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Abstract. Designing quantum protocols with unit success probability is highly desirable from a
viewpoint of the overall resource cost. In this work, we propose a new deterministic protocol for
joint remote preparation of the most general two-qubit state using the same quantum/classical
resource as in [An et al., Phys. Lett. A 375 (2011) 8570] and, at the same time, retaining the
passive role of the receiver as in [Xiao et al., J. Phys. B: At. Mol. Opt. Phys. 44 (2011) 075501],
which employs a different kind of nonlocal resource. From a practical point of view, this protocol
proves most suitable in situations when only Einstein- Podelsky-Rosen pairs are supplied and the
receiver is not capable of performing any measurements nor controlled-NOT gates.

I. INTRODUCTION

Absolutely different from classical communication, in quantum communication in-
formation is encoded in qubits [1] which may be in terms of superposed multiqubit states.
Security of communication is provided by fundamental laws of nature according to which
the qubits cannot be cloned [2] nor learned without traces left behind. Yet, sending infor-
mative qubits themselves through space is not a good idea, since the arrived information
may be unfaithful due to tampering en route of unauthorized parties. In 1993 a milestone
quantum protocol [3] was designed enabling one to teleport a unknown qubit securely and
faithfully by means of local operation and classical communication (LOCC). This appears
possible thanks to a special kind of resource named entanglement [4] which must a priori
be shared between the communicating parties. In case the state is known, its transmis-
sion can be done simpler by what is called remote state preparation (RSP) [5], using the
same shared amount of entanglement as in teleportation. In RSP, however, the complete
information encoded in the quantum state is disclosed to the transmitter (or the preparer,
to suit the terminology RSP). To circumvent such leakage of full information joint remote
state preparation (JRSP) protocols [6, 7, 8, 9, 10, 11, 12, 13, 14] have been proposed with
participation of more than one preparer. Neither preparer is able to identify the to-be-
prepared state since the state’s information is secretly split among them. JRSP has also
been approached from an experimental architecture point of view [15].

The first JRSP was proposed in [6], which, however, contained some errors. These
errors were then corrected in [7] in which a new way to perform JRSP was also put forward.
It is in [7] the terminology “JRSP” was introduced for the first time and is now widely
used in the community. Originally, single-qubit states were dealt with. In this work we



194 NEW DETERMINISTIC PROTOCOL FOR JOINT REMOTE PREPARATION ...

are concerned with two qubits in the most general state of the form

3
|\P>XY:ZO‘J' ) xy (1)

J=0

where «o; € C, E§:0|aj|2 = 1 and {|0)xy,|1)xy,|2) xy +13) xy} are shorthands for
{100) xy ,[01) ¥y, [10) xy » [11) xy }, respectively. Probabilistic JRSP of |¥) was studied in
Refs. [10, 11, 12, 13, 14] using typical entangled states such as Greenberger-Horne-Zeilinger
(GHZ) trios [16], W states [17] or Einstein-Podolsky-Rosen (EPR) pairs [18] as the shared
quantum resource. Of particular interest are two recent protocols in Refs. [13, 14], where
JRSP of |¥) can be performed deterministically, i.e., with the success probability P = 1.
Achieving P = 1 is very important from a viewpoint of the overall cost because the ac-
tually consumed resource scales with P~!. The key idea for deterministic JRSP is the
adopting of the feed-forward measurement strategy. More precisely, the preparers should
not carry out their measurements independently (as in Refs. [6, 7, 8, 9, 10, 11, 12]), but
do them sequentially in such a way that the outcome of the first measurement decides
the basis for the second measurement. Note that such a strategy does not violate the
requirement of LOCC at all.

