2 .2

4521 [1— S J2B% (1 —4m2) (p)]

sinh 66(7’)

—_— 67
/8 Z sinh zaJmo ( )

where the magnon energy is given by:
e(p) = zatmew(p)
1-a 1.2 1/2 (68)

wlp) =[1+5%(p) — 27*(P)]

For z = 2D and a = 1, from (66) and (67) we get the well known results for the D-
dimensional hypercubic lattice [8]. For z = 6 and o = 1/2, equation (67) gives the
magnon dispersion for TLAF M [19]. In the limit T — 0K, from (66) one gets the ground
state energy per bond for TLAF M:
3 11
TR TINZ (69)
The numerical evaluation of equation (68) gives £, = —0,1818; which is in agreement

with the results obtained by other methods [19-23]. Adding the sources term ) A;S; to

3
the Hamiltonian (1) in a similar way in the preceding section we obtain for the sublattice
magnetization in one-loop approximation as follows:

B 1 zaJ Am 1 1 2 v(p)  zaJAm
"o (mo i 4m0> i 4m, 4N P tanh—&ép) (w(p) i w(p) i 2 (70)
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where:

26 (1 — 4mj)
4 — Bzad (1 —4m2)
Putting z = 4 and « = 1,from (69) and (70) we get the results in Ref.[9] for the square
lattice. For the triangular lattice z = 6 and o = 1/2 taking the limit of zero temperature
Am =0;m, = %, we have:

Am

(71)

w(p)  w(p)

m:1$vzp:<2+7(p)> (72)

which is exactly the magnetization obtained in linear spin wave approximation [19]. On
the contrary, at finite temperatures exact treatment of the constraint changes the results
considerably.

V. CONCLUSIONS

In the present work we have studied the Néel state of the spin % isotropic Heisen-

berg antiferromagnetic model on hypercubic and triangular lattices using Popov-Fedotov
approach in one-loop approximation. Working in local coordinates we considered both
lattices in an unified procedure. For the hypercubic lattice we recover the results of the
other authors. Some results for the triangular lattice have been derived by us before, but
in more complicated way [25]. We employed an auxiliary fermion representation for spin
% operators. The exact projection into the physical states is performed by introducing an
imaginary chemical potential as proposed by Popov and Fedotov. We obtained the ex-
plicit expressions for the free energy and the sublattice magnetization taking into account
the fluctuations. The results show that exact projection gives a significant effect at finite
temperatures. However, in the limit of low temperature the difference of the results for
the cases when the constraint is treated exactly and when it is done in thermal average is
negligibly small. This is due to the suppression of the fermion number fluctuations into
the unphysical states, as discussed in Ref.[24].
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