II. THE PROTOCOL

Consider the case with two preparers (Alice 1 and Alice 2) and one receiver (Bob).
The full information of |¥) is characterized by the parameter set S = {a;} which can be
split into two subsets S7 and So, with S7 given only to Alice 1 and S only to Alice 2. One

can choose S; = {ag-l)} with arbitrary aél) and define Sy = {aj/ag.l)} (see Ref. [10]) or
Sy = {f(ag»l),aj)}, where f is some function of aél) and o (see Ref. [11]). Nevertheless,
to achieve P = 1, the proper information splitting, as used in Refs. [13, 14], should be
Sy ={a;} and Sy = {y;}, with {aj,¢,;} € R, aje’¥i = a; and Z?:O a? = 1. In Ref. [13]
two GHZ trios were served as the shared quantum resource (see Fig. la), but Ref. [14]
used four EPR pairs (see Fig. 1b). Because of the different kinds of shared entanglement,
the participants’ action sequels also differ. Namely, in Ref. [13] the sequel is Alice 1 —
Alice 2 — Bob, while that in Ref. [14] is (Alice 14+ Bob) — Alice 2 — Bob, where (Alice
14+ Bob) implies independent actions of Alice 1 and Bob in the protocol’s first step. Note
that the role of Bob is passive in Ref. [13] but active in Ref. [14]. More clearly, in Ref. [13]
Bob participates only in the last step and his function is just to reconstruct |¥), whereas
in Ref. [14] he not only participates in the last step but also in the very first step, in which
his contribution is as important as the preparers’. For full details the reader is referred to
read Refs. [13] and [14]. Here we ask the question: “Whether can we achieve P = 1 for
JRSP of the most general two-qubit state (1) using the same shared quantum resource as
in Ref. [14], but retaining the passive role of Bob as in Ref. [13|?” Interestingly, it turns
out possible with quite nontrivial modifications as we will describe in what follows.

Unlike in Ref. [14], here the qubits’ distribution is shown as in Fig. lc. Thus, the
shared entanglement state is

Q) = |ep"”>A131 ‘epT>AQBQ |€29"”>A/1A'2 |€p"”>A/1/A/2/, (2)
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Fig. 1. The qubits’ distribution for JRSP of the most general two-qubit state
via a) two GHZ trios as in Ref. [13], b) four EPR pairs as in Ref. [14] and ¢) four

EPR pairs as in the present protocol.

where |epr) 4 g = (10) +[3)) 4,5, /V2, ..., qubits {A;, A}, A} are with Alice 1, qubits
{Ag, A}, AT} with Alice 2 and qubits {B;, B2} belong to Bob. Yet, the splitting of infor-
mation is the same as in Refs. [13] and [14], i.e., S1 = {a;} and Sy = {p;}. The protocol
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begins with Alice 1 measuring qubits {A;, A}, AT} in the basis

|10) A, A7 47 10) A, a7 47
1) 4, a7 47 _ 1) A, aqan 3
|ur) A, a7 a7 T) 4y 4, a7
with U determined solely by {a;} as
ago ay 0 0 0 0 a as
ap —ag 0 0 0 0 as —an
ay —az 0 0 0 0 —ay a
. as as 0 0 0 0 —ayp —ao
U= 0 0 agn aq a9 as 0 0 ’ (4)
0 0 ay —aop as —a 0 0
0 0 ay —asz —ap aq 0 0
0 0 as a9 —a; —ag 0 0

Note, in Eq. (3) [0) yy» = [000) vy, [1) xyz = [001) vy, .. and |7) vy, = [111) vy
have been used for convenience. In terms of {[uy) 4, " AII,} the state (2) reads

7
1
Q) = 4 Z ‘uk>A1A’1A’{ |L"’>A2A’2A’2’3132 ’ ®)
k=0
where (‘Lk> = ‘Lk>A2A’2A’2’B1B2)
L) = (ao|0) +a \1>)A2A/2Ag 0) B, B, + (a0 [4) + a1 \5>)A2A'2Ag 1) B, B,

+(a2(2) +a3[3)) a,ap47 1205y 3, + (a2[6) +a3[7)) g, 4147 1305y, » (6

|L1) = (a1]0) —ao \1>)A2A'2Ag |0>3132 + (a1 [4) — ag \5>)A2A§Ag |1>3132
+(a3]2) — a2 [3)) gy ap41 12) 5, 5, + (a3 16) — a2 7)) gy ar a2 13) 3y, (7)

|L2) = (a2]0) —as3 \1>)A2A'2Ag |0>3132 + (a2 [4) — a3 \5>)A2A§Ag |1>3132
—(a0[2) —a \3>)A2A§Ag 2), B, — (a0 [6) — a1 |7>)A2A’2A’2’ 13) 5,8, (8)
1Ls) = (a3|0) + a2 1)) 4, 0507 10) 5, b, + (a3 14) + a215)) 4,5 1), B,

—(a12) +ao \3>)A2A§Ag 12) g, B, — (a16) + ag |7>)A2A’2A’2’ 13) BB, + 9)

[La) = (a0[2) + a13)) a, 447 |0) 3, B, + (a0 [6) + a1 |7)) 4, 47 V) 3, B,
+(az(0) + a3 (1)) g, ap47 1205, 5, + (a2 [4) +a3[5)) g, 4147 1305y, - (10)

[Ls) = (a1]2) —ao \3>)A2A;Ag 10) B, B, + (a1[6) — ao \7>)A2A§Ag 1) 5, B,
+(a310) — a2 |1)) g, ay a7 1205, B, + (a3 14) = a215)) gy a7 13V By, (11)
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[Le) = (a2]2) = a313)) a4, 4747 |0) 5, 5, + (a2[6) — a3 (7)) 4,47 47 1) . B,

—(a010) — a1 (1) gy ur41 12) 5, 5, — (a0 |4) — a1 |5)) gy ar 42 13) 3y, » - (12)

|L7) = (a3]2) + a2 \3>)A2A'2Ag 0) B, B, t (a3 [6) + a2 \7>)A2A§Ag D5, B,
— (a1 10) +ao \1>)A2A§Ag 12) g, B, — (a1 ]4) +ao |5>)A2A’2A’2’ 135, B, - (13)

Should the outcome of Alice 1 be |ug) 4, LA she publicly publishes k. Due to entangle-

ment swapping [19], after Alice 1 completed her measurement qubits Ay, A%, AY, By and
By are disentangled from qubits Ay, A} and A, but become entangled among themselves,
as seen from Egs. (5)-(13). If Alice 2 independently measures quits { A2, A5, A7} in a basis
determined solely by {¢;}, then P =1 cannot be achieved. Hence, Alice 2 must wait until
after hearing the outcome of Alice 1. As a key strategy mentioned above, Alice 2 should
make use of both {¢;} and k to properly determine her measurement basis. After a careful

consideration, we find out that the measurement bases {‘vl(k)>A o ,1 €{0,7}} for Alice
2
2 must be chosen in the following manner o
()
UO / "
(k)iAQAQAQ |(1)>A2A’2A’2’
1 A 4547 | — /() | >A2‘A/2A/2l ’ (14)
ng)> |7>A2A’2A’2’
Az AYAY
where V(*#) are conditioned on both {;} and k :
(k) 0 y k) 0 0 (k) 0 (k)
(k) 0 —yk) 0 0 (k) 0 _ (k)
(k) 0 —yk) 0 0 —zk 0 (k)
(k) 0 (k) 0 0 —z® 0 _ (k)
® _ | = y z
4 0 B 0 4 L0 o 4® o | (15)
0 (k) 0 — (&) (k) 0 —y (k) 0
0 —zk 0 tk) (k) 0 —y k) 0
0 —zk 0 — (&) (k) 0 y k) 0
2O = 5 = @) ) Z (@) ) 6 = M) %e—isﬂo’ (16)
20 = 20 = 4@ = ) = @) = ) = ,6) = 1M = %e*upl’ (17)
y O = 1) = 2@ = ;B3 = 5O = ;) = y(6) = (V) = %e—im’ (18)
10 = (1) = ;) = 23) = ;) = () = 1(6) = () lefw?) (19)
2
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Expressed through {|uk>A1A’1A/1/ , ’Ul(k)>A . A”} the state (2) can be written as
242482
LT "
Q) =523 luwdaaag [o), L B 51 (20)
1=0 k=0 24543

with Rjy; some unitary operators acting on Bob’s qubits B; and Bs. For a given outcome

k of Alice 1, Alice 2 would find a state vl(k)> » in which case she announces [ via the
249439

public media. As for Bob, he just looks forward to hearing the outcomes k£ and [ from the
two preparers, then applies Ry; on qubits By and Bs to obtain the desired state |¥) B1Bs -
For example, if k = [ = 0, qubits By and By are automatically collapsed into |¥)p p ,
implying Rgp = I ® I, with I the identity operator. If £ = 0 and [ = 1, the two qubits
collapse into (ap [0) + a1 [1) —a2[2) —a3(3))p, B, = Z® 1 |V)p g, , implying Roy = Z® [
(Z the phase-flip operator). The operators Ry; for all the possible values of k£ and [ are
tabulated in Table 1.

Table 1. Bob’s recovery operators Ry, in Eq. (20) and the corresponding proba-
bility Py; associated with the outcomes k of Alice 1 and [ of Alice 2. I, X and Z
are the identity, bit-flip and phase-flip operators, respectively.

7 ki Ry Py
1,2,3,4 |00,17,40,57 | I®I |1/16
5,6,7,8 01, 16,41, 56 Z@1 1/16

0,10,11,12 | 02,15,42,55 | Z®Z |1/16
13,14,15,16 | 03,14,43,54 | I®Z |1/16
17,18,10,20 | 04,13,44,53 | IT®X |1/16
91,22,23,24 | 05,12,45,52 | Z® X | 1/16
95,26,27,28 | 06,11,46,51 | Z® ZX | 1/16
29,30,31,32 | 07,10,47,50 | I®ZX |1/16
33,34, 35,36 | 20,37,60,77 | ZX®Z | 1/16
37,38,39,40 | 21, 36,61, 76 X®Z 1/16
A1,42,43,44 [ 22,35,62,75 | X @1 |1/16
15,46,47,48 | 23,34,63,74 | ZX®1 |1/16
19,50,51,52 | 24,33,64,73 | ZX ® ZX | 1/16
53,54,55,56 | 25,32,65,72 | X @ ZX | 1/16
57,58,59,60 | 26,31,66, 71 X®X 1/16
61,62,63,64 | 27,30,67,70 | ZX® X |1/16

As seen from the Table, each of the 64 possible situations corresponding to a pair
of k,l € {0,1,...,7} occurs with an equal probability Py; = 1/64 and there always exists
a corresponding recovery operator Ry;. This means that the protocol succeeds all the
time. In other words, it is deterministic because its total success probability is P =

Yo koo P =8x8x g =1.
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III. CONCLUSION

In conclusion, we have proposed a new deterministic protocol for JRSP of the most
general two-qubit state. The presented protocol employs the same shared quantum re-
source as in Ref. [14], but with different qubits’ distribution. The total classical communi-
cation cost is 6 bits which is the same as that in Ref. [14]. However, here “6 bits = 3 bits
+ 3 bits” implying each of the two preparers communicating 3 bits, while in Ref. [14] “6
bits = 2 bits + 2 bits + 2 bits” implying each of the three participants communicating 2
bits. Another feature is that here the receiver just plays a passive role with a simple action
as in Ref. [13], i.e., he needs to participate only in the very last step to reconstruct the
target state. This, in comparison with the protocol in Ref. [14], is advantageous for the
receiver in the sense that he is not required either to carry out any controlled-NOT gates
or to perform some measurements or to communicate via public channels. The disadvan-
tage, however, arises for the preparers who should be capable of performing three-qubit
measurements that are technically more difficult than the two-qubit ones in Ref. [14].
From an application point of view, this work would shed some light on diversity and flexi-
bility with respect to the ways to perform a quantum task with a given quantum/classical
resource. From such a viewpoint, the present protocol proves to be uniquely suitable for
the circumstance in which the receiver is not well-equipped, say, lacking controlled-NOT
gates and/or measuring devices.
